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SUMMARY

A computational framework for assisting in the development of novel textiles is presented. Electronic textiles
are key in the rapidly growing field of wearable electronics for both consumer and military uses. There are
two main challenges to the modeling of electronic textiles: the discretization of the textile microstructure
and the interaction between electromagnetic and mechanical fields. A director-based beam formulation with
an assumed electrical current is used to discretize the fabric at the level of individual fibrils. The open-
source package FEniCS was used to implement the finite element model. Contact integrals were added
into the FEniCS framework so that multiphysics contact laws can be incorporated in the same framework,
leveraging the code generation and automated differentiation capabilities of FEniCS to produce the tangents
needed by the implicit solution method. The computational model is used to construct and determine the
mechanical, thermal, and electrical properties of a representative volume elements of a plain woven textile.
Dynamic relaxation to solve the mechanical fields and the electrical and thermal fields is solved statically for
a given mechanical state. The simulated electrical responses are fit to a simplified Kirchhoff network model
to determine effective resistances of the textile. Copyright © 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Textiles are one of the most common materials used and have widespread applications. They are
characterized by their multiscale structure, wherein a single sheet of fabric is composed of a woven
or knitted network of yarns, which are in turn composed of spun fibrils. Fabrics with novel mechan-
ical, thermal, or electrical properties can be created by weaving different types of yarns made from
different types of fibrils in various patterns. Designing new textile materials with exotic properties
requires models with predictive capabilities for the multiphysics behavior. Circuits can be placed
onto fabrics by embroidering conductive yarns onto standard fabrics [1, 2], using conductive paints
[3, 4] or weaving conductive elements into the textile [5–8]. Besides conductive elements, more
exotic materials have been incorporated into fabrics to add functionality, such as thermomechanical
fibrils to create a textile actuator similar to that illustrated in Figure 1 as demonstrated in Haines [9]
or piezoelectric yarns for force sensing [7] and energy harvesting [8].

The microstructure of textiles and heterogenous electrical materials makes accurate material com-
putational modeling difficult. Homogenization of heterogenous polarizable materials using finite
element models was performed in Kuznetsov [10]. However, the electrical properties of interwo-
ven conducting and insulating elements examined in this work cannot be handled by homogenized
continuum models. A review of methodologies for the numerical and experimental determination
of textile behavior can be found in Wentrof [11]. Finite element simulations of textiles with the
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1604 A. QUEIRUGA AND T. ZOHDI

Figure 1. Example of a functionalized electronic textile with actuating yarn in the vertical direction and
conductive and structural yarns in the horizontal direction. See [9] for a realized textile actuator of

this design.

individual yarns discretized as solid meshes have been performed extensively [12, 13]. While the
detail of such a discretization allows for many properties to be modeled, the inherent geometric
structure of the fabric forces a large number of degrees of freedom for even a small piece of fabric.
Multiscale models with meshed fibril microstructures were performed in [14]. An analytical solution
of interlocking yarn beams is used as a constitutive model for a membrane finite element simulation
in [15]. In [16], the fibril microstructure is meshed fully to produce a representative volume element
of braided rope and used to produce effective properties for a beam model of the resulting yarn.

In order to preserve the global and local properties of the woven yarn structure, while still
reducing the degrees of freedom required, lattice network models are employed, such as the finite
element-oriented approach in Tan [17] and the analytical model in Leech [18]. Empirical dam-
age laws and electromagnetic effects were incorporated into a network model in Zohdi [19–21].
Advanced summation techniques for network models designed for electronic textiles and applied to
atomistic lattice models were developed in Beex [22].

The multi-chain digital element method represents individual fibrils as pin-jointed rod elements
[23, 24]. The method is capable of static and sliding frictional contacts using a rod–rod contact
geometry [25]. The digital elements were coupled with a vacuum bag model to simulate composite
manufacturing in [26]. The method was used in [27] to perform a ballistic impact simulation on a
fully discretized textile sheet with up to 19 fibrils per yarn in a 33mm by 33mm sheet with approx-
imately 44 yarns in each direction. Fibrils are assembled into woven structures using a nonlinear
beam description in Durville [28–30]. This method has been used in the study of nonwoven fabrics
[28], biological tissue engineering [31], and knot forming [32], and the fatiguing of superconducting
wires due to stresses arising from thermal and electrical loads [33, 34].

This work presents a model for electronic textiles based upon discretizing individual fibrils using
a director-based beam finite element model. The beam formulation is expanded to include tem-
perature and a carried electric current that are affected by contacts between beams, allowing the
determination of electrical and thermal properties that are functions of strain state. Even utilizing
a simplified beam-based model, the number of degrees of freedom required to simulate a large-
scale textile with the complete discretization is intractable. Representative volume elements can be
used to predict material properties quickly and efficiently to inform the design of new fabrics. This
work focuses on fabrics without a matrix material, wherein individual fibrils are free to slide past
one another, producing a plastic-type behavior at the macroscale. Plastic deformation and failure
of the individual fibrils are not considered, but it is noted that the constitutive responses could be
extended. The finite element model is implemented in the open-source package FEniCS [35] using
extensions implemented by the authors to automatically generate the finite element code for inte-
grals along beam contacts. A simple plain-woven textile unit cell consisting of conductive fibrils is
studied, although the framework developed can handle arbitrary microstructures.

The mechanical and electromagnetic partial differential equations (PDEs) are described in
Section 2, and the beam description with thermal and electromagnetic effects is described in
Section 3. The treatment of contacts is described in Section 4. The variational forms of the
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MICROSCALE MODELING 1605

mechanical, electrical, and thermal problems are listed in Section 5. The analysis procedure is
described in Section 6, and the details of the computer implementation and modifications to FEniCS
are described in Section 7. The results of the computation are presented and discussed in Section 8.
Finally, Section 9 contains concluding remarks.

2. FORMULATION

2.1. Material responses

The kinematic notation used is illustrated in Figure 2, with current configuration x, reference config-
uration X, ideal configuration � , and deformation gradient F whose determinant is J (the Jacobian).
The coordinate system � is defined for convenient description of the geometry of the long and thin
fiber to allow this simplified deformation description. The reference (or natural, or unstrained) con-
figuration, X0, may differ from this ideal configuration; that is, a fiber may be naturally bent, but it
is still easier to describe its deformation using the curvilinear system �. Basis vectors in the current
configuration are denoted by ei , reference configuration basis vectors are denoted by Ei , and ideal
configuration basis vectors are denoted by OEi .

The temperature is represented by T , density by �, and right Cauchy–Green stretch tensor by
C D FTF. While the studies presented in this work are static, a dynamic formulation is used to
relax to static equilibrium. Thus, the electromagnetic responses are written using material frame
invariants needed for correct treatment of dynamics. For a material moving with velocity v, these
are the conduction current density, J D j�qv, with the spatial current density j and charge density
q, and the electromotive intensity, E D E C v � B, with the spatial electric field E and magnetic
field B. The reader is directed to Kovetz [36] and Steigmann [37] in particular for the theoretical
basis for the coupling continuum mechanics and electromagnetism used throughout this work.

The material response is stated in terms of an internal strain energy density  that is in general a
function of  

�
C; T;FT E; : : :

�
. This quantity does not include the energy stored in the electromag-

netic fields themselves but would contain energy stored in material responses to electromagnetic
fields, such as polarization or piezoelectric effects. Responses for  taking into account electromag-
netic fields are possible but are neglected for the time being and will be considered in future work.
A neo-Hookean hyperelastic constitutive law is used for the strain energy density,

 D
�

2
.trC � 3/ � � log J C

�

2
.logJ /2 : (1)

Figure 2. Configurations for describing finite deformation problems.
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1606 A. QUEIRUGA AND T. ZOHDI

The strain energy function yields the first Piola–Kirchhoff stress tensor as the derivative with respect
to the deformation gradient, P D @ 

@F . The Lamé parameters � and � can be calculated from the
Young’s modulus E and Poisson ratio � by � D E

2.1C�/
and � D E�

.1C�/.1�2�/
. Fourier’s law couples

the heat flux vector to the temperature gradient,

q D �krxT; (2)

where k is the thermal conductivity tensor. Only scalar thermal conductivities are considered.
Conducting, non-polarizing beams that satisfy Ohm’s law for a conductor are considered,

J D �E; (3)

where � is the electrical conductivity tensor, which holds in the material’s rest frame. As with
the thermal conductivity, only isotropic materials are considered, so it will be treated as a scalar.
Conducting materials exhibit Joule heating, which must also be phrased with the invariants,

r D J � E D E � �E : (4)

The Lorentz force is not considered for this work because of the absence of magnetic fields and
accumulated free charges, so the electrical field will not effect the mechanical state.

2.2. Summary of field equations

The balance of linear momentum and the balance of energy PDEs are solved for the material defor-
mation and temperature. The electromagnetic effects are treated by solving the lab frame electric
potential V on the body, which is related to the lab frame electric field by E D �rxV . In the static
case, only charge conservation, r �J D @

@t
qCr �qv yielding r �J D 0, needs to be solved. Thus,

the Laplacian for the potential scaled by conductivity tensor needs to be solve,

rx � �rxV D 0: (5)

The equations are pushed back into the reference and ideal configurations for solution, where sub-
script naught denotes a value evaluated in the material reference configuration, while a subscript
� denotes a value evaluated in the ideal configuration. The three coupled PDEs derived can be
summarized by their reference configuration forms,

�0 Rx D rX �
@ 

@F
C J f; (6)

0 D rX � k0rXT C J .J � E C r/ ; (7)

0 D rX � � 0rXV: (8)

where f and r are force and heat generation densities that are not electromagnetic in nature. Bound-
ary conditions for contacts are described in Section 4.2. The three aforementioned equations can
be solved fully coupled dynamically but are separated for the material property prediction setup,
wherein the electric potential follows the mechanical state and the temperature depends on both the
electric field and mechanical state.

3. CURRENT-CARRYING BEAM

A kinematic director-based beam model is used, wherein in a one-dimensional finite element basis, it
is used along the axis and an ansatz is used along the cross section to construct the displacement field
using two vector directors, as diagrammed in Figure 3. For a discussion of director-based theories,
see Rubin [38]. Thermal and electromagnetic fields are incorporated into the beam formulation with
additional constant ansätze for the temperature and electric current along the cross section.
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MICROSCALE MODELING 1607

Figure 3. Director-based beam formulation.

3.1. Director-based beam model

The ideal configuration of the beam has coordinates �1, �2 along the cross section and �3 along the
axis, with the curvilinear orthonormal basis vectors OE1, OE2, and OE3, respectively. Let r .�3/ denote
the position of the centroid of a given cross section of the fiber, and g1 .�3/ and g2 .�3/ denote the
directors of the cross section in the directions �1 and �2. These fields are assembled into an assumed
solution for the position field

x .�1; �2; �3; t / D r .�3; t /C �1g1 .�3; t /C �2g2 .�3; t / : (9)

The director fields are illustrated in Figure 3. The deformation gradient for this field can be calcu-

lated by F D @x
@X D

@x
@�

@�
@X0
D @x

@�

�
@X0
@�

��1
, where X0 is the mapping from the ideal configuration

� to the reference configuration X. The gradient with respect to the ideal configuration is calculated
from the ansatz by

@x
@�
D

�
@r
@�3
CX1

@g1
@�3
CX2

@g2
@�3

�
˝ OE3 C g1 ˝ OE1 C g2 ˝ OE2: (10)

If the unstrained configuration is assumed to be identical to the reference configuration, as is the
case for the problem discussed later, the beam is initially straight with X D �, @X

@�
D I, and the

deformation gradient is F D @x
@�

. The deformation gradient and Jacobian with respect to this config-
uration are denoted by F� D @x=@� and J� D det F� , respectively. The unit vector along the centroid
will be used and is defined in terms of the centroid position by

eaxis .�3/ D
dr=d�3

kdr=d�3k2
; (11)

where k�k2 refers to the Euclidean norm, or two norm. In rotation-based beam models, this unit
vector is obtained by applying the rotation matrix, R, to the reference axis vector, eaxis D R OE3.

3.2. Balance of energy

The beams are assumed to have a constant temperature across their cross section, so that the
temperature is only a function of the axis coordinate,

T D T .�3/ : (12)
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1608 A. QUEIRUGA AND T. ZOHDI

This representation can be plugged into the balance of energy laws directly. The gradient in the
reference configuration is then only constructed from the derivative along the centroid direction,

r�T D
dT

d�3
OE3: (13)

3.3. The restriction of electromagnetic problem to the beam

Without further assumptions, it would be necessary to mesh the space around the textile and calcu-
late the electromagnetic fields there as well. The following assumptions allows for the consideration
of only the electric field and current inside of the textile. The base assumption to the electromagnetic
discretization is that the conduction current density is uniform across the cross section and oriented
along the axis of the beam, such that

J D J .�3/ eaxis .�3/ : (14)

Assuming isotropy, the constitutive law J D �E requires that the electromotive intensity must also
be oriented along the axis of the fibril, yielding the relations E � F� OE1 D E � F� OE2 D 0. When
considering the PDE in the ideal coordinate frame, only the �3 direction is not trivially satisfied, so
the one-dimensional PDE that needs to be solved is

@

@�3
��
@V

@�3
D 0: (15)

Thus, for computation purposes, only the voltage at the centroid of the beam needs to be solved,
yielding an unknown field that is only a function of the axis coordinate,

V D V .�3/ : (16)

Because the only nonzero component of E is along the axis coordinate, the conduction current
density in the laboratory frame can be determined to depend on the laboratory frame voltage by

J D 1

J�
F���

�
�
@V

@�3

�
OE3: (17)

4. CONTACT TREATMENT

4.1. Surface mapping

To integrate the contact problem into a general finite element framework, contacts can be viewed
on a surface of discontinuity. The treatment of the constitutive responses of the surfaces can be
described using jump conditions on the change in fields across the two material bodies. One body
can be referred to as the C surface and the other as the � surface, where the normal vector n will
be defined to point towards the C surface, as illustrated in Figure 4. Each body has two separate

Figure 4. Contact constraint.
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MICROSCALE MODELING 1609

deformation fields and two separate reference configurations, xC D �C
�
XC

�
and x� D �� .X�/.

The surface can be parametrized by two coordinates, u; v, with its own position function xc D
xc .u; v/ : Ideally, on a contact, the two surfaces will be coincident and have the same spatial
coordinates, that is,

xc .u; v/ D xC .u; v/ D x� .u; v/ on�c : (18)

The condition that the surfaces are coincident is weakened to enable finding finite element solu-
tions to satisfy it. As illustrated in Figure 4, the approximate solutions to each body will be allowed
to overlap slightly. The contact region �c is the portion on each surface where the two bodies over-
lap. The mapping between the two surfaces is needed, as they are no longer coincident, and the
contact region is now considered to be two connected surfaces. The region is defined as pairs of
points on each surface that are inside of the other body that are the closest to one another. That is,
for each point on the boundary of one body and inside the other body, its connected point is the
closest point on the other body’s surface. The geometry can be defined by and constructed by

�c D

´�
xC; x�

�
j8xC 2

�
@	C \	�

�
; x� D arg min

x�2.�C\@��/

ˇ̌
xC � x�

ˇ̌μ
(19)

and is illustrated in Figure 6. This object directly translates into a table of quadrature point pairs
in the finite element implementation; the procedure for its construction is described in Section 4.4.
The jump in the spatial coordinate on the contact region is equal to �x� D xC � x�:

4.2. Constitutive laws

The contact region represents a surface of discontinuity for all of the fields that exist on the two
bodies. Thus, constitutive responses for the tractions, heat fluxes, and surface currents need to be
specified, which are functions of the jumps in the fields,

¹t; qn;Jnº D f .�x�; �T �; ŒV �/ : (20)

They may all be dependent on one another; particularly, the contact pressure has significant effects
on both thermal and electric contact resistances [39]. For simplicity, only linear and indepen-
dent contact laws are considered. For the tractions, a simple penalty term with a sufficiently large
parameter P � is used to penalized the overlap,

t D P � .�x� � n/ n: (21)

The two bodies are also placed in thermal contact, so a jump condition is needed to relate the
heat flux across the bodies that is dependent on the jump in temperature. Linear thermal contact
resistances have the form

q D hc�T �n; (22)

where hc is the contact heat transfer coefficient. Similarly, for the electromagnetic problem, a con-
tact resistance appears with a surface conductivity �c that relates the current across the surface to
the potential drop across the surface,

J D �c�V �n: (23)

4.3. Beam geometry

The beam-based theory has a particular geometry representation that needs to be taken into account
to handle the contacts. The geometry is illustrated in Figure 5. Because the finite element meshes
are one-dimensional along the axis, instead of preventing an overlap of two solid finite element
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1610 A. QUEIRUGA AND T. ZOHDI

Figure 5. Contact geometry for beams.

meshes, the penalty must be designed to keep two one-dimensional meshes a minimum distance
apart from one another. The distance between centroid axes, which are represented by the finite
element meshes, always remains positive, and an overlap between beams corresponds to the distance
dropping below a threshold value, for example, RC CR�.

Three simplifications are currently used when performing the geometric calculations:

(1) The centroid interpolation is linear even if higher-order elements are being used (the elements
of the mesh are always line segments).

(2) The cross sections do not deform and remain circular.
(3) The contact area can be approximated with a cylinder–cylinder Hertzian response.

These simplifications were only made to reduce the computational cost and reduce the implemen-
tation complexity and are not a limitation of the beam formulation; it is possible to construct more
detailed calculations for deformed higher-order beam surfaces. The first two simplifications enable
an analytical solution to be found for one unknown, instead of a Newton iteration being required to
simultaneously solve for five unknowns (the three coordinates on the ‘�’ beam and the cross-section
coordinates on the surface of the ‘C’ beam.)

The closest point mapping reduces to the equation

��3 D arg min
s

ˇ̌
rC
�
�C3
�
� r� .s/

ˇ̌
(24)

with variable of optimization s. When constructing the contact mapping, equally spaced points are
placed along one element on ‘C’ beam, and the closest point on the ‘�’ beam is found. The normal
component at the surface of the two beams is calculated using only the centroid positions,

n D
�r�
k�r�k2

; (25)

which points out from the ‘�’ beam into the ‘C’ beam. Using that assumption, the overlap in the
kinematic displacement fields is defined just by the centroid positions:

�x� D
�
RC CR� �

�
rC
�
�C3
�
� r�

�
��3
��
� n
�

n D
�
2 hRi � k�r�k2

�
n: (26)

The beam meshes are only one-dimensional, so the integrals that will be evaluated will be one-
dimensional along the centroid of the beam. The integral of the jump condition over the entire
contact area is required, so a differential line thickness a at a contact pair �C3 ; �

�
3 is required to

transform the area integral into a one-dimensional integral:Z
�c

dA D
Z
�32�c

ad�3: (27)
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The mechanical analysis will be acceptable without considering the contact area because the
penalty parameter is chosen to be arbitrary. Thus, the penalty condition can stated asZ

�c

f � ndA D
Z
�32�c

P ��x� � nd�3: (28)

However, the thermal and electrical contacts do use jump conditions with physical origins, so the
contact area is required for consistency. The dependence on contact area gives an implicit cou-
pling between the mechanical fields and the thermal and electric contacts: Increasing the contact
pressure increases the contact area, which in turn decreases the contact resistances, even when
not considering tribological effects (indeed, at the textile macroscale, this contact area dependence
is a tribological effect). Because of the arbitrary nature of the penalty, the overlap distance is
nonphysical. The contact pressure, which is a physical quantity, can be used to calculate an appro-
priate contact area. Hertzian contact theory can be used as an adequate approximation using the

case of two parallel cylinders, a D
q
4PR�

�E�
, where R� and E� are the effective radius and the

Young’s modulus, respectively, between the two cylinders [40]. These quantities are calculated

by E� D

�
EC

1��2
C

C E�

1��2�

��1
and R� D

�
R�1C CR

�1
�

��1
. The total differential load is denoted

by P , that is, the integral of the traction along a differential line element of the contact surface,
P .�3/ D

R
d�c.�3/

t .�3/ �nds: This is recognized as the penalty jump condition, P .�3/ D P ��x� �n.
This enables the differential thickness to be written as

a D

r
4R�


E�
.P ��x� � n/: (29)

Then, the differential contributions of the thermal and electrical jump conditions can be expressed
along the differential line element d�3,

hc�T �dA D hc�T �

r
4R�


E�
.P ��x� � n/ d�3; (30)

�c�V �dA D �c�V �

r
4R�


E�
.P ��x� � n/ d�3; (31)

coupling them nonlinearly to the mechanical field.

4.4. Contact mapping generation

For each pair of contacting meshes, a discrete contact mapping needs to be constructed. The con-
tinuous contact zones are discretized as tables of quadrature points for nearby elements, illustrated
in Figure 6. The discrete mapping is represented as a list of active interacting element pairs and

Figure 6. Discretized contact mapping.
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a corresponding quadrature point table. The quadrature point table for each active pair has 2NGP
entries: one list of points on the ‘C’ element and a corresponding list of points on the ‘�’ element.
The quadrature points are indexed by I , so that each contact maintains a list of pairs

�
�IC3 ; �I�3

�
for

I D 1 : : : NGP . A fibril assembly consists of many independent meshes that can all be contacting
independently. One such list of element pairs exists for every interacting pair of meshes as well. The
quadrature point table is determined by picking equally spaced points along the ‘C’ element and
finding the closest point on the ‘�’ element. Using linear shape functions, the displacement field
along the element on the � beam can be described as r� .s/ D sr�1 C .1 � s/ r�2 with s 2 Œ0; 1�,
where r�1 and r�2 are the values at the two nodes (1 and 2) of the element. From Equation 24, the
arg min problem, with variable s, with this discretization is

�I�3 D arg min
s

ˇ̌̌
rC
�
�IC3

�
� sr�1 � .1 � s/ r�2

ˇ̌̌
: (32)

This equation can be solved analytically for the corresponding point

s�I D

�
r�2 � r�1

�
�
�
rCI � r�2

�
�
r�2 � r�1

�
�
�
r�2 � r�1

� ; (33)

given one of the equally spaced points rCI D rC
�
�IC3

�
, thus producing one of the required

quadrature point pairs.

5. VARIATIONAL FORM

For the beam formulation, the sought function of the director fields is taken as the set of the three
unknown fields, denoted by x D ¹r; g1; g2º. The velocity of the director fields is denoted by prefix-
ing with a v, so that the unknown velocity functions are v D ¹vr; vg1; vg2º. Because the function
spaces for the position and velocity are the same, so are the test functions ıx D ıv D ¹ır; ıg1; ıg2º.
Similarly to the displacement, the velocity field is constructed as v .t; �1; �2; �3/ D vr .t; �3/ C
�1vg1 .t; �3/ C �2vg2 .t; �3/, and the test on displacements is constructed by ıx .�1; �2; �3/ D
ır .�3/C �1ıg1 .�3/C �2ıg2 .�3/.

The integration over the domain is split between the cross section and the axis. The finite element
approximation discretizes the solution along �3, and the integral along the length of the beam

R L
0 d�3

is handled by the finite element program, where the domain is written as �3 2 Œ0; L�. Integration
over the cross section is evaluated by Gaussian quadrature, so that each Gauss point on the finite
element discretization maps to multiple Gauss points on the cross section and its boundary. Let
wA; O�A 2 P .	/ denote the set of Gauss points and weights over the geometric quantity 	, which
will be the cross section at a particular point along the beam, C .�3/, and its boundary, @C .�3/.

The integrations take place by summing the contributions between each mesh and each set of
active contact regions. Let M denote an individual mesh, ¹M º denote the set of all meshes in the
problem, and ¹�cº denote the set of all contact regions. The variational form used to assemble the
mass matrix for all the fibrils is

Mm .ıx; Pv/ D
X

M2¹M º

Z L

0

X
A2P.C/

wA
�
ırC �A1 ıg1 C �

A
2 ıg2

�
� �
�
PvrC �I1 Pvg1 C �

I
2
Pvg2
�

d�3;

(34)
and the loading vector as a sum of all the fibril domains and contact surfaces is

Fm .ıx; x; vIT; V / D
X

M2¹M º

0
B@Z L

0

X
A2P.C/

wAıx �
ı 

ıx
d�3 C

2
4 X
A2P.C/

wAıx � Np

3
5
L

0

1
CA

C
X

�c2¹�cº

�Z
�32�c

�ır� � P �
�
2 hRi � k�r�k2

�
n d�3

�
:

(35)
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The time-dependent variational problem for the mechanical system is then

Mm .ıx; Pv/ D Fm .ıx; x; vIT; V / 8ıx: (36)

The variational form for thermal problem is

FT .ıT; T I v; x; V / D
X

M2¹M º

Z L

0

X
A2P.C/

wA
�

dıT

d�3
k0

dT

d�3
C ıT

J 2

�0

�
d�3

C
X

M2¹M º

2
4 X
A2P.C/

wAıT � Nq0n

3
5
L

0

C
X

�c2¹�cº

�Z
�32�c

�ıT � h �T � a d�3

�
;

(37)

which satisfies 0 D FT .ıT; T I x; v; V / 8ıT in the static case, and the variational form for the
voltage problem is

FV .ıV; V I v; x; T / D
X

M2¹M º

0
B@Z L

0

X
A2P.C/

wA
dıV

d�3
�0

dV

d�3
d�3 C

2
4 X
A2P.C/

wAıV � NJ

3
5
L

0

1
CA

C
X

�c2¹�cº

�Z
�32�c

�ıV � �c �V � a d�3

�
;

(38)

which satisfies 0 D FV .ıV; V I x; v; T / 8ıV in both the static and time-dependent cases.

6. REPRESENTATIVE VOLUME ELEMENT SETUP AND ANALYSIS

6.1. Homogenization

In a plain-woven fabric, yarns are laid out in two directions, called the warp and weft direction.
A 4 yarn by 4 yarn unit cell is used to negate the effects of boundary conditions. The microstructure
creates an inherently anisotropic unit cell for a continuum model. The deformation of the fibrils at
the microscale creates cross couplings between the mechanical fields and the thermal and electrical
fields, so that the bulk conductivities and permittivities will be strain dependent. A continuum model
could also be developed for the electric responses, for example, using the homogenization proce-
dure described by Kuznetsov [10]. However, this would be too broad to model patterns of insulating
fibrils and conducting fibrils required for some applications, such as complex electronic circuits.
Another strategy is to model each unit cell as an electrical network with property-dependent resis-
tors, with a one-to-one mapping between unit cells and network cells. A network model can be more
readily incorporated into standard electric circuit analysis methods. For example, see Tao [41] for
the development of resistor network model from experimental data. The homogenization process is
illustrated in Figure 7.

At the microscale level, the stress, displacement, heat flux, and thermal fields are locally variable.
Because the textile unit cell is made up of discrete bodies, the average traction on a boundary is
calculated by a summation,

hti D
1

j�0j

X
fibrils

Z
�0

PN d�; (39)

which is related to the total force on the boundary by f D j�0j hti, where j�0j is the area of the
domain and N is the surface normal in the reference configuration. This will be used to produce an
effective constitutive response for the unit cell by producing two sets of data

fwarp D Ofwarp .hCi/ D
X

M\�warp

Z
�warp

P OE1 d�; (40)
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Figure 7. Homogenization of a microstructure into an anisotropic solid and an electrical network. RVE,.

Figure 8. Probe locations.

fwef t D Ofwef t .hCi/ D
X

M\�wef t

Z
�wef t

P OE2 d� (41)

for each side of the unit cell, which are functions of the average stretch state of the cell, hCi. The
same process can be performed on the heat flux to produce a constitutive response for the heat flux
as a function of applied temperature gradients at the current stress state, hqi D Oq .hrxT i I hCi/, but
the response not of interest for this example.

6.2. Electrical network fitting

Creating an electrical network model does not require any averaging operations. It is required to
obtain the total current that passes through the unit cell in response to an applied voltage dif-
ference. The applied voltage is the same on the macroscale and microscale. The total current is
obtained by integrating the current density along the boundaries of the domain corresponding to the
probe locations,

I D

Z
�1

J � nd� D �
Z
�ground

J � nd� D �
X
M\�B

Z
�B

J � nd�; (42)

which should be equal and opposite if a simple current path is considered. The resulting currents
through three electrical paths are determined: (1) straight through the same yarn; (2) between two
parallel yarns; and (3) two perpendicular yarns. The probe locations are illustrated in Figure 8.

With the network model illustrated in Figure 7, the RVE contains 16 unit cells, so that the network
is 16 � 2 yarn resistors and 16 � 4 contact resistors. Assuming that there are only two types of
resistors that see the same input stress state across all of the unit cells—the resistance through a yarn
segment, Ry .hCi/, and the effective contact resistance between yarns, Rc .hCi/—the three probes
can be used to calculate the resistances for the unit cell.
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Applying Kirchhoff’s laws to a single unit cell yields four equations

0 D
Ry

2
IW C

Ry

2
IE C VE � VW ; (43)

0 D
Ry

2
IN C

Ry

2
IS C VS � VN ; (44)

0 D Rc .IW � IE /C
Ry

2
IW �

Ry

2
IN C VN � VW ; (45)

0 D Rc .IS � IN /C
Ry

2
IW �

Ry

2
IN C VN � VW (46)

that depend on the voltages and currents at the north, west, south, and east connections of the cell.
These unit cells are connected in a grid to complete the network model that given boundary condi-
tions and values for Rc and Ry can be used to solve for Vij and Iij , values indexed by the network
grid location ij . The ‘nodes’ in this model have an associated cross section, so that the current at a
node is the total current passing across the yarn cross section out of 1 unit cell into the neighboring
unit cell. The boundary conditions for the network problem are V D 0V at the node for the ground
pad, V D 1V at the node for probe location, and I D 0 at all other boundary nodes. The currents at
the voltage boundary conditions are unknown and are the sought quantity. One configuration of the
network has 64 unknowns of voltages and currents at nodes.

Given the boundary condition configurations associated with probe location p and trial values for
Ry andRc , the output current Ipnet can be calculated by solving the entire network for V pij and Ipij . A
minimization problem can then be solved over the three probe locations using the calculated currents
from the simulation, Ipsim, to determine the resistances that best match the simulation, which would
ideally satisfy Ipnet

�
Ry ; Rc

�
D I

p
sim; p D 1; 2; 3. The errors in current for all three probe setups

are minimized simultaneously to solve for a single pair of resistor values that best approximates the
behavior of the simulation,

Ry ; Rc D arg min
s;r

q�
I 1net .s; r/ � I

1
sim

�2
C
�
I 2net .s; r/ � I

2
sim

�2
C
�
I 3net .s; r/ � I

3
sim

�2
: (47)

This process is repeated for each solved stretch state to produce a function for the resistances given
one of the simulated states, Ry .hCi/ and Rc .hCi/.

6.3. Analysis methodology

Dynamic relaxation is used to guide the solution towards a static solution. The velocity dependence
prevents—or at least mediates—convergence issues caused by the onset of contacts and the lack of
stiffness normal to the plane of the fabric and axis of the beams. Dynamic relaxation has been used in
the study membranes, for example, Haseganu [42]. Further, because of the very large deformations
and steep contact penalties, the problem is not smooth enough to solve with standard nonlinear static
analysis. An external dissipation force density is applied to the beam to bring it towards a steady
state, equal to

f D ��v; (48)

where � is positive and large enough to make the motion critically damped. This value is determined
by trial and error to produce a stable simulation while still relaxing as quickly as possible to the
steady state. The dynamic equations are marched in time using backward Euler, which provides
additional stability and dampening that are beneficial to dynamic relaxation.

States of the material after heavily dampened relaxation times are taken to be the equilibrium
states of the material. Only the mechanical fields are solved dynamically. At each equilibrium state
after relaxing the mechanical fields, the electrical and thermal problems are solved statically for
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Algorithm 1 Sampling procedure using dynamic relaxation
1. Find the next equilibrium position for sampling:

(a) Set the velocity field to a given strain rate.
(b) Solve the dynamic problem—only solving for the mechanical fields—for tstep time.
(c) Set the velocity field to zero.
(d) Solve the dynamic problem with a large dampening parameter for trelax time.

2. Record reaction forces and electric currents:

(a) Set the velocity field to zero.
(b) Integrate f D

P
I

R
�I

P � E3d� to determine the total reaction force on desired boundaries.
(c) For each set of probe locations:

(i) Set the voltage field to match the desired probe values
(ii) Solve the electric potential problem with the relaxed mechanical fields with applied potential

boundary conditions
(iii) Integrate I D

P
I

R
�I

J � eyd� to determine the total current on desired boundaries.
(iv) Solve the thermal problem
(v) Save fields to a file

3. Repeat until all desired samples have been taken.

each configuration of electrical probes, given the current deformation and contact state. The sam-
pling procedure is detailed in Algorithm 1. This system only works assuming a one-way coupling
between the mechanical state of the material and the thermal and electric fields. If more complicated
constitutive laws are considered, the thermal and electric problems need to be varied independently,
so that many more samples of the material state would be needed.

In the mechanical analysis, the centroids are pinned at their initial condition. The cross sections
are free to pivot to allow the yarns to reorient so that there is a no-applied-torque boundary condition
on the directors. The boundary conditions can be written for the strong-form problem as

vr D 0 on @	; (49)

Z
A

�1Ntd� D 0 on @	; (50)

Z
A

�2Ntd� D 0 on @	; (51)

where vr is the Newton update on the velocity.
The voltage field has Dirichlet boundary conditions only on the probe locations: the base con-

nection �B and the probe location �P . The probe domain �P matches one of the three locations
illustrated in Figure 8. Even though the problem for the potential happens to be linear in this case,
the same Newton’s method solver as the mechanical system is used for both ease of implementation
and to allow for nonlinear effects in the future. The desired values for the Dirichlet boundary con-
ditions are set via an initial condition, and the boundary conditions applied to the matrix system are
on the Newton update, which must be set to zero. The remaining boundaries are insulating so that
NJ � n D 0. The boundary conditions on the PDE are

V D 0 on�B and�P ; (52)

� NJ � n D �rxV � n D 0 on @	n .�B [ �P / ; (53)

where V is the Newton update on the voltage. The effect of Joule heating in the fabric is based
on the calculated currents is also observed. The temperature is pinned to zero (difference from the
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reference temperature) on the boundaries. Similarly to the electric potential, the boundary conditions
are set with initial conditions, and the boundary condition for the matrix system is a zero update,

T D 0 on @	: (54)

7. IMPLEMENTATION

The code is dependent upon the finite element package FEniCS [35]. Its code generation features—
especially automatic differentiation—make it an appealing choice. These features greatly facilitated
the development of multiphysics beam formulations with implicit time stepping. A number of
patches were made to the FEniCS code base to support contact mechanics, specifically Dolfin [43]
and FEniCS Form Compiler (FFC) [44]. These patches are described in detail in Queiruga [45] and
briefly described here. The custom integral syntax in FEniCS was extended with an identifying tag
that tells the patches to FFC to generate integration routines for a contact. Custom assembly code
was implemented as a C++ extension to generate quadrature points and assemble over element pairs.
The existing analysis and differentiation algorithms in FFC perform all of the expression manip-
ulations required, and most of the new capabilities and modifications were centered in the code
generation components.

The code also makes use of Numpy [46] and Scipy [47] for the de facto standard Python
numerical array data type and numerical algorithms, Mathematica [48] for code generation and
symbolic integration and differentiation, Matplotlib [49] for plotting, and Paraview [50] for visu-
alization. The network model and error minimization described in Section 6.2 are implemented in
Mathematica as well.

8. RESULTS

8.1. Properties

In this example, all of the fibrils are the same. The properties are listed in Table I. The initial config-
uration, used to generate the woven structure, and the relaxed state, after the first pass of dynamic
relaxation, are shown in Figure 9. The reference configurations of each of the fibrils are straight, and

Table I. Simulation parameters for plain woven fabric.

Unit cell width W 8 mm Electrical conductivity � 10 S
mm

Density � 1.0 g
mm3

Thermal conductivity k 1.0 W
mmK

Young’s modulus E 1.26 MPa Thermal contact conductivity hc 0.1 W
mm2K

Poisson’s ration � 0 Electrical contact conductivity �c 0.01 A
mm2V

Fibril radius R 0.15 mm Contact penalty coefficient P � 5 N
mm

Dissipation � 0:1 Ns
m

Figure 9. Initial condition geometry (left) and dynamically relaxed geometry (right). The mesh is colored
by the total reaction force across the cross section,

R
C.�3/

P OE3dA, measured in newtons.
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the fibrils would intersect with crossing fibrils if started from the reference configuration. Each yarn
is initially in a three-level stack of with a 3-4-3 fibril count pattern (see the bottom left of Figure 9.)
After the relaxation process, it is observed in the cross section through one of the center yarns that
the yarns flatten out into a two-level stacking, shown in Figure 10.

Figure 10. Cross section of relaxed plain weave. The internal reaction force is measured in newtons.

Figure 11. Final stress distributions at 25% strain for stretching (top) and shearing (bottom). The reaction
force is measured in newtons.

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2016; 108:1603–1625
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8.2. Mechanical behavior

Two deformations are considered: uniaxial extension and simple shearing. The velocity field used
to drive uniaxial extension/compression (step 1a in Algorithm 1) is

v D
step

tstep

X1

L0
e1; (55)

Figure 12. Reaction forces and currents for the uniaxial stretching case (left) and the shear case (right).
A test voltage of 1V is applied, so the effective electrical resistance is the reciprocal of the measured currents.
(a) Stretch, x reaction, (b) shear, x reaction, (c) stretch, y reaction, (d) shear, y reaction, (e) stretch, resulting

current, and (f) shear, resulting current.
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and the velocity field used to drive the simple shearing is

v D
step

tstep

X1

L0
e2: (56)

In these equations, step is the desired strain to be applied during the step over the course of
tstep time. The unit cell is brought to 25% strain over the course of 10 steps for both cases. The
final strained states are rendered in Figure 11. The calculated force and current responses for both
cases are plotted in Figure 12. The ´ direction corresponds to out-of-plane reactions. Because only
in-plane motion is considered, the reaction forces stay near zero in this component.

The end points of each of the fibrils are held fixed at the reference length. Because of the inter-
weaving, this places each fibril in tension, although the stress fields are not uniform as seen in
Figures 9 and 10. Some fibrils in the corners have particularly high stresses, such as the one visible
at the top of the figure, where they are unable to move because of the pinned boundary conditions.
The unit cell is thus originally in tension, with approximately 2 N of force acting on the clamps
in both directions. A relaxation process could be applied in which the yarns at the boundary were
allowed to move inwards to bring the initial tractions to zero, but is not carried out in this example.

8.3. Electrical behavior

The current distributions through the fabric in these deformed states are shown in Figure 13. The
temperature distributions in the unit cell due to the Joule heating effect are shown in Figure 14. As
can be seen in Figure 13, an appreciable amount current passes through neighboring yarns in all
cases. A larger current corresponds to a lower resistance.

The values for the two resistors,Ry .hCi/ andRc .hCi/, obtained from this calculation are shown
in Figure 15 along side the value for Ry expected from the insulated case. The trend in the contact
resistance matches with the trend seen in the currents in Figure 12(e) and (f).

The resistance of a single yarn segment can be calculated analytically by Nf ib cylindrical
conductors in parallel,

Ry D
W=Ncell

�
R2
f ib
Nf ib

D
8mm=4

10 S
mm
 .0:15mm/2 10

� 0:282	: (57)

As a sanity check, the electrical voltage calculation was performed with no contact resistance, �c D
0 . This yielded the expected results of no resulting current for probes 2 and 3 and a resulting current
for probe 1 that was in good agreement with the analytically expected value for the resistance of one
yarn,R1 D 8mm

10 S
mm�.0:15mm/210

. The variation in the resulting currents for this static analysis is due to

the strain being dependent entirely upon conduction through contacts. Using the constant isotropic
conductivity constitutive law, the electrical resistances do not change because of the deformation
due to the transformation of the conductivity tensor. The fibrils can be analyzed separately if they are
insulated, allowing the electrical problem to always be pushed back into the reference configuration

I D

Z
�

�rxV � n d�; (58)

D

Z
�0

�
1

J
F� 0FT

� �
F�TrXV

�
� JF�TN d�0; (59)

D

Z
�0

� 0rXV � N d�0: (60)

Because the PDE is also solved in the reference configuration (Equation 8), all of these values
are constant. Thus, the current passing through the boundary of each fibril would always be same
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Figure 13. Current distributions for the three probe locations for the largest calculated strains for the
stretching (left) and shearing (right). The current is the total through the cross section, measured in amps.

regardless of deformation—for the assumption of constant � 0. That is, the material deformation-
induced texturing of the conductivity tensor does not effect the resistance of the body as long as
the boundary conditions ‘follow the body’ and do not shift with respect to the reference state. It is
possible to consider constitutive laws for the conductivity tensor that is dependent on the state of the
material beyond the transformation from the reference configuration to current configuration, such
as strain-dependent conductivity or plasticity. This would allow the resistance to change without the
effect of contacts.

From the argument earlier regarding deformation of insulated conductors and the geometry of
the yarns, it is expected that the resistance of a yarn segment is not a strong function of the contact
forces (for more complicated yarns, such as heterogenous braided wires where contacts may play a
strong roll inside a yarn, this may not be the case). This is the trend observed for both stretch cases

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2016; 108:1603–1625
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Figure 14. Temperature distributions due to Joule heating for the three probe locations for the largest cal-
culated strains for the stretching (left) and shearing (right). The temperature is measured in degrees Celsius

relative to the boundary.

in Figure 15. The variation can arise from both currents passing through contacts between fibrils
in a yarn as the yarn bends, which alters the resistance slightly, and error in the fitting process to
determine the best Ry . The error in the network model arises from the large area over which two
yarns are in contact. A single node at the midpoint of each yarn segment is a good representation
in the limit when the yarns become very slender so that their contact area is very small compared
to their length. The plain woven fabric simulated is very dense, so the contact between two yarns
takes place over most of their length. A better network model would add more contact resistors and
nodes in parallel with smaller yarn segment resistors between them—but this defeats the purpose of
an approximation.
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DOI: 10.1002/nme



MICROSCALE MODELING 1623

Figure 15. Resistor values as a function of stretch state, for the yarn segment, Ry .C/, and the contact,
Rc .hCi/. (a) Stretch and (b) shear.

The contact resistance can change drastically as fibrils slide by each other. This causes the
response current to change non-monotonically, and even reverse trend at some points. The resis-
tance can be decreasing because of an increase in contact pressure between two fibrils, but as the
deformation continues, a critical point can be passed in which the fibrils rearrange to a state with
lower contact pressures, resulting in a higher resistance. As could be expected, the reaction cur-
rent measured along a single yarn, probe 1, in Figure 12(e) and (f), is always the highest. However,
the additional conducting paths present because of the electrical contacts allow the resistance to
vary significantly as the textile deforms. The increase in contact pressures and the rearrangement of
contacts cause the resistances for probes 2 and 3 to drop significantly on average as the textile is
stretched in both cases.

9. CONCLUSION

A computational framework was developed for modeling textiles at the microstructure level using
interwoven large deformation beams to represent individual fibrils. A contact model for beams was
developed that incorporates the thermal and electrical resistances that scale with the contact force by
approximating the contact area. An example was presented that predicts the mechanical, electrical,
and thermal properties of a representative volume element of a simple plain woven fabric consisting
of homogenous conducting fibrils. The simulation predicted the microstructure-dependent Poisson’s
ratio effect of the textile. The effective electrical resistance of the RVE was shown to depend on the
strain state based on inter-fibril contact pressures and the slipping of fibrils. The simulation results
were used to produce an effective contact resistance to model the conductive textile as a resistor
Kirchhoff network.

The fibril configurations studied are not necessarily unique. Because of the discrete nature of the
structures, other packings are possible, which will result in different local stresses that may affect the
macroscopic response. A more detailed study would repeat the analyses on perturbed initial states
to quantify the range of responses.

The level of discretization incorporated allows the representation of arbitrary microstructures,
such as knitted textiles or heterogenous yarns. Current work on the model involves developing
geometry generation schemes to produce the representative volume elements of more complicated
fabrics that could be used in a design process. The framework developed is general enough to
incorporate a wide variety of constitutive responses. A number of additions can be made to the
constitutive laws to enable the study of different fabric materials and devices. Static friction has a
significant effect on the energy dampening in the dynamic analysis as well as the effective shear
strength of a textile in static analysis [51–53] and would thus be a significant improvement to the
model. Pressure dependence conductivities can be used to improve the analysis of thermal and
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electrical resistances in the textile. Piezoelectric and other electromagnetically coupled constitutive
laws can be used to analyze textile-based electromechanical devices.
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