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Summary. The effects of internal microstress fields are neglected in a usual simulation of the diffusion of 
a small solute trough solid heterogeneous media. However, when a heterogeneous material is used in a 
structure undergoing external mechanical loading, highly nonuniform stress fields can arise locally due to 
the variable microstructure. In this paper a simple quasi-Fickian model is studied which employs a spa- 
tially variable stress-dependent diffusivity, D ~. The structure of D ~ stems from an assumption that the 
stresses nonuniformly open and close the pores of the material microstructure, thus providing preferential 
sites for accumulation of the diffusing solute. When o -  0, the usual stress-free Fickian diffusivity, D ~ is 
recovered. Because of the highly oscillatory stress fields on the micro level, when employing numerical 
methods, such as the finite element or finite difference method, the distance between discretization nodes 
must be far smaller than the microstructural oscillations to obtain accurate simulations. This fact makes 
direct numerical simulations involving D ~ virtually impossible without computationally intensive, and 
complicated, special techniques. In this paper upper bounds are developed for the difference between 
solutions produced when using D ~ and alternatively D o in the body under analysis. The general case, 
when D ~ ~ and consequently D ~, are spatially variable, is considered. The bounds are a function of only 
D O and (7 and do not require any knowledge of the stress-dependent solution, and can thus be used as an 
a-priori check to determine whether potentially expensive computations are necessary. 

1 Introduction and Motivation 

There are a variety of structural analyses where an important  issue is the diffusive behavior of 

a small solute through a body in the presence of nonuni form stress fields. In many instances, 

the determination of such diffusive behavior is critical to the estimation of the useful service 

life of solid structures in contact with corrosive environments. An important  example is the 

absorption and accumulation of potentially hazardous solutes, such as hydrogen. Hydrogen, 

due to its relatively small atomic structure, easily diffuses through most materials, and its 

absorption can result in a variety of structural failures at loading levels significantly lower 

than those predicted under  hydrogen-free conditions. There are many forms of hydrogen 

damage. A common form is hydrogen embrittlement, which is a mechanical-environmental  

failure phenomena that results from the excessive absorption of hydrogen usually due to resi- 

dual or applied stresses. Typically, hydrogen is introduced in materials in atomic form (H) 

either electrolytically or from a gaseous atmosphere as a product of corrosion or a waste pro- 

duct in combust ion cycles. The primary effects are subcritical crack growth at loading levels 
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far below those associated with unstable (hydrogen-free) crack motion. A wide variety of 
materials, conventional materials, advanced alloys, intermetallics and ceramics, are suscep- 
tible to hydrogen embrittlement. Cracking caused by this process is often referred to as hydro- 
gen-stress cracking or hydrogen-induced cracking. It has been suggested in the literature that 

cracking in such materials occurs because hydrogen absorption at these sites lowers the sur- 
face energy required for cracks to grow. Loosely speaking, hydrogen sufficiently reduces the 

bonding energy of the metal lattice enough to allow cracking and, in some cases, enhances 
localized plastic deformation. For indepth studies of this topic, from a materials science point 

of view, see [1] or [2]. For a review of the state-of-the-art of continuum modeling of hydrogen- 

assisted failure we refer the reader to the recent work in [3]. For industrial case studies of 
structural failures due to the presence of hydrogen and mechanical stress, we refer the reader 

to the official publication of the American Society for Metals [4]. Obviously, hydrogen diffu- 
sion is only one of many examples where the behavior of a small solute is affected by the pre- 
sence of stress. Other cases include moisture swelling in polymers, hydration of concrete and 

soil saturation. 
In many cases, either naturally or by design, a solid medium through which a solute diffu- 

ses contains heterogeneities on the microscale. In these cases, it is usually assumed that the 
diffusivity is insensitive to the effects of stress. However, it is clear that if there are large phase 
contrasts in the elastic properties, then local stress fields may be large in magnitude and highly 

nonuniform, and thus the effects of stress may be important. In this paper a simple quasi- 

Fickian model is studied which employs a spatially variable stress-dependent diffusivity, D ~, 
where a is the stress at a point. The structure o fD ~, which we leave general at this point in the 

presentation, stems from an assumption that the nonuniform microstresses locally open and 
close the pores of the material microstructure, thus providing preferential sites for accumula- 

tion of the diffusing solute. When c~ = 0, then the usual stress-free diffusivity, D ~ is recovered. 
Because of the highly variable stress fietds on the micro level D ~ will also be highly oscillatory. 
Consequently, when employing D ~, standard numerical methods, such as the finite element or 

finite difference method, require the distance between discretization nodes to be far smaller 

than the microstructural oscillations to obtain accurate simulations. This fact makes the usual 
direct numerical simulations involving D ~ virtually impossible without computationalty inten- 

sive, and complicated, special techniques. In many cases it is unclear whether such computa- 
tions are necessary. In order to determine whether such expensive computations are indeed 
justified, the main focus of the paper is to bound the deviation of the stress-dependent solu- 

tion (using D ~ and the stress-free solution (using DO), in an a priori manner, in terms of only 
the inexpensive stress-free solution and the physical data. The general case where D ~ a and 
consequently D ~, are spatially variable is considered. The bounds are shown to be optimal, 
i.e. they can attain equality under certain conditions. Several examples are given to illustrate 

the predicted differences between stress-dependent and stress-free solution behavior. 
The paper outline is as follows. In Sect. 2 the model and governing equations are intro- 

duced. In Sect. 3 general a priori bounds on the difference between solutions for the stress- 
free and stress-dependent cases are developed, in terms of the stress field and the stress-free 
diffusivity. The bounds are shown to be sharp, i.e. they can attain equality. In Sect. 4 the rela- 

tionship is investigated between the bounds on the difference in the solution and classical 
notions of effective diffusivity bounds. In Sect. 5 examples are presented which illustrate the 
effects of stress and the predicted differences between the stress-dependent and stress-free 

solutions. Finally, in Sect. 6 a summary is given. 
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2 The basic model 

There has been an enormous amount  of  research dealing with diffusion, or relatedly, heat 

conduction which deviate from the classical models of  Fick and Fourier. Works dating back, 
at least, to Maxwell [5] have postulated models which deviate from such models. Rather than 
attempt to catalog the various models in the literature, and arguments to justify them, we 

refer the reader to the encyclopedic survey article of  Joseph and Preziosi [6], which gives a 
chronology of  virtually all nonstandard models from that of  Maxwell through to 1989. Also 

other reviews which deal with related material, in particular multi-field coupling, can be 

found in [7] [10]. Generally speaking, most approaches have sought to modify the standard 
model by introducing terms representing possibly important  effects neglected in the classical 

approaches of  Fick and Fourier. In this vein, models for stress-dependent diffusion in solid 
media can be found in the literature. We refer the reader to the classical work of  Crank [11] 
which reviews a variety of  models and also to specific works dealing with hydrogen diffusion, 

[12]-[16]. 

2.1 Direct incorporation o f  stress-dependency 

The most obvious, and simplest, approach to incorporate stress-dependency is to postulate a 

stress-dependent diffusivity ([17], [18]) 

5 = - D  ~ . V c  ~, 

where 

D O de~ D~:0, (1) 

where c ~ is the concentration of  the solute, ~ is the stress present at a point, and D ~ is a 
positive definite, second order tensorial function of  position. D o is the stress-free diffusivity. 
Upon  substituting the equation corresponding to this model into the conservation law, 

U + V �9 5 ~ = 0 ,  one obtains the following equation describing the diffusion of  a dilute solute 
in a stressed solid 

: v .  (D . (2) 

For  small species at dilute concentrations, one can consider a weak coupling where the 

applied mechanical stress field is not  affected by the diffusing species. This is the only case 
considered in this paper. Observe that the equation is parabolic for the unsteady state, as is 
the classical diffusion equation based on the Fickian model, U =~ = g7. (DO=0. Vc~-0). As we 

have stated, our objective in this paper is to bound the differences in the solutions using D ~ 
and D o in terms o f D  ~ and ~ (spatially variable), under steady state conditions (d = 0). 

2.2 Variational formulat ions  

We consider a structure which occupies an open bounded domain in ~? E ]R 3, Its boundary is 

denoted 0g?. The body is in equilibrium (k = 0) under the action of  possible body source 
terms, b, and surface fluxes, f The boundary 022 consists of  a portion Fc on which the concen- 
trations, c = d, are prescribed, and a part  Ff  on which fluxes, 5 r = - f  are prescribed. 



94 T.I.  Zohdi and P. Wriggers 

2.2.1 The unstressed case 

The unstressed diffusion solution, c o d~f c~_0, is characterized by the following variat ional  

formulat ion:  

F ind  

c o ~ H~(S?), c~ - d, 

such that  

f ~ 7 v . D ~ 1 7 6  f f .  nvds  Vv c H~(S?), v lc  - 0, (3) 
f2 ~ Ff  

where Hi(J?)  is the Sobolev space of  L~((2) functions whose derivatives also lie in L2(~2). 

Here D o is an arbi t rary  second rank linear diffusivity tensor with usual symmetries and posi- 

tive definite character. The components  of  D o are functions of  spatial  posi t ion in the body. 

2.2.2 The stressed case 

The stressed-dependent diffusion, c ~, is characterized by the following variat ional  formula- 

tion: 

F ind  

c ~ c H ~ ( ~ ) ,  c~lr~ = d, 

such that  

f ~ T v . O ~ . V e d x =  f b v d x +  f f .  nvds  Vv E HI(~Q), v l r~ -O .  (4) 
~ Fy 

Here we require D ~ to be a symmetric and positive definite tensor. This places restrictions on 

the dependence of  D ~ on ~. To keep the analysis general, we leave D ~ and D o arbi t rary  but  

symmetric and positive definite. Specific choices are made later in the paper.  

3 A general upper bound on the stress-dependent behavior 

Since variat ional  formulat ions are employed to generate the solutions the following associated 

semi-norm is used to measure their difference, 

~o 2 def f (~c  ~ _ vcO) . D ~ " ($7c~ _ ~7c0 ) dx. (5) ]1 c~ - ~ LID~(~) = 
o. 

However,  in the event that  concentrat ions are specified on the boundary,  then c ~ -  c ~  

constant is unobta inable  unless c ~ - c o = 0, and the semi-norm in Eq. (5) is a norm in the 

strict mathemat ical  sense. 
Our objective is to bound  I[c ~ -  cO[ID~(~) in terms of  the da ta  D ~ a, and the stress-free 

solution c o . By definition 

f V v .  D ~. V C  dx = f V v .  D o. Vc  ~ dx = f bv dx + f f .  nv ds, (6) 
~ f? F.f 
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and  subt rac t ing  f gTv . D ~ �9 V c  ~ dx f rom bo th  sides yields 

f ~7v. D ~'. gr(e~ - c ~ dx  = f gTv. (D O - D~) . V7e ~ dx. 
f2 

Since v is an  a rb i t ra ry  vir tual  displacement ,  we m ay  set v = c ~ - e ~ to yield 

- c liD%n) = f ~7( c" - e~ " ( D~ - D~') " grc~ dx 
f2 

= f V7(cr _ c O ) .  D o " D ~ i .  (D o _ D~) .  gTcO dx 
s? 

= f D ~189 gT(e~ - c ~ �9 D ~�89 D ~ �9 (D O - D ~ . grc~ dx 
f2 

<- ~?-fo ~7 (c~ - co) .  D~ " ~7 (e~ - co) dx)  

x } / ( f  (O ~ - DC~) �9 grc~ O ~ (O ~ - D~ �9 grc~ d x ) ,  

where D ~ def ( )�89 D~_I dee ( ) - l .  = D ~ and  = D ~ Therefore  

i i c ~ _ e O l l ~ ( n ) <  f ( O O  D . . . .  gTcO OO-Z (D O D~).V7cOdxe~fB(~_o) 
f2 

(7) 

(s) 

(9) 

where {'} def ] f .dx. ( 1 2 )  

= ~ 7 ~  

I t  is clear that  the p rox imi ty  of  ( 1 / D  ~ to ( l I D  ~ governs  the qual i ty  of  the predic t ion  in this 

case. We n o w  focus on  the re la t ion  of  the solut ion b o u n d  to the classical theory of  effective 

propert ies.  

1 

2 D O 
B(~-o) o 

It  is emphasized  that this relation holds f o r  general  loading, ex ternal  geometry  and nonconstant,  

anisotropic D o and DC At  this po in t  in the p resen ta t ion  the stress field is arbi t rary ,  and  can be 

thought  of  as a parameter .  

Example.  I f  we consider  a one d imens iona l  s t ructure  of  un i t  length,  with a fixed concent ra -  

t ion e(0) = 0 and  d e ( 1 ) / d x  = G, an  a rb i t ra ry  constant .  The s t ress-dependent  and  unstressed 

problems are 

d~< &,/:O a~ ~ \  &/:o. (1o) 

Since d C / d x  = G / D  ~ and  dc~  = G / D  ~ we have 

1 1 

2 ( O  o _ D ~ ) ~  1 13(o o) : ~ 6  dx : G 2 DO D ~ dx : lie ~ - c~ . (11) 

0 0 

In other words, the bound f o r  the error in the solution is exact ,  regardless o f  the stress f ieM. I f  

we change the second b o u n d a r y  cond i t ion  to c(1) = K ,  an  a rb i t ra ry  cons tant ,  then after some 

simple algebraic  man ipu la t i ons  we have 
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4 Stress-dependent effective properties 

The computat ion of effective properties of heterogeneous materials involves the solution of 
boundary  value problems posed over statistically representative volume element domains. In 
many  cases such simulations are computat ionally quite complex and it is advantageous to 
bound the possible aggregate behavior a priori in terms of the physical data at hand. The 
study of effective properties has had a long history. Because the equation structure for elasto- 
statics, thermal conductivity and diffusion are essentially identical in the linear regime, most  
of  the various techniques for computing approximate  effective elastic, thermal or diffusive 
properties, transfer easily from one regime to another. For  a concise summary see [19]. Here 
we briefly review the basic concepts for linear elasticity, then apply and relate them to the 

B(~_o)-bound. 

4.1 The Hill-Reuss-Voigt bounds' 

In order to determine an effective macroscopic linear elasticity tensor, E*, a relation between 

d e f  ] o 
averages, (a) = E* : (e), must be computed,  where (.) = - ~ l J .  dx, and where ~rand e are the 

stress and strain fields within a statistically representative volume element (RVE) with volume 
1271. Loosely speaking, an RVE is a theoretical structure small enough to be considered as a 
material point with respect to the size of  the domain under analysis, but large enough to be a 
stratistically representative sample of the microstructure. Tacitly it is assumed that  at least 
one choice of  the RVE is possible. It is possible, under certain assumptions, to relate E* to the 
approximations (E}, (E- l )  -1 due to Voigt and Reuss respectively. The former, introduced in 
1889 [20], is based on the assumptions of  uniform strain throughout  the body, the latter, 
introduced in 1929 [21], is based on the assumption of uniform stress. Hill, in 1952 [22] proved 
that 

(a:e) = (a) :(e} ==~(E 1}-1 < E  < (E), (13) 
micro energ# macro ener9Y t~euss Voig# 

where this inequality means that  the eigenvalues of  the tensors E* - (E - i )  1 and (E} - E are 
nonnegative. The preceding ideas apply trivially to determine bounds on stress-dependent 
effective properties. In order to determine an effective macroscopic linear diffusivity tensor, 
D ~ a relation between averages, (.T ~} = - D  ~*. (X7c~), must be computed,  where 5 ~ and 
V'c ~ are the flux and concentration gradient fields within a statistically representative volume 
element (RVE) with volume I S?l. As in the elastic case, D ~* is not a material  property,  i.e., it 
depends on the data. If  ( 5  ~) and (~7c ~) are such that ( ~ .  XTc ~) = (~c~). (grd)  ' then 

(D~-I) -1 _< D ~ <_ (D~).  (14) 

Reuss Voigt 

Obviously, these bounds are stress-dependent. Of  course we also have bounds for the 
unstressed diffusivity in the absence of stress 

(D~ -1 < D ~ <_ (D ~ . (15) 

Reus8 Voigt 
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To bound the deviation of  the effective properties with stress, we immediately have: 

( D ~ - Z )  1 _ Do, < D ~ ,  _ D o ,  < ( D  ~) _ D o , ,  (16)  

and therefore 

(D~-I) -1 - (D ~ < D ~* - D O* < (D ~) - (D~ -1. (17) 

These inequalities can be thought  of  as defining an effective property bandwidth. 

4.2 Relationship between the 13(~ o)-bound and the HRV-bounds 

The expression on the left in Eq. (13) is often referred as Hill's condition and can be realized 

in several ways. A special class of  fields that conform to Hill's condition are those produced 
in bodies with applied boundary data of  the following form: (1) pure displacements in the 

form ulo~ = S .  x or (2) pure tractions in the form t[os? = T .  n, where S and T are constant 
strain and stress tensors, respectively. For  obvious reasons, these types of  boundary conditi- 
ons are known as "uniform." It can be easily shown that under uniform conditions, for case 

(1) (e) = S, and for case (2) (a) = T (with no body forces). Here we consider the analogous 

uniform concentration loadings, either c[os? = K . x ,  where K is a constant concentration gra- 

dient o f f  los? = G, where G is a constant concentration flux vector. These conditions satisfy 
Hill's conditions for the diffusion problem, regardless of  the state of  stress. 

Uniform conditions. If  the concentration loading is uniform and D o is constant, then 

IFc - P -< f ( o  ~ - �9 v c  ~ w - 1  ( D  O - w ) .  ~ 
n 

= f(~Tc ~  ~ 1 7 6  ~  ~ ~  ~ - ] . D  ~ ~  ~  ~  
J2 

= ~7c ~ . (D~ ~7e~ I n  / -2~7e ~ D o . V'c o Inl  

+ (D~ �9 D O. V'c ~  O. XTc ~ I ~ l  (18) 

This can be compactly written as 

I l C - c ~  II~)~(~)< ~7c ~ ((D~> + D O. ((D~ �9 D o - 2 I ) ) .  ~7c ~ I ~ l .  (19) 

The utility of  these expressions is clear: with knowledge of  the uniform field, D O and the volume- 
tric quantities, <D ~) and (D~-I), one can bound the deviation between the stress-free and stress- 
dependent solutions. We now show that this bound collapses to very simple forms in special 
c a s e s .  

Special eases of D% For  those cases having either type of  uniform boundary conditions, with 
no body sources, it is straightforward to show that if (D ~) = D o (which does not imply, 
(D ~-1) = D~ then inequality (19) collapses to 

tie ~ o 2 ~-o . 7 0  = .~-o - D ~  �9 9 - c [ID~(~) -< �9 ( ( D  ~-1 ) - (D~> - 1 )  I~?l �9 ( ( D  ~  I ~ l ,  ( 20 )  

where 5r~ D~ ~ is the flux in the unstressed body. 
I f  the lower bound is chosen (D~-I) -1 = D O (which does not imply, (D ~) = DO), then for 

either type of  boundary condition, inequality (19) collapses to 

II c ~ - ~0 II~oc~) -< w e ~  ((D~) - (D~-I)-1) " gTc~ [X?l = ~7c~ (<D~) - D~ " ~7c~ IS?I, (21) 

where Vc~ D O 1. s o )  is the concentration gradient state that exists in the stress-free body. 
We observe that in both of  these cases the difference in the classical bounds in Eq. (14) 
appear. 
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4.3 Diffusivities admitting a multiplicative decomposition 

It is convenient to write the stress dependency of the diffusivity tensor as a multiplicative 
decomposit ion of the following form 

= - O ~ ( o )  . Vc ,  

D~(0-) = H(0")- D ~ (22) 

H ( O )  = t. 

It is required that the tensor function H ( a )  has eigenvalues greater than 1 for a negative pres- 
sure (a tensile stress state), and eigenvalues less than one for a positive pressure (a compressed 

stress state). Essentially, this simple model captures the central phenomenological effect of  the 
local volume changes - namely the enhancement or inhibition of diffusion by tensile and com- 
pressive stress states, respectively. If  we consider cases where the multiplicative decomposit ion 
is possible, we have the following reduced form of the B(~_0)-bounds for the general condi- 
tions and the special cases considered in the previous subsection: 

2 
B(~_o) = 

2 
B(~_o) = 

2 
B(~_o) = 

f ( I -  H ( a ) - l )  �9 V e  ~  (H(0-).  DO) �9 ( I -  H ( a ) - I )  �9 V c  ~ dx (general),  
[2 

V c  ~ . ( ( g ( a ) )  + (H(a)  t) _ 21) .T ~ 1s ( u n i f o r m ) ,  

V c  ~ . ( I -  (H(0-)-1)) �9 5 ~ [s ( u n i f o r m  and (D ~) = D ~ ~ (H(a) )  = I) ,  

V c  ~ . ( (H(a) )  - I ) . . T  o 1s ( u n i f o r m  and (D~ -1 = D ~ ~ (H(a)  1) = I) .  

(23) 

We also see that, for the multiplicative decomposition, the bandwidth (Eq. (17)) of  the 
effective property deviation collapses to 

D ~ (</- / (o)-1)  -1 - I)  < D ~7. - D ~ < D O- ((/-/(o')) - I ) .  (24) 

It is clear that the proximity of  (H(0-)) to (H(0-) -1) ~ dictates the possible difference, due to 
stress, in the effective diffusivities, and the bound for the difference in the solution arising 
f rom stress. 

5 E x a m p l e s  

We now pursue some quantitative examples. Thus far in the analysis, the bounds on the dif- 
ference in diffusion solutions and effective properties have been derived for an arbitrary stress 
field. Obviously, there are a variety of possibilities to consider. In order to narrow the scope 
of the study, yet consider a wide range of possibilities, the two classical extreme elastic cases 
are used: (1) the Voigt Field, a uniform microstrain assumption, and (2) the Reuss Field, a 
uniform microstress assumption. The first produces statically inadmissible fields, while the 
second produces kinematically inadmissible fields. In a sense, the assumptions of  the Reuss or 
Voigt fields provide the two extremes of  expected elastic microfield behavior. We consider a 
unit cube of material  with a heterogeneous elastic microstructure (Fig. 1) but with a constant, 
isotropic, diffusivity D ~ i.e., the material constituents have different elastic properties, but the 
same (isotropic) diffusivity. A uniform specified boundary  concentration is used, therefore c o 
is trivially computed analytically. We use the Reuss and Voigt pressure fields to produce the 
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t t t  t t 

Fig. 1. A test problem (cross-section). Both uni- 
form exterior compressive pressure and tensile 
pressure cases are considered 

changes in diffusivity due to stress. Both tension and compression tests are performed. We 
track the two important  qualities: 
�9 The normalized predicted error: 

B(o-o) _ [ Vc~ " ( DO. (<H(o)) + <H(tT) 1 ) _ 2 I ) ) . V c  ~ 
N p E  d j  llgll~o(~ / ~ ~,co. D o . vco (25) 

�9 The normalized predicted effective property bandwidth: 

xpEp.,~o f lye0.  (o ~ . (<H(~)>- <H(~)-~>-~)). Vc0 
Vc o . Do . Vc  o (26) 

5.1 Quantitative results 

It is reasonable, in the context of  small deformations, that only dilatational dependency is 

postulated, i.e., D~(a) - F ( P ) I .  D ~ where P is the hydrostatic pressure (=  - t r o / 3 ) .  A very 
simple candidate to modify the diffusivity is 

F ( P )  = (1 - sP) P -  P(x )  ~ D ~ = (1 - sP) I .  D O , (27) 

where s is a finite nonnegative constant parameter which depends on the temperature, the uni- 

versal gas constant and the partial molar volume of  the diffusing species. Of course there are 

restrictions on the combinations of  s and P(x),. since F(_P) must remain positive. The extreme 
Reuss and Voigt pressure fields are respectively 

p =  pR or p = p V =  pR z (28) (• 
where • is the spatially variable bulk modulus of  the material. Obviously, if D O is isotropic, 
the Reuss pressure field produces no change in the solution since it is constant, and simply 

scales out of  the governing equations. Therefore only the Voigt field is of  any interest in these 
examples. This choice of  pressure field in Eq. (28) allows the same average pressure to be pre- 
sent in the system for the Reuss or Voigt fields, i.e., 

f pR dx = f pV  dx = P•. (29) 
f2 f? 
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For  uniform concentration loading only volume fractions are needed in the computation of  

the bounds. For  a two-phase heterogeneous material, using the simple functional value of  
F(P) ,  the averaged quantities needed become 

<H(~)> : <r(r)> #: (1 - ~<P>) #: (i - ~P~) #, 
(ao) 

/ \ 

(H-i(a)) (F-i(P)> I = ( V F  1 - V F  
= • + ---- I, 

, 
x 

where V F  -- volume fraction of  the second phase and • and • are the bulk moduli of  the 
first and second phases respectively. 

5.1 Observations 

Figures 2-11 illustrate results for a sample of  a two-phase composite material shown in Fig. 1 

under uniform external pressure. Of course the internal fields are highly variable. Both com- 
pression and tension tests are performed. The bounds on the difference in the stress-free and 

stress-assisted diffusion models, and the bandwidth for the effective property deviation, are 
depicted. Since volume fractions only are needed in the computation of  the bound for the 

solution difference and of  the effective property bandwidth, the actual microstructural topo- 
logy is general. Also since pressure dependence of  the form in Eq. (28) is used, the only other 

d e f  
parameter needed is the mismatch in elastic bulk properties r = •215 In order to avoid 
absurd behaviour (i.e., "negative diffusion") we must require maxxcn IsP(x)I< 1. To be con- 
sistent we do this for both the compression and tension tests. Accordingly, in these tests we 

choose s = 1 and vary r, pR and VF.  

B O U N D  O N  S O L U T I O N  D I F F E R E N C E  

N P E  
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Fig. 2. (Compression test) The behavior of the NPE for r = 10. The iso-value contours are projected on 
the base of the plot. 
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Obviously large differences in the solutions result which different microstructures and 
pressure loading. As seen in Fig. 2 11, the normalized predicted error between the stress- 

dependent solution and the stress-free solution, N P E ,  can be several hundred percent in the 

compressive case. The normalized predicted effective property bandwidth, NPEPB, of  the 
deviation of  effective properties, is also significant, if not quite as dramatically so. As illus- 

trated in the numerical experiments, differences in the stress-dependent and stress-free solu- 
tions and the deviation of  effective properties grow monotonically with pressure. The differen- 

ces in the stress-dependent and stress-free solutions also grow monotonically with volume 
fraction. Of  course this is not  the case with the deviation in effective properties which must 

tend to zero for both extremes, V F  = 0 and V F  = 1. For  this example, the behavior of  the 
effective properties and the deviation in the solution fields behave differently with respect to 
volume fraction changes. N P E  tends to a finite number at either extreme volume fraction due 
to the restriction maxxc~ [sP(x) l< 1. 

6 Conclusion 

In concluding this paper, the main point which we wish to emphasize is that the bounds pro- 

vide a way of  determining when stress may play an important  role in the diffusion process. 
We have attempted to illustrate this with as simple a model as possible. The magnitude of  the 
bounds can be used to decide whether an expensive set of  calculations, possibly involving 
numerical or laboratory experiments, is necessary. It is a certainty that, for virtually every 
possible external loading, the internal stress fields are not uniform due to heterogeneities on 
the microscale. Hence the bounds provide a means of  quantitatively and qualitatively deter- 
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mining the effects of  nonuniform stress in solid state diffusion. The general form of  the solu- 

t ion deviat ion bound is valid for arbi t rary  microstructures,  loading and external geometry, 

and requires knowledge of  the stress field and the stress-free solution. It does not require any 
knowledge of the behavior of the stress-dependent solution, which is in general extremely expen- 
sive to compute. F o r  example with the finite element or finite difference method,  the distance 

between discretization nodes must  be far smaller than the microstructural  oscillations to 

obtain accurate simulations, thus making a direct numerical  s imulation of  this class of  prob-  

lems virtually impossible without  special techniques. Therefore, the bound can be used to 

determine whether such calculations are needed. The various forms of  the bound can be used 

to provide a measure of  the error  in using a simpler, and relatively inexpensive, model  for dif- 

fusion in the presence of  stress. However,  judging from the examples given in this paper,  in 

some cases, the effects of  stress may be significant enough to warrant  potential ly expensive 

numerical  simulations. 
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