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In this  work,  a semi-analytical  approach  presenting  a laminar  particle-laden  flow  in curved  lumen  with
permeable  walls  is developed.  In  order  to illustrate  its  practical  use, the  fluid  dynamics  modeling  of  a
human Juxtamedullary  nephron  is  presented.  Close  agreement  between  the  calculated  values  and  the
medical  literature  is  found.  The  presented  modeling  approach  provides  an  essential  guide for researchers
and  designers  to rapidly  model  and  analyze  the  behavior  of laminar  particle-laden  flows  in  lumen  with
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ymphatic capillaries

. Introduction

For the past few decades, bioengineering studies have made
xtensive use of Computational Fluid Dynamics (CFD) analysis as a
roven tool for study, diagnosis, treatment and design of numerous
io fluid dynamics applications [1–5]. One of the essential ingre-
ients of those CFD models is the lumen geometry, often derived
rom X-ray computed tomography. Other ingredients are the pres-
ure and flow rates, often assumed (although occasionally based on
xperimental measurements), or available from ultrasonic Doppler
maging technics [6]. In this bio modeling, a complex geometry is
iscretized into a large number of smaller but regular (typically
etrahedral or hexahedral) elements. By assuming the shape of the
elocity field within these elements, it is possible to solve the gov-
rning Navier–Stokes equations at the connecting nodes of these
lements. From this solution, it is straightforward to extract impor-
ant fluid dynamics quantities. This has made CFD a particularly
ttractive tool for modeling fluid flow in lumina [7–11]. However,
here are numerous bio-applications where using CFD is not prac-
ical to achieve the designer and researcher needs.
For example, for the single simulation of particle-laden con-
inua, the spatio-temporal discretization grids must be extremely
ne, with several thousand numerical unknowns needed per parti-
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cle length-scale, and using extremely small time-steps, in order to
obtain numerically accurate results. Thus, only for several hundreds
of thousands of particles in a single lumen, a proper discretization
would require several billion numerical unknowns (see i.e. [12]).
Although, theoretically, simulations of single particle-laden con-
tinua are possible in high-performance computing centers, their
usefulness for rapid design and analysis is questionable for the
amount of effort involved.

Moreover, a simulation of the flow dynamics within the human
kidney, containing about one million lumen of nephrons, or analysis
of a human lymphatic system, which has at least 600 lymphatic
nodes and much higher number of assigned lymphatic capillaries
[13,14] becomes a simply unreachable objective for traditional CFD.
However, a method that is able to rapidly simulate particle-laden
fluid flow in a single lumen could certainly be applied to much
larger networks and would be extremely useful for such purposes.

It has been shown that various analytical models are applica-
ble for rapid large-scale solutions (see i.e. [15–17]). These models
are found to be applicable to describe laminar hemodynamics of
various capillary systems. However, those models do not take into
account the contributions of particles and lumen tortuosity to lam-
inar flow dynamics, and therefore are not able to be used in certain
cases. In response to this need, the present study suggests a novel
theoretical approach as an essential guide for future research stud-

ies to rapidly model and analyze particle-laden flows in either
curved or straight lumina with permeable walls.

dx.doi.org/10.1016/j.mechrescom.2016.06.004
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Fig. 1. Forces acting on a control volume of a lumen.

. Theoretical modeling

.1. Model of particle-laden flow in a lumen

This analysis is focused on determining the forces, which act
n a control volume of lumen. The essential assumption for this
nalysis is that the fluid properties, such as density and viscosity do
ot change within a given control volume. In addition, it is assumed
hat the helical vortex secondary flow effect due to curvature of the
eometry is negligible. However, this assumption will be revisited
ater.

Fig. 1 presents a force depiction acting on a control volume
f lumen given by geometry of the hydraulic diameter, DH (A =
D2

H/4) and the containing permeable walls, of thickness t. The
verage pressure, P, the mass flow rate, ṁ, and the average axial
elocity, Ū, characterize the inlet or outlet contributions. The wall
hear stress is marked by �w . Due to the pressure difference of the
uid inside a lumen and the interstitial fluid, Pif , part of the fluid
asses through the lumen walls with mass flow rate of ṁw into or
ut of the capillary (a case of fluid suction from lumen is presented
n Fig. 1).

By assuming steady state conditions, fully developed and incom-
ressible laminar flow inside lumen, the integrated momentum
quation in the z direction becomes:

F�z = ṁoutŪout − ṁinŪin, (1)

here the sum of the forces acting on control volume,
∑

F�z , is
roduced by fluid viscous shear stress with lumen walls which
roduces the average pressure difference. Eq. (1) becomes:

¯ inAin − P̄outAout − �w�DH�z  = ṁoutŪout − ṁinŪin. (2)

Assuming that change in lumen’s hydraulic diameter within the
ength of the control volume can be neglected (i.e. DH |�z = const),
q. (2) can be rewritten as:

P̄�z = P̄out − P̄in = �eff (Ū2
in − Ū2

out) − 4�w�z

DH
, (3)

here �eff is the effective density of the biological particle-laden
uid which will be defined later in this study. Applying the inte-
rated continuity equation on the control volume results in:

¯ out = Ūin − 4Ūw�z

DH
, (4)

here Ūw represents the average velocity of the fluid flowing
hrough the lumen side wall. By applying Darcy’s law for perfo-
ated flow and noting that the wall volumetric flux is equivalent to
he average wall velocity (Q

′′
w = Qw/(�DH�z) = Ūw ∝ �P̄/(t�eff )),
t is possible to define the average wall velocity as:

¯ w = keff

t�eff
(P̄in − Pif ), (5)
Communications 76 (2016) 32–40 33

where keff is the effective permeability coefficient of the lumen
walls. This coefficient must be modeled theoretically and inves-
tigated experimentally for different wall properties: looking at
porosity (or filtration ability), diffusivity and degree of interstitial
fluid pressure.

As an example into a lumen’s permeability measurement, the
literature provides some information for different biological appli-
cations. For example, the works of Verniory et al. [18], Miyamoto
et al. [19] and Wang et al. [20] analyzed wall permeability coef-
ficients for biological membranes, while the work of Kokko and
Tisher [21] examined the permeability in different segments of
nephron with respect to the filtration and diffusion properties.
According to the results of Kokko and Tisher study, it is possible to
define the method for analysis of effective permeability coefficient
for nephrons as a functional of:

keff = f
(

kh, g (kc, knc) ,  h
(

T, Pif

))
, (6)

where kh is hydrostatic component which must be derived from
quantitative analysis of lumen pores, andg (kc, knc) and h (T, Pif) are
the osmotic and the diffusion functions, respectively. The osmotic
function depends on colloid osmotic, kc, and noncolloid osmotic,
knc terms, while the diffusion function is characterized by tem-
perature, T, and interstitial fluid pressure, Pif. It should be noted
that this coefficient must be examined appropriately with respect
to the well-defined problem, and therefore, is a subject of future
research works. Since this coefficient depends on many parameters,
the reader may  find the work of Hagen et al. [22] useful, as it pro-
vides an approach for accurate parameter estimation. However, for
the purposes of the present study, its value will be approximated by
using the reverse engineering method that is based on comparison
of the characteristic properties of different lumen’s segments.

The shear stress on the viscous particle-laden fluid is given in
terms of the effective viscosity, �eff , by the following:

� = �eff
∂u

∂r
. (7)

For a laminar flow and control volume length that is much smaller
than hydraulic diameter of the lumen (�z � DH), under a parabolic
velocity profile (for details see Appendix A), the shear stress at the
walls of the lumen is calculated from:

�w = �eff
8Ūin

DH
. (8)

By substituting Eqs. (4) and (8) into Eq. (3) the average pressure
loss of particle-laden fluid is estimated by:

�P̄�z = (
8�eff Ūw

DH
− 32�eff

D2
H

− 16�eff Ū2
w

ŪinD2
H

�z)Ūin�z. (9)

Considering that the control volume length is small enough to
neglect the high order terms, this solution can be also written in
terms of flow rate of the fluid, which is given as:

�P̄�z = (Qw − �eff

�eff
4��z)

32�eff Qin

�2D4
H

. (10)

For the possible case of the flow in lumen with impermeable walls
(where Qw = 0), the developed relationship presented in Eq. (10)
simplifies to the well-known form of Hagen-Poiseuille solution:

128�eff Qin�z

�P�z = −

�D4
H

. (11)

It should be pointed out that solution presented in Eqs. (9) and (10)
represents particle-laden flow through lumen for the cases where
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Fig. 2. A comparison of correlations of corrected wall friction coefficient for laminar
flow in pipe after White [23] and Ito [25].

Table 1
Characteristics of analyzed fluid and lumen properties.

Parameter Value

Case I (De < 1) Case II (De ≥ 1)

Hydraulic diameter, DH, �m 50 100
Volume fraction of particles, vp 0 − 0.1 0.05
Particle density, �p, kg/m3 2500 2500
Wall thickness, t, �m 2 2
Effective permeability coeff., keff , m2 1 · 10−19 − 1 · 10−17 1 · 10−16

Dean number, De − 1 − 2000
Fluid viscosity, �f , Pa · s 8 · 10−3 4 · 10−3

Fluid density, �f , kg/m3 1000 1000
Initial flow rate, Qin, m3/s 1 · 10−12 5 · 10−10

Initial Reynolds number, Re ≈ 0.006 1.5
4 S. Shaul, T.I. Zohdi / Mechanics Res

umen geometry can be assumed as non-curved, or where the Dean
umber, which is defined as:

e = 4ReDH

(
DH

Rc

)1/2
, (12)

s relatively small. According to the works of White [23] and Ito
24,25], this assumption is valid for values of De < 11.6. The mod-
ling approaches for the other cases of laminar particulate-laden
ow are presented in the next section.

.2. Correction of the laminar particulate-laden flow due to
umen curviness

By substituting Eq. (4) into Eq. (3) and dividing the result by

eff Ū
2
in/2, one can show that the normalized average pressure loss

ithin the control volume of small length is:

P̂�z = P̄out − P̄in

�eff Ū
2

in/2
= 2 2 − Qw

Qin

Qw

Qin
− 4�z

DH
Cf , (13)

here Cf is the wall friction coefficient defined by:

f = �w

�eff Ū
2

in/2
. (14)

ccordingly to work of Raithby [26], describing the laminar flow
nside a non-curved permeable channel, this coefficient is esti-

ated as:

f ReDH
=
(

0.0481 + 0.0494

(Rew + 4.70)0.800

)−1

, (15)

here, Rew is the Reynolds number based on average wall velocity
nd is presented as:

ew = ± ŪwDH�eff

�eff
(16)

his number may  be positive or negative, depending on the nature
f the flow (injection or suction respectively).

For cases where the curviness of lumen affects the flow prop-
rties significantly (resulting in secondary recirculating flow), the
iterature presents some empirical relationships to correct the wall
riction coefficient. Within the laminar flow when De > 11.6 the
orrection presented by White [23] is:

∗
f = Cf

(
1 −
(

1 − 11.6
De

0.45
) 1

0.45

)−1

, (17)

and

∗
f = Cf

(
21.5De

(1.56 + log (De))5.73

)
, (18)

or the range 13.5 < De < 2000 according to Ito [25]. Fig. 2 presents
 comparison between these empirical correlations. It is clearly
een from this figure that there is no significant difference between
he ratio of the wall friction coefficients defined by Dean num-
er smaller than 2000. Thus, for the range of laminar flow where
e < 2000, both correlations may  be used to determine the cor-

ected wall friction coefficient. Hence, by replacing the wall friction
oefficient in Eq. (12) by the corrected one from Eq. (17) or Eq. (18),
he average pressure loss in curved lumen of the length �zc can be

alculated by:

P̄�zc = ((Qin − 1
2

Qw)Qw − �zc

DH
C*

f Q
2
in)

32�eff

�2D4
H

. (19)
in

Initial average pressure, P̄in, Pa 2000 4000
Interstitial fluid pressure, Pif , Pa 800 800

3. Parametric analysis

Various parameters affect the fluid dynamics properties of the
particle-laden fluid. In this analysis, the following parameters are
varied: volume fraction of particles, effective permeability coeffi-
cient and different level of lumen curvature, characterized by Dean
number. All the properties for fluid and lumen are given in Table 1.
The parameters in Table 1 are divided into two cases, which are
selected according to the Dean number range. This is done with
a purpose to simulate a variety of possible cases of the laminar
flow in a lumen. It is known that De ∝ Re,  and for the case Re � 1,
the laminar flow region is characterized as creeping flow (for more
detailed overview of creeping flow, the reader is referred to the stud-
ies [27–29]). In addition to those variations in this analysis, other
parameter sets can be easily simulated and studied as well.

3.1. Volume fraction of particles, vp

Fig. 3 presents the results of the effect of the particulate volume
fraction on the pressure loss and the flow rate of particle-laden
fluid moving in a small curvature lumen (see Table 1 -case I). It
can be seen from Fig. 3 that whenever the volume fraction of par-
ticles increases, the pressure loss increases while the flow rate

decreases. This happens because both the effective fluid density
and viscosity increase. Higher fluid viscosity, in turn, increases
the wall shear stress and leads to the higher kinetic energy dis-
sipation of the particulate-laden fluid. The curves of the modified
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Fig. 3. A comparison of: (a) – pressure loss, and (b) – flow rate, as a function of the
volume fraction of particles, vp. Showing the case of small curvature (De < 11.6)
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Fig. 4. A comparison of: (a) – pressure loss, and (b) – flow rate, as a function of

−18
umen lengths and keff = 5 · 10−18m2.

lassic expression of Hagen-Poiseuille (see Eq. (11)) were plotted in
ig. 3(a). This was done for the purpose of comparing pressure loss
urves, calculated by using the modified classic expression, with
hose developed in this study (see Eq. (10)). Thus, this comparison
xamines the effects of the permeable lumen walls. For example,
ccording to Fig. 3(a), the pressure loss calculated by using modified
agen-Poiseuille expression has a linear tendency to increase with

he lumen length. Contrary to this linear tendency, the pressure loss
urves calculated from the model of this study have small parabolic
ependence with respect to the lumen length. This tendency is not
urprising since part of the fluid passes through lumen walls, and
s a result, both the flow rate and the shear stress at lumen walls
radually decreases.

Moreover, by demonstrating the variation of pressure loss
ounds in Fig. 3(a), the flow rate for the lumen length of 10,  000�m
q. (10) is used as the initial flow rate (which is constant) in Eq.
11). It can be seen from the presented bound comparison that
henever particulate volume ratio is relatively high or low, the

alculated pressure loss from Eq. (10) is closer to the upper bound
esulting from Eq. (11) along the entire lumen length. This result
ndicates that the contribution of the shear stress on pressure loss

stimation, within simulated parameters, is much higher than the
ontrary effect arising from fluid passing through lumen walls.
effective permeability coefficient, keff , for small curvature (De < 11.6) lumen lengths
and vp = 0.05.

3.2. Effective permeability coefficient, keff

As mentioned in Section 2.1, the effective permeability coeffi-
cient is a characteristic parameter of the lumen and defines the
ability of the fluid to pass through its walls. It is a key parame-
ter in the presented modeling approach, and represents different
mechanical properties (as well as possible bio-chemical reac-
tive contributions) that affect the lumen walls and their closest
surroundings. Hence, definition of this parameter must be well-
defined and objective; therefore, leave it as a subject of future
research works. The goal of the parametric analysis in the study
is to present an example of its contribution to the properties of the
laminar particulate-laden flow in lumen. The next analysis will use
characteristics of case I in Table 1 to simulate flow.

Fig. 4 compares the different values of effective permeabil-
ity coefficients and the affected properties of particle-laden fluid
movement in small curvature lumen. It is clearly seen in the fig-
ure that for cases where lumen length is greater than 2000�m and
the range of the effective permeability coefficients is 1 · 10−19 −
1 · 10−17, the variation of the pressure loss curves cannot be
neglected. Moreover, for the entire range of the lumen lengths, a

relatively high effective permeability coefficient (keff ≥ 5 · 10 )
has a large effect on the flow rate prediction. However, small val-
ues of the coefficient (keff = 1 · 10−19) results in very low effective
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ig. 5. A comparison of: (a) – pressure loss, and (b) – flow rate as a function of lumen
ength for different Dean numbers, De.

ermeability of the lumen walls, which does not change the flow
ate (see Fig. 4(b)). It is shown that for an analyzed particulate-laden
uid, the different values of the effective permeability coefficients
ay  dramatically change the flow rate predictions and the shape

f the pressure loss (characterized as linear or parabolic). On this
asis, it can be concluded that the accuracy of the effective per-
eability coefficient, or its variation, plays an important role in

rediction of the pressure and flow rate values, especially for large
umen lengths.

.3. Curviness of the lumina

The possible curviness of the lumen geometry may  strongly
nfluence the particle-laden flow, even if the flow regime is lami-
ar (Re < 2000). In order to present an example of the contribution
f the curvature, at varying Dean numbers, physical parameters in
able 1 -case II are used. Fig. 5 presents the results of pressure and
ow rate losses as functions of the Dean number and the lumen

ength.
As seen in Fig. 5(a), there is a parabolic relationship between the

ressure loss and the lumen length within a full range of analyzed

ean numbers. In addition, the parabolic shape of the pressure loss
urve changes with respect to the Dean number. This relationship
annot be neglected for the whole range of lumen length where
e > 100. However, for De < 100 flow rate is almost independent
Communications 76 (2016) 32–40

of the lumen curvature (see Fig. 5(b)). Also, for this range of Dean
numbers, the flow rate can be assumed to have a union dependence
with the respect to lumen length. Otherwise for a relatively large
range of curvature values (where De > 1000) the flow rate of the
particle-laden fluid has a parabolic dependency with lumen length
and has a moderate decrease with increasing length. This happens
due to the increase in the wall friction coefficient, which is due to
the kinematic energy loss of the fluid mainstream from the effect
of the secondary flow interruption.

4. Case study

4.1. Problem definition

The modeling approach developed in this study is applied to
present the fluid dynamics analysis of the flow inside a typical
human Juxtamedullary nephron. According to the literature [30],
each human kidney contains an average of 1,000,000 nephrons.
Based on nephron depth of the penetration into medulla, the
nephron is characterized as two possible types: Cortical or Jux-
tamedullary. The Cortical nephrons are short, lie in the cortex of
the kidney, and form about 80–85% of the kidney nephrons. The
Juxtamedullary nephrons have their Bowman’s capsule very close
to the function of the cortex and the medulla, and have long loops
of Henle extending deep into the medulla.

Unfortunately, there is no available information in the litera-
ture regarding comprehensive quantitative analysis of the urine
properties specifically for Juxtamedullary type of nephrons. Conse-
quently, it will be assumed that the quantitative properties of urine
are characteristic for both types of nephrons. Since there are no two
identical sized nephrons in the human body, the flow properties of
Juxtamedullary nephron will use available mean values provided
in the literature.

It  is well known that each day about 180 L of glomerular filtrate
fluid is formed in adult human kidneys from the blood [31]. Under
the net filtration pressure condition, which is the difference between
glomerular capillary blood pressure (55mmHg ≈ 7, 333Pa)  and
plasma-colloid osmotic pressure (30mmHg ≈ 4, 000Pa)  in addition
to Bowman’s capsule hydrostatic pressure (15mmHg  ≈ 2, 000Pa),
the glomerular filtrate is passing into the Proximal Convoluted
Tubules (PCTs) of nephrons. The normal total glomerular filtration
rate is 125 mL/min. By assuming that the flow rate is divided equally
to all nephrons in both kidneys, the average initial volumetric flow
rate of filtrate in each nephron PCT is Q̄PCT ≈ 1.0417 · 10−12, m3/s.
If the entire amount of filtrate were excreted as urine, death would
occur quickly from dehydration. Actually, only about 1–3 L (which
is about 0.5-1.7% from glomerular filtrate) is excreted each day as
urine [31]. The rest is reabsorbed back into the circulatory system.
Reabsorption occurs from the filtrate across the tubular lumen of
the nephron and into the blood of the peritubular capillaries. The
PCTs have a twisted shape and reabsorb about 60–65% of the total
glomerular filtrate [31–33]. From the PCT, the filtrate passes to rel-
atively straight Descending Limb of Henle (DLH), which connects
further to the ascending limb of Henle with a hairpin shaped twist.
There are two  segments of the Ascending Limb of the loop of Henle:
the thin (tALH) and the thick (TALH). From the thick ascending
segment of the loop, through the twisted Distal Convoluted Tubule
(DCT), almost final urine filtrate passes to the collecting duct tubule.
The DCT section of nephron is responsible for the fine adjustment
of urine filtrate by resorption of water and sodium and secretion
of hydrogen potassium [34]. For more detailed descriptions of the

human urine system see for example [31,33,35].

Gurm and Kooiman [32] reported that the viscosity of the fil-
trate increases significantly when the filtrate fluid passes from one
segment of nephron to another, however, the quantitative values
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Table  2
Characteristics of fluid and lumen analyzed properties.

Proximal convoluted
tubule (PCT)

Descending loop of
Henle (DLH)

Thin ascending loop of
Henle (tALH)

Thick ascending loop of
Henle (TALH)

Distal convoluted
tubule (DCT)

Hydraulic diameter,
DH, �m

50 20 20 50 50

Length, z, �m 15,000 11,000 4,000 12,000 5000
Wall  thickness, t, �m 2∗∗ 2∗∗ 2∗∗ 2∗∗ 2∗∗

Effective viscosity,
�eff , Pa · s

0.0011∗∗ 0.0028∗∗ 0.0034∗∗ 0.0063∗∗ 0.008

Effective density,
�eff , kg/m3

1020 1020 1020 1020 1020

Interstitial fluid
pressure, Pif , Pa

800 800 800 800 800

Flow  rate, Q · 10−14 ±
5 · 10−17, m3/s

42.31∗ − 104.17 2.22∗ − 42.31∗ 1.41∗ − 2.22∗ 1.41∗ − 1.45∗ 1.45∗ − 1.49∗

Average pressure,
P̄ ± 0.5, Pa

1921∗ − 2, 000 855∗ − 1921∗ 797∗ − 855∗ 790∗ − 797∗ 786∗ − 790∗

Effective permeability 0.5∗∗ 9.2∗∗ 9.2∗∗ 0.5∗∗ 0.5∗∗

*
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coeff., keff · 10−18, m2

 Calculated value; ** assumed value.

or viscosity in different segments are not provided. On this basis,
t will be assumed in this example that effective viscosity of the ini-
ial urine filtrate is 1.1 · 10−3Pa · s (which is almost equal to plasma
iscosity of the blood [36,37]). In addition, it is well known that the
iscosity of the final urine in the human body temperature averages

 · 10−3Pa · s [38,39].
There is no comprehensive study of the quantitative analysis

f interstitial fluid among different nephron segments. Thus, for
he purposes of expletory calculations in the modeling approach
eveloped in this study, it is assumed that the interstitial fluid
ressure does not vary between the different segments of walls
f Juxtamedullary nephron. This fluid pressure was assumed to be
he average interstitial fluid pressure in animals (6mmHg ≈ 800Pa),
hich has been experimentally evaluated in the work of Guyton

t al. [40].
The last parameter defined is the effective permeability coef-

cient. As it was mentioned in the modeling and parametrical
nalysis sections of the study, this coefficient must be defined with
igh accuracy with respect to the analyzed problem. Unfortunately,
his parameter has not been studied in the different segments of
uman’s nephron lumina. However, some research works available

n the literature [18,20,21,41–44] indicate properties of wall per-
eability in the different nephron’s segments, which are useful in

he calculations of the presented example. By comparing the results
rom literature, the permeability properties of nephron walls are:

Wall permeability within an analyzed biological membrane or
nephron section is often found to be a constant property.
TALH and DCT nephron’s sections have almost impermeable
walls.
The permeability of DLH and tALH sections can be assumed to be
similar and much higher than other nephron sections.

.2. Results and discussion

Fig. 6 presents the results from the analysis of the flow prop-
rties in a typical human Juxtamedullary nephron while Table 2
ummarizes the set of initialized parameters and calculation
esults.

From the results of filtrate flow in PCT lumen, it is observed that
he pressure loss of 3.95% is relatively small compared to the fluid

oss of 59.4%, while the loss ratio of the property defined by:

roperty "X"change, % = Xinitial − Xfinal

Xinitial
· 100. (20)
The value of fluid loss is close to 60% and can be compared to the
approximated range of 60–65% (see Section 4.1) as reported in the
literature. From the calculated values corresponding to DLH section
it is clear that the fluid pressure significantly decreases along the
lumen length (more than half), while the fluid loss in this section is
about 94.75%. The pressure of the fluid is slightly decreases in the
other sections of nephron: tALH, TALH and DCT, while the flow rate
changes in a different manner from the previous sections. Approx-
imately in the middle part of tALH, when the pressure of the fluid
moving inside lumen reduces to the value of interstitial pressure,
the fluid flows into the lumen. This process remains active until
the fluid reaches the collecting duct tubule (via TALH and DCT sec-
tions) and is also referred to as filtrate secretion [19,34,42]. It should
be noted that due to the relatively small difference between the
interstitial pressure and the pressure in the lumen, the modeling
approach is sufficient in describing the fluid dynamics of the fil-
trate in those sections, while neglecting the possible bio-chemical
reactions between the urine filtrate and interstitial fluid. Thus, in
those sections of nephron, the fluid may  pass the lumen walls
in both directions, and consequently some fluid exchange may
occur. Nonetheless, the modeling example results in 98.6% fluid
loss from initial fluid filtrate, which is close to an average value of
99% reported in the literature [13,30–33,35].

From the presented analysis of Juxtamedullary nephron, it can
be concluded that:

• Since the laminar flow regime of urine filtrate has characteristics
of a creeping flow region, it has been shown that unless the cur-
vature of nephron lumen become high (for example, as hairpin
pin shape between DLH and tALH), the fluid dynamics properties
of urine filtrate are not affected.

• The filtrate pressure variation along the lumen length is char-
acteristic of each nephron section. It was  shown that the highest
pressure loss occurs in PCT, while the lowest pressure loss occurs
in the DCT section. Moreover, the pressure loss in descending limb
of Henle is much higher compared with the whole ascending loop,
55.5% and 6.78%, respectively.

• The most significant reabsorption of filtrate liquid occurs from
PCT up to the end of DLH sections of nephron (about 97.8%).

• It is possible that filtrate flow rate will neither increase nor

decrease by passing through nephron segments of tALH up to
the end of DCT. These sections have specific lumen characteris-
tics, which are able to provide reabsorption and secretion of the
filtrate.
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ig. 6. The results from the computation of: (a) the fluid pressure and (b) flow rate in
iameter of the lumina increased by half.

. Summary

The study presents a modeling approach for fast analysis, design
nd prediction of laminar particulate-laden flow in lumen with
ermeable walls. The presented semi-analytic modeling approach
nables researchers and designers to rapidly model, analyze and
redict the behavior of laminar particle-laden flows in lumen with
ermeable walls for various biological applications as dictated by
uture research needs.

First, the study developed a theoretical modeling approach of
aminar flow in a lumen with permeable walls. The possible effect
f lumen curvature on the flow characteristics are presented using
he Dean number. In addition, a method of examining the effect of
umen curvature on flow properties of a particle-laden fluid was
nalyzed. Also a case of De < 1 was reviewed and it was found that
haracteristic to the creeping flow region of the laminar flow regime,
he curvature of the lumen becomes negligible.

Second, the study contains a parametric analysis for the key vari-
bles used in the modeling approach. From the results, it is observed
hat as the volume fraction of the particles of the fluid increases,
he pressure loss also increases while the flow rate decreases. The
ffective permeability coefficient plays an important role in predic-
ion of the pressure and flow rate losses, especially for relatively
arge lumen lengths. Therefore, this coefficient must be exam-
ned and defined appropriately for future research problems to
nsure high accuracy. The possible cases of how different degrees
f lumen curvature affect the flow properties of particle-laden fluid
re reviewed. For this case, it is shown that the range of Dean
umbers is De > 1000 and De < 100 where the curvature becomes
ore or less contributive.
Finally, an example for using the modeling approach of this

tudy to examine the fluid dynamics properties in a typical human
uxtamedullary nephron is presented. The major achievement of
his analysis is to present particle-laden fluid dynamics charac-
eristic analysis for different sections of nephron lumina. A good

greement of calculated results with those presented in medical
iterature is found.

Fig. A1. Fully developed velocity profile in cha
umen of human Juxtamedullary nephron. *For illustration purpose only, the hydraulic

Appendix A.

A.1 Velocity profile and shear stress of the fluid

It is possible, analytically, to examine the shape of a fully devel-
oped velocity profile for the above problem by an approach similar
to that used to define a thermally fully developed condition. For a
thermally fully developed region, it can be shown that:

d

dz
[
Tw(z) − T(r, z)

Tw(z) − T̄(z)
] = 0, (A1)

where r is the radial coordinate, z is the axial coordinate, T is the
temperature, Tw is the wall surface temperature, and T̄ is  the mean
temperature for a particular cross-section. Analogously, by replac-
ing the temperature in Eq. (A1) with axial velocity, u(r, z) and mean
axial velocity for a particular cross-section, Ū,  results in:

d

dz
[
uw(z) − u(r, z)

uw(z) − Ū(z)
] = 0. (A2)

Applying the no-slip boundary condition, uw = 0, gives:

∂û(r, z)
∂z

= 0. (A3)

where û(r, z) is the normalized axial velocity defined by:

û(r, z) = u(r, z)

Ū(z)
. (A4)

Therefore, when the normalized axial velocity û(r, z) is constant
(see Eq. (A3)), the flow in the porous channel is fully developed.
This effectively means that the shape of the axial velocity profile
is the same for every cross-section. For the idealized constantly
permeable channel with a circular cross-section of area,A = �R2, a
laminar velocity profile can be given by a classical channel-flow of
the form [27,43,45]:
u(r, z) = umax,i(1 − (
r

R
)
2
), (A5)

where umax,i is the centerline velocity for given cross-section i (see
Fig. A1).

nnel with a constant radial permeability.



earch 

w

�

U

�

o
f
t
z

A

e
a
[
w
t
e
o
I
o

v

i

� p)

0)

w
c

�

w
a
s
f
o
Z

�

y
a
t

R

[

[

[

[
[

[

[

[

[

[

[

[

[

[

[

[
[

[

[

[

[
[

[

[

[

[

[

S. Shaul, T.I. Zohdi / Mechanics Res

By substituting Eq. (A5) in Eq. (7), the shear stress of the fluid
ith perforated channel walls in i cross-section is:

w,i = −�eff
2umax,i

R
,  (A6)

while the mean axial velocity is:

¯ i = 1
A

∫ ∫
u(r, z)dA = umax,i

2
,  (A7)

Substituting Eq. (A7) in (A6) results in:

w,i = −�eff
4Ūi

R
. (A8)

It should be pointed that using Eq. (A8) to estimate shear stress
f the fluid with constantly permeable channel walls is reasonable
or the negligible difference of Ūi . In this study it was assumed
hat it is valid for the cases of laminar flow where �z  = zi+1 − zi =
i − zi−1 � 2R.

.2 Effective properties of particle-laden fluids

A flow regime that is thoroughly mixed can usually be mod-
led as a single-phase flow by defining its effective properties such
s: density, viscosity, etc. [46–48]. For example, the work of Wallis
46] presents an analysis of homogenous flow friction correlations
hich is based on effective flow parameters for both laminar and

urbulent flow regimes. The recent study of Zohdi [48] provides an
xample of using effective properties of particle-laden fluid flows in
rder to estimate the pumping pressures for different applications.
n this study, the effective properties were presented as a function
f volume fraction of fluid, vf , and particles, vp, such that:

f + vp = 1. (A9)

The effective density of the mixture, defined as volume averages
n the z direction is:

eff ≡< �(z) >V ≡ 1
V

∫ ∫ ∫
�(z)dV = 1

V
(

∫ ∫ ∫
�f dVf +

∫ ∫ ∫
�pdV

= vf �f + vp�p. (A1

To estimate the effective viscosity of the particle-laden fluid
ithin extremely low volume fraction of particles (below one per-

ent), the expression developed by Einstein [49] is used:

eff = �f (1 + 2.5vp), (A11)

here �f is the viscosity of the surrounding incompressible fluid
nd the particles are assumed to be rigid. More empirical expres-
ions for effective viscosity are typically used at higher volume
ractions [50]. As an example, for the cases where volume fraction
f the particles in the fluid can reach a value of 0.25, the work by
ohdi [48] is used:

eff = �f (1 + 2.5
vp

1 − vp
). (A12)

The expression presented in Eq. (A12) is derived from the anal-
sis of the isotropic material responses in the well-known Hashin
nd Shtrikman [51,52] works, where the lower bound of the effec-
ive response was taken into consideration.
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