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This paper provides a basic analysis of the temperature rise of a particle in a powder that is being

irradiated by a laser and simultaneously conducting heat with its surroundings. The work is motivated

by the widespread use of laser post-processing of deposited particles in additive manufacturing

technologies. The study focuses on one of the ‘‘building blocks’’ of additive, powder-based, technologies,

namely the controlled irradiation of a single particle. The analysis employs two models: (a) a classical

model, based on a balance of energy in conjunction with Fourier-type conduction and (b) a thermally

relaxed model, based on a balance of energy in conjunction with thermally relaxed conduction, which is

important when using fast-pulsing lasers. Analytical and numerical results are generated to qualitatively

ascertain the time-transient trends as a function of particle size, heat capacity, material density, laser

irradiance, conductivity and the thermal relaxation. The objective is to provide researchers with

methods to quickly determine the required laser input to bring the particle to a desired temperature,

which is an essential step in powder-based additive manufacturing.
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1 There are a variety of other techniques that may be involved in an overall

additive manufacturing processes, such as: (a) electron beam melting, which is a

process by where metal powder is bonded together layer per layer with an electron
1. Introduction

1.1. Motivation

Powder-based additive manufacturing has received a great deal
of attention in recent years. We refer the reader to the recent
overview article by Huang et al. [1] on the wide array of activities in
the manufacturing community in this area. Today, large quantities
of inexpensive, high-quality, particles for additive powder-based
manufacturing processes, are readily available due to advanced
materials processing techniques such as (a) sublimation from a
raw solid to a gas, which condenses into particles that are
recaptured (harvested), (b) atomization of liquid streams into
droplets by breaking jets of metal, (c) reduction of metal oxides and
(d) precise comminution/pulverizing of bulk material. Subsequent
to the deposition of particles onto a substrate, there are a number
of related sub-processes which can make up an overall additive
manufacturing process. In particular, oftentimes, one key compo-
nent is laser processing, which utilizes high-intensity beams to
heat particles in a powder to desired temperatures either to
subsequently soften, sinter, melt or ablate them. (Fig. 1). Laser-
based heating is quite attractive because of the degree of targeted
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precision that it affords.1 Because of the monochromatic and
collimated nature of lasers, they are an attractive, highly
controllable, way to process powdered materials, in particular
with pulsing, via continuous beam chopping or modulation of the
voltage. For example, Carbon Dioxide (CO2) and Yttrium Aluminum
Garnett (YAG) lasers are commonly used. The range of power of a
typical industrial laser is relatively wide, ranging from approxi-
mately 100–10,000 W. Typically, the initial beam produced is in
the form of collimated (parallel) rays that are 1–2 mm apart, which
are then focussed with a lens onto a small focal point
(approximately 50 mm away) of no more than about 0.00001 m
in diameter. However, one concern of manufacturers are the
microstructural defects generated in additively manufactured
products, created by imprecisely controlled heat affected zones,
brought on by miscalibration of the laser power needed for a
specific goal. For example, due to the rise of one family of additive
manufacturing, printed flexible electronics, involving sensitive
beam in a high vacuum, (b) aerosol jetting, which consists of utilizes directing

streams of atomized particles at high velocities towards a substrate and (c) inkjet

printing, which works by projecting small droplets of ink towards a substrate

through a small orifice by pressure, heat, and vibration. The deposited materials is

then heated by UV light or other means to rapidly dry.
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Fig. 1. A schematic of laser input applied to a particle control volume.
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substrates, it is important to precisely understand how much laser-
input is needed. Furthermore, in many cases one may need to pulse
the laser, either for technological reasons, such as to avoid
overheating, or to activate certain thermal relaxation effects,
which are discussed later. In particular, because many substrates
can become thermally damaged, for example from thermal
stresses, ascertaining the appropriate amount of laser input is
necessary. Applications include, for example, optical coatings and
photonics (Nakanishi et al. [2]), MEMS applications (Fuller et al. [3],
Samarasinghe et al. [4] and Gamota et al. [5]) and Biomedical
devices (Ahmad et al. [6]). In terms of processing techniques, we
refer the reader to Sirringhaus et al. [7], Wang et al. [8], Huang et al.
[9], Choi et al. [10–13] and Demko et al. [14,15] for details. Thus, in
order for emerging additive approaches to succeed, one must draw

upon rigorous theory and computation to guide and simultaneously

develop design rules for upscaling to industrial manufacturing levels.

This motivates the present analysis.

Remark: In 2014, related print-like additive manufacturing
technologies, employing deposition of particulate materials,
including ceramics, metals, plastics, organic, and even biological
materials was a 2.2 billion dollar industry, with applications
ranging from commercial manufacturing, medical technology, art
and academia.2 These types of applications and associated
technology are closely related to those in the area spray coatings,
and we refer the reader to the extensive works of Sevostianov and
Kachanov [16–18], Nakamura and coworkers: Dwivedi et al. [19],
Liu et al. [20,21], Nakamura and Liu [22], Nakamura et al. [23] and
Qian et al. [24] and to Martin [25,26] for the state of the art in
deposition technologies.

1.2. Scientific objectives

The objective of this paper is to study one of the ‘‘building
blocks’’ of additive, powder-based, technologies, namely the
irradiation of a single particle. We first analytically study the
terms that contribute to achieving a target temperature by
constructing an energy balance on a control volume accounting
for incoming laser irradiance and heat conduction to the body.
During the course of the analysis, key parameter groups are
identified in order to determine the relative contribution of each
type of physics. Numerical examples are provided to illustrate the
2 A rough market percentage breakdown is 30 % motor vehicles, 15 % consumer

products, business 11 %, medical 9 % and 35 % spread across other fields. Three-

dimensional printing was pioneered in 1984 by Hull [27] of the 3D-Systems

Corporation.
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model’s behavior. The framework is, by design, straightforward to
computationally implement, in order to be easily utilized by
researchers in the field. Importantly, we note that within the last
decade, technological advances have enabled the reliable control of
ultrafast pulsed lasers to activate small-time scale heat wave
effects. These effects are often referred to as thermally relaxed
‘‘second-sound’’ effects, because of their mathematical similarity
to wave propagation in acoustics, although normal sound waves
are fluctuations in the density of molecules in a substance while
thermally relaxed second-sound waves are fluctuations in the
density of phonons. Such phenomena are predicted by models
which introduce thermal relaxation times into heat-conduction
relations. The thermally relaxed second-sound is a quantum
mechanical phenomenon in which heat transfer occurs by wave-
like motion, rather than by the more usual mechanism of diffusion.
This leads to a very high confinement of thermal energy in very
targeted zones. Thermally relaxed phenomena can be observed in
any system in which most phonon–phonon collisions conserve
momentum, and can play a role when the time scale of heat input is
quite small. The analysis proceeds by generating results for the
response of an irradiated particle, as a function of particle size, heat
capacity, material density, laser irradiance, conductivity and
thermal relaxation, based on a balance of energy in conjunction
with two models: (a) a classical Fourier-type conduction model
and (b) a thermally relaxed model. Analytical and numerical
results are generated to qualitatively ascertain the time-transient
trends as a function of particle size, heat capacity, material density,
laser irradiance, conductivity and the thermal relaxation. Further-
more, a numerical scheme is also developed to solve the governing
equations for general laser input.

Remark: The additive dynamic deposition process of multibody
and inter-particle collisions that occurs before the irradiation by a
laser is outside the scope of the present work. We refer the reader
to Duran [28], Pöschel and Schwager [29], Onate et al. [30–32],
Rojek et al. [33,34], Carbonell et al. [35], Labra and Onate [36],
Leonardi et al. [37], Cante et al. [38], Bolintineanu et al. [39], Avci
and Wriggers [40] and Zohdi [41–51] for more computationally-
oriented techniques aligned with manufacturing processes in-
volving particles.

2. Thermal relaxation/second-sound effects

2.1. Continuum model

The thermally relaxed second-sound type model can be
motivated by a Jeffreys-type relation between the conductive flux
and temperature gradient (Joseph amd Preziosi [52]):

t
@qk

@t
þ qk ¼ �IK � ru; (2.1)

where t is the relaxation time, u is the temperature, t is time, qk is
the conductive heat flux, IK is the thermal conductivity. A balance
of power reads

rC
@u
@t
¼ �r � qk � r � qo; (2.2)

where r is the mass density, C is the heat capacity and qo is the flux
due to other sources, such as laser energy input. By taking the
partial derivative with respect to time of the above yields,
assuming no material changes,

rC
@2u

@t2
¼ � @ðr � qk þ r � qoÞ

@t
¼ �r � @qk

@t
þ @qo

@t

� �
: (2.3)
se of a surface deposited laser-irradiated powder particle. CIRP
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Inserting Eq. (2.1) into (2.2) and 2.3 yields

@2u

@t2
þ 1

t
@u
@t
¼ 1

rCt
r � IK � ru � 1

rCt
r � qo �

1

rC
r � @qo

@t
: (2.4)

This produces attenuating heat waves. In the case of a homoge-
neous medium, the wave speed is

ffiffiffiffiffiffiffi
IK
rCt

q
.

2.2. Extreme cases

We have the following extreme parameter cases:

� In the special case of t ! 0, one obtains the classical heat
conduction equation

rC
@u
@t
¼ r � IK � ru � r � qo: (2.5)

� In the special case of t! 1, one obtains

rC
@2u

@t2
¼ �r � @qo

@t
¼ � @

@t
r � qo; (2.6)

which eliminates heat losses due to conduction, thus confining

heat input.
� In the special case when t! 1, IK! 1 and IK

t remaining finite,
then a purely hyperbolic equation arises

@2u

@t2
¼ 1

rCt
r � IK � ru (2.7)

An excellent review of a wide range of heat transfer models can be
found in the seminal review paper of Joseph and Preziosi [52].

3. Reduced-order model

In order to simplify the analysis for a single particle, we consider
a lumped mass model shown in Fig. 1 (a control volume inside the
dashed lines). We remark that the validity of using a lumped
thermal model for a particle, i.e. ignoring temperature gradients
and assuming a uniform temperature within a particle, is dictated
by the magnitude of the Biot number. A small Biot number
(significantly less than unity) indicates that such an approximation
is reasonable. The Biot number for spheres scales with the ratio of
particle volume (V ¼ 4

3 pr3) to particle surface area (AS = 4pr2), V
AS
¼

r
3 (r is the particle radius), which indicates that a uniform
temperature distribution is appropriate, since the particle, by
definition, is small. The governing equation, given by an overall
energy balance (First Law of Thermodynamics), for the thermally
relaxed model is

ü þ 1

t
u̇ ¼ IKAS

MCht
ðuS � uÞ þ ð1 � RÞIiðtÞAL

MCt
þ AL

MC

� dðð1 � RÞIiðtÞÞ
dt

; (3.1)

where M is the mass of the particle and h is a length-scale for
conduction (essentially the radius of the particle). For the classical
Fourier case we have

u̇ ¼ IKAS

MCh
ðuS � uÞ þ ð1 � RÞIiðtÞAL

MC
: (3.2)

� Note that the absorbed incident optical radiation is: Ia(t)A-

L = (Ii � Ir)AL = (1 � R)IiAL, where Ia is the absorbed radiation per
unit area, Ir = RIi is the reflected radiation, R is the reflectivity,
Ii = P/AB is the incident radiation per unit area, P being the power
(Watts), AB is the area of the beam and AL is the area of the
exposed (laser irradiated) surface.
Please cite this article in press as: Zohdi, T.I., On the thermal respon
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� Note that the conduction to the surroundings is: IK
h ðuS � uÞAS,

where u is the temperature of the material to be removed, uS is
the temperature of the body to which the material is attached, AS is
the area of the surrounding surface that conducts heat, IK is the
effective conductivity and h is the length scale over which the
conduction occurs, which will be taken to be the radius of the
particle.

4. Solution character

4.1. Thermal relaxation/second-sound model

Let us put the thermally relaxed second-sound equation in the
classical form:

ü þ 2zvnu̇ þ v2
nu ¼ f ðtÞ; (4.1)

where

� vn ¼
ffiffiffiffiffiffiffiffiffi
IKAS
thMC

q
,

� t ¼ 1
2zvn

, thus z ¼ 1
2

ffiffiffiffiffiffiffiffiffi
hMC

IKASt

q
,

� f ðtÞ ¼ ð1�RÞIiðtÞAL
MCt þ AL

MC
dð1�RÞIiðtÞ

dt þ IKAS
thMC uS.

This is the form of a forced damped oscillator. Depending on the value
of z, the solution will have one of three distinct types of behavior:

� z > 1, overdamped, leading to no oscillation, where the value of u
approaches equilibrium for large values of time.
� z = 1, critically damped, leading to no oscillation, where the value

of u approaches equilibrium for large values of time, however
faster than the overdamped solution.
� z < 1, underdamped, leading to damped oscillation, where the

value of u approaches equilibrium for large values of time, in an
oscillatory fashion.

Thus, clearly, such systems could resonate if forced at certain
frequencies.

4.2. Asymptotics as t ! 0

As indicated earlier, as t ! 0, we recover the classical model:

MCu̇ ¼ ð1 � RÞIiAL þ
IKAS

h
ðuS � uÞ; (4.2)

which for simple cases can be solved analytically, for example for a
constant laser input Ii(t) = Ii (assuming u(t = 0) = uS)

uðtÞ ¼ uS þ
ð1 � RÞIiALh

IKAS
1 � e�

IKASt

MCh

� �
: (4.3)

The relation above is important since it provides a qualitative
relation that connects the temperature, to the laser input,
conductivity, contact area and time. For example, if one set the
desired temperature at a desired time to be u(t*) = u* one can solve
for the laser input needed

I�;i ¼ ðu� � uSÞIKAS

ð1 � RÞALh 1 � e�
IKASt�

MCh

� � : (4.4)

4.3. Observations

We have the following observations:

� The rise time for the temperature is dictated by the ratio of
conduction to heat capacity, IKAS

MCh.

� At steady-state, e�
IKASt

MCh ! 0, and
se of a surface deposited laser-irradiated powder particle. CIRP
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uðtÞ ¼ uS þ
ð1 � RÞIiALh

IKAS
; (4.5)

which indicates that the ratio of Ia = (1 � R)Ii to IK
h dictates the

steady state temperature (assuming AL � AS).
� For a highly conductive surrounding: IK! 1, u(t) = uS, where the

conductive losses are instantaneous. This will draw heat away
from the targeted zone.
� For a poorly conductive surrounding: IK ! 0, uðtÞ ¼ uS þ ð1�RÞIiALt

MC ,
where the conductive losses are zero. This will trap (maximize)
heat in the targeted zone.
� For the thermally relaxed model, as t! 1, one obtains

@
@t

@u
@t
� AL

MC
ð1 � RÞIiðtÞ

� �
¼ 0: (4.6)

The integral solution of this equation is

uðtÞ ¼ uðt

¼ 0Þ þ AL

MC

Z T

0
ð1 � RÞIiðtÞ dt

þ u̇ðt ¼ 0Þ � ALð1 � RÞIiðt ¼ 0Þ
MC

  !
t (4.7)

In the usual case when u̇ðt ¼ 0Þ ¼ ALð1�RÞIiðt¼0Þ
MC , we have

uðtÞ ¼ uðt ¼ 0Þ þ AL

MC

Z T

0
ð1 � RÞIiðtÞ dt; (4.8)

which yields the same solution as for IK = 0.

4.4. Order of magnitude analysis

The ratios of the contributing terms are, leaving the dimensions
of the target and the laser-power as variables:

CONDUCTION

LASER � IRRAD:
¼ IKðuS � uÞAS

hð1 � RÞIiAL

� Oð102ÞOð102ÞAS

ð1 � RÞIiALh

� Oð104Þ
ð1 � RÞIih

; (4.9)

where the ratio of the areas is assumed to be of order
unity(AL � AS). Rewriting the irradiance per unit area in terms of
power input, ð1 � RÞII ¼ P

AL
, yields

CONDUCTION

LASER � IRRAD:
� Oð104Þ

P h
AL

; (4.10)

and thus since AL / ph2 (h is effectively the radius of the particle)

CONDUCTION

LASER � IRRAD:
� Oð104Þh

P
: (4.11)

For example, for an idealized spherical particle, we have (Fig. 1)

� AS = b4pr2, where 0 � b � 1,
� AL = pr2.
For r � h, this yields AL

h � OðrÞ. Thus, for a small target, for example
r � 10�3 meters, P � 103 Watts, then
Please cite this article in press as: Zohdi, T.I., On the thermal respon
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CONDUCTION

LASER � IRRAD:
� Oð10�2Þ: (4.12)

Thus, the laser input is 100 times larger that conduction.

5. Numerical solution scheme

Although the solution to the thermally relaxed second-sound
equation can be solved analytically for most cases involving simple
constant irradiation loadings, we none-the-less generated a simple
forward-Euler scheme to consider general pulsed loading. For the
thermally relaxed equation, we have

uðt þ DtÞ � uðtÞ
Dt

� u̇ðtÞ ) uðt þ DtÞ � uðtÞ þ Dtu̇ðtÞ (5.1)

where

u̇ðtÞ � u̇ðt � DtÞ
Dt

þ 1

t
u̇ðt � DtÞ ¼ IKAS

MCht
ðuS � uðt � DtÞÞ

þ ð1 � RÞIiðt � DtÞAL

MCt
þ AL

MC

� dð1 � RÞIiðt � DtÞ
dt

(5.2)

yields

u̇ðtÞ ¼ Dt u̇ðt � DtÞ 1

Dt
� 1

t

� �
þ IKAS

MCht
ðuS � uðt � DtÞÞ

� �

þ Dt
ð1 � RÞIiðt � DtÞAL

MCt
þ AL

MC

dð1 � RÞIiðt � DtÞ
dt

  !
: (5.3)

For the classical conduction equation, the scheme is simply

uðt þ DtÞ ¼ uðtÞ þ Dt
IKAS

MCh
ðuS � uðtÞÞ þ ð1 � RÞIiðtÞAL

MC

  !
: (5.4)

For either model, the algorithm is to step the solution forward in
time, update the temperature then repeating until the end of the
specified simulation time.

6. Examples

We considered one of the most commonly used pulsed laser
inputs, namely a repetitive Heaviside beam (Fig. 2), which can
written mathematically as:

IiðtÞ ¼ Io; if tð�Þ � t � tðþÞ (6.1)

and

IiðtÞ ¼ 0; otherwise; (6.2)
se of a surface deposited laser-irradiated powder particle. CIRP
doi.org/10.1016/j.cirpj.2015.05.001
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Fig. 3. An example: The temperature of the particle as a function of time for Po = 1000 W and (top-left) t = 0.01 s, (top-right) t = 0.001 s, (bottom-left) t = 0.0001 s and

(bottom-right) t = 0.00001 s. All results are compared against the t = 0 s (classical Fourier conduction) case (lower valued red line). (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of the article.)
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with repetition as needed.3 For each pulse, the selected time ‘‘on’’
was dt = 1.5 � 10�5 seconds and the time ‘‘off’’ was dt = 10�5

seconds as well.
The other input parameters used were:

� Radius: r = 0.001 m,
� Initial surrounding temperature: uS = 30 8C,
� Starting particle temperature: u(t) = 30 8C,
� Initial particle temperature rate: u̇ðt ¼ 0Þ ¼ 0 8C/s,
� Laser beam radius: rB = 0.001 m yields laser beam area

AB ¼ pr2
B m2,

� Effective reflectivity of the particle: R = 0.25,
� Nominal power: Po = 1000 W yields the irradiance per unit area,

Io ¼ Po
AB

W/m2, where the absorbed irradiance is Ia ¼ ð1 � RÞ Po
AB

W/
m2,
� Density: r = 1000 kg/m3,
� Conductivity: IK = 100 W/m – 8C,
� Heat capacity: C = 100 J/kg – 8C,
� Thermal relaxation: t = 0.01, t = 0.001, t = 0.0001 and

t = 0.00001 s,
� Conductive area: b � 4pr2 m2, where b = 0.5 and
� Numerical time step size: Dt = 0.0000001 s.
100 on-off pulses were used for a resulting total simulation time of
T = 0.0025 s. Also, for the purposes of illustration, the temperature of
the surrounding around the particle was parametrized via

uS ¼ guðtÞ þ ð1 � gÞuSðt ¼ 0Þ; (6.3)
3 A continuous beam is simply Ii(t) = Io.

Please cite this article in press as: Zohdi, T.I., On the thermal respon
Journal of Manufacturing Science and Technology (2015), http://dx.
where (0 � g � 1) the two extremes are:

� g = 1 induces a state where there is no conduction, since uS = u(t),
� g = 0 induces a state where the surrounding’s temperature is

controlled to be the initial temperature.
The simple parametrization allows one to explore the extremes
associated with the surrounding environment (g = 0.5 was selected).

The general trends in Fig. 3 indicate the temperature versus
time as a function of t. In all cases, the temperature with the
relaxed model is higher than that predicted by the classical model,
due to the fact that the heat remains confined. The time-stepping
discretization parameter (Dt) was made sufficiently small so that
the results were insensitive to further time-step size reductions. In
other words, the depicted numerical results are essentially free of
numerical error.4 The approach provides researchers in the field to
quickly assess how much power input is needed to drive a system
to a prespecified temperature, which is an essential first step in
powder-based additive manufacturing. The current analysis does
not include phase-transformations and latent heat terms used to
describe subsequent softening, melting or ablation. The extension
of this analysis to those regimes is discussed next.

7. Summary and extensions

In summary, this paper provided an analysis of the thermal
response of a generic particle being irradiated by a laser and
conducting heat with its surroundings. Two models were studied:
(a) a classical model, based on a balance of energy in conjunction
4 For several benchmark problems, for constant loadings, the numerical and

analytical solution were generated in complete agreement.

se of a surface deposited laser-irradiated powder particle. CIRP
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with Fourier-type conduction and (b) a thermally relaxed model,
based on a balance of energy in conjunction with thermally relaxed
conduction. Both analytical and numerical results were generated.
The practical use of a relaxation model (employing t) would be to:

1. Solve the mathematical system with t = 0, and to generate the
solution, denoted ut=0,

2. Compare the result to temperatures generated by experiments,
uex and

3. Re-solve the mathematical problem with a series of t’s until one
achieves the closest match possible to the experimental
temperature.

To reliably extend this work, the spatial propagation of the
thermal fields through conduction, as well as phase-transforma-
tions, are of interest, and require the use of spatial discretization
techniques such as the Discrete Element Method, the Finite
Difference Method or the Finite Element Method. Furthermore, an
aspect of key interest is the characterization of the dynamic
deposition of the powder, as well as potentially hazardous
particulate ejecta induced by laser processing. To describe both
processes, Discrete Element Methods are ideal, whereby relatively
simple, physically meaningful, multibody dynamics models for
many interacting particles comprising powder are used and their
changes of phase from a solid, to a liquid to a gas are tracked,
particle by particle.5 For example, using the Discrete Element
Method, Zohdi [47,51] has developed a computational model and
corresponding solution algorithm for the rapid simulation of the
laser processing and targeted localized heating of materials
composed of discrete particles that are packed together. The
discrete element model captures the main physical effects through
(1) a discretization of a concentrated laser beam into rays, (2) a
discrete element representation of the particulate material
microstructure and (3) a discrete element transient heat transfer
model that accounts for optical (laser) energy propagation
(reflection and absorption), its conversion into heat. An extension
of this model to include phase transformations involving melting
and vaporization and the debris ejecta is currently underway by
the author. It is important to note that many of the processes
involve multiple stages of nonmonotone evaporative heating and
cooling, and mass transfer.
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