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Abstract. In this work variational bounds are developed on the difference between the solutions
of two boundary-value problems involving linearly elastic material microstructure. Both problems
have the same external geometry, boundary conditions and loading, however, one possesses no
microstructure, i.e., it is homogeneous, while the other is “perturbed” with inhomogeneities. The
bounds developed are solely in terms of the solution to the easier homogeneous material problem,
the microstructure of the inhomogeneous problem and the given loading data. There are no unknown
constants in the bounds. Furthermore, no calculation of the harder, typically intractable, inhomoge-
neous material problem is necessary. The bounds developed are obtained under no assumptions on
the character of the microstructure of the inhomogeneous material problem, other than it be pointwise
positive-definite, as well as under no assumptions on the external loading and geometry.
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1. Introduction

In many modern engineering designs, materials with a highly complex microstruc-
ture are in use. A relatively common type of such materials is that formed by a
homogeneous matrix embedded with a particulate material (Figure 1). The analysis
of microheterogeneous materials is not a recent development. Historically, due to
the extreme difficulty of solving boundary-value problems with highly variable
coefficients, the usual interest has been in bounding or estimating the aggregate’s
macroscopic response. Works dating back at least to Maxwell [1] (1873), Voigt [2]
(1889), Lord Rayleigh [3] (1892) and Reuss [4] (1929) dealt with determining
overall macroscopic behavior of materials consisting of a binding matrix contain-
ing distributions of particles. In solid mechanics, the classical goal has usually been
to determine a relation between averages, a so-called “effective” property, which
is a macroscopic scale linear elasticity tensor,E∗, defined via〈σ 〉� = E∗ : 〈ε〉�,

where〈·〉� def= (1/|�|) ∫
�
·d�, and whereσ andε are the stress and strain tensor

fields within a statistically representative volume element with volume|�|. The
reader is referred to reviews found in [5].
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Figure 1. A structure with microheterogeneities and a homogeneous structure.

Effective properties are not the objective of this work. Whenever information
about the effects of inhomogeneities on the internal microfields is of interest, esti-
mates or bounds on the effective property are of little value.In such cases estimates
or bounds on microfield quantities are necessary.In this work, in order to charac-
terize the effects of the inhomogeneities onto the material, bounds are developed
on thedifference between the solutionsto two boundary-value problems involving
linearly elastic microstructure. Both boundary-value problems have the same exter-
nal geometry, boundary conditions and loading. However, one possesses a uniform
microstructure, while the other is “perturbed” with inhomogeneities (Figure 1).
As will be shown, the bounds developed in this work are solely in terms of the
solution to the easier homogeneous material problem, the microstructure of the in-
homogeneous problem and the given loading data. There are no unknown constants
in the bounds. Furthermore, no calculation of the computationally expensive het-
erogeneous problem is necessary. The bounds are obtained under no assumptions
on the character of microstructure of the heterogeneous problem, other than it be
pointwise positive-definite, as well as under no assumptions on the external loading
and geometry.

2. Governing Equations

A structure which occupies an open bounded domain in� ∈ R3 is considered.
Its boundary is denoted by∂�. The body is in static equilibrium under the action
of body forcesf and surface tractionst. The boundary∂� = 0u ∪ 0t consists
of a part0u and a part0t on which displacements and tractions are respectively
prescribed. The data are assumed to be such thatf ∈ L2(�) andt ∈ L2(0t ), but less
smooth data can be considered without complications. The mechanical properties
of the material are characterized by a (regular) spatially constant inhomogeneity-
free elasticity tensorR and a spatially nonconstant (perturbed) elasticity tensor
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E(x), both of which are inR32×32
, and whose components satisfy the following

symmetry and boundedness conditions:∀ε ∈ R3×3, ε = εT, α+,Rε : ε > ε : R :
ε > α−,Rε : ε, ∞ > α+,R, α−,R > 0, whereRijkl = Rjikl = Rijlk = Rklij ,
1 6 i, j, k, l 6 3, andα+ε : ε > ε : E(x) : ε > α−ε : ε,∞ > α+, α− > 0,
whereEijkl(x) = Ejikl(x) = Eijlk(x) = Eklij (x), 16 i, j, k, l 6 3. The quantities
Rijkl andEijkl(x) are the Cartesian components ofR andE(x), respectively. The
microstructure is assumed to be perfectly bonded. Following the standard notation,
H 1(�) is denoted as the usual (Sobolev) space of functions with generalized partial

derivatives of order6 1 in L2(�). The symbolH1(�)
def= [H 1(�)]3 is defined as

the space of vector-valued functions whose components have generalized partial

derivatives of order6 1 in L2(�)
def= [L2(�)]3.

2.1. HOMOGENEOUS-COEFFICIENT BOUNDARY-VALUE PROBLEM

The solution to the constant coefficient problem, denoted as aregular solutionuR

is characterized by a virtual work formulation:

Finda uR ∈ H1(�), uR|0u = d, such that∫
�

∇v : σR d�︸ ︷︷ ︸
def= BR(uR,v)

=
∫
�

f · v d�+
∫
0t

t · v dA︸ ︷︷ ︸
def=F (v)

∀v ∈ H1(�), v|0u = 0, (1)

whereσR = R : ∇uR. The equivalent complementary form is

FindσR,∇ · σR+ f = 0, σR · n|0t = t such that∫
�

τ : R−1 : σR d�︸ ︷︷ ︸
def=AR(σR,τ )

=
∫
0u

τ · n · d dA︸ ︷︷ ︸
def=G(τ )

∀τ , ∇ · τ = 0, τ · n|0t = 0. (2)

For the complementary problem, similar restrictions are imposed on the solution
and test fields to force the integrals to make sense. In other words, it is assumed
that solutions produce finite global energy.

2.2. INHOMOGENEOUS-COEFFICIENT BOUNDARY-VALUE PROBLEM

The solution corresponding to a material with microstructure isu, and is character-
ized by the following virtual work formulation:

Find u ∈ H1(�), u|0u = d, such that∫
�

∇v : σ d�︸ ︷︷ ︸
def=B(u,v)

=
∫
�

f · v d�+
∫
0t

t · v dA︸ ︷︷ ︸
def=F (v)

∀v ∈ H1(�), v|0u = 0. (3)
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In the infinitesimal strain linearly elastic case, thenσ = E : ∇u. The equivalent
complementary form is

Findσ ,∇ · σ + f = 0, σ · n|0t = t such that∫
�

τ : E−1 : σ d�︸ ︷︷ ︸
def=A(σ ,τ )

=
∫
0u

τ · n · d dA︸ ︷︷ ︸
def=G(τ )

∀τ , ∇ · τ = 0, τ · n|0t = 0. (4)

3. Homogeneous/Inhomogeneous Solution Difference Bounds

A classical result is that, for any kinematically admissible functionw, using the
(bilinear operator) notation in equation (3), a definition of the so-called energy
norm is

0 6 ‖u− w‖2E(�) def= B(u− w,u− w)

= 2J(w)− 2J(u)⇒ J(u) 6 J(w), (5)

where the “elastic potential” is defined byJ(w) def= 1
2B(w,w)−F (w). The poten-

tial relation in equation (5) is a form of the Principle of Minimum Potential Energy.
Similarly the Principle of Minimum Complementary Energy, for any statically
admissible fieldγ , is

0 6 ‖σ − γ ‖2
E−1(�)

= A(σ − γ , σ − γ )
= 2K(γ )− 2K(σ )⇒K(σ ) 6K(γ ), (6)

whereK(γ )
def= 1

2A(γ , γ ) − G(γ ). By adding the potential energy and the com-
plementary energy of the inhomogeneous solution field, one obtains an equation of
energy balance:J(u)+K(σ ) = 0. The preceeding well-known results are found
in, for example, [6]. The objective is now to bound‖u−uR‖E(�) and‖σ−σR‖E−1(�)

in terms ofR, E, uR andσR.

3.1. PRIMAL AND COMPLEMENTARY BOUNDS

Directly from (1) and (3), one has∫
�

∇v : E : ∇u d� =
∫
�

∇v : R : ∇uR d� =
∫
�

f · v d�+
∫
0t

t · v dA. (7)

Subtracting
∫
�
∇v : E : ∇uR d� from both sides yields∫

�

∇v : E : ∇(u− uR
)

d� =
∫
�

∇v : (R : ∇uR− E : ∇uR
)
d�. (8)
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Sincev is an arbitrary virtual displacement, one may setv = u− uR to yield∥∥u− uR
∥∥2
E(�)
=
∫
�

∇(u− uR
) : (R : ∇uR− E : ∇uR

)
d�

=
∫
�

(
E1/2 : ∇(u− uR)

) : E1/2 : E−1 : ((R− E) : ∇uR
)
d�

6
(∫

�

∇(u− uR
) : E : ∇(u− uR

)
d�

)1/2

︸ ︷︷ ︸
‖u−uR‖E(�)

×
(∫

�

(
(R− E) : ∇uR) : E−1 : ((R− E) : ∇uR)d�)1/2

.

(9)

Therefore, a primal solution difference upper bound is∥∥u− uR‖2E(�) 6
∫
�

(
(R− E) : ∇uR

) : E−1 : ((R− E) : ∇uR
)
d�︸ ︷︷ ︸

def= (H+,uR
)2

. (10)

To derive this result, the Cauchy–Schwarz inequality was used, as well as the fact
that a symmetric positive-definite matrix has a unique square root,E = E1/2 : E1/2.
The H+,uR

-bound depends only onR, E, and uR. The process is repeated in a
similar manner to form a complementary upper bound:∥∥σ − σR

∥∥2
E−1(�)

6
∫
�

((
R−1− E−1) : σR) : E : ((R−1− E−1) : σR)d�︸ ︷︷ ︸

def= (H+,σR
)2

. (11)

If one choosesw = uR in equation (5), which is a kinematically admissible
function, one has

J(u) = J
(
uR)− 1

2

∥∥u− uR
∥∥2
E(�)

.

Correspondingly, choosingγ = σR, one has from equation (6),

K(σ ) =K
(
σR
)− 1

2

∥∥σ − σR
∥∥2
E−1(�)

.

Combining the results we obtain an “exact” bound on a hybrid norm(
T
(
uR, σR

))2 def= 2
(
J
(
uR
)+K

(
σR
))︸ ︷︷ ︸

HYBRID BOUND

= ∥∥u− uR
∥∥2
E(�)
+ ∥∥σ − σR

∥∥2
E−1(�)

, (12)

sinceJ(u)+K(σ ) = 0.
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From equation (12), lower primal and complementary bounds follow,∥∥u− uR
∥∥2
E(�)
= 2

(
J
(
uR
)+K

(
σR
))− ∥∥σ − σR

∥∥2
E−1(�)

,

> 2
(
J
(
uR
)+K(σR

))− (H+,σR)2 def= (H−,uR)2
,∥∥σ − σR

∥∥2
E−1(�)

= 2
(
J
(
uR
)+K

(
σR
))− ∥∥u− uR

∥∥2
E(�)

,

> 2
(
J
(
uR
)+K(σR

))− (H+,uR)2 def= (H−,σR)2
.

(13)

Therefore, in summary(
H−,uR)2 6 2

(
J
(
uR
)− J(u)

)︸ ︷︷ ︸
‖u−uR‖2

E(�)︸ ︷︷ ︸
SOLUTION DIFFERENCE

6
(
H+,uR)2

,

(
H−,σR)2 6 2

(
K
(
σR
)−K(σ )

)︸ ︷︷ ︸
‖σ−σR‖2

E−1(�)︸ ︷︷ ︸
SOLUTION DIFFERENCE

6
(
H+,σR)2

,

(
T
(
uR, σR

))2 = ∥∥u− uR
∥∥2
E(�)
+ ∥∥σ − σR

∥∥2
E−1(�)

.

(14)

These relations hold for any loading, external geometry, and a pointwise positive-
definite microstructure.

3.2. A SPECIAL CASE

Consider the special case of a microstructure composed of a matrix embedded with
particulate matter. The expressions attain very compact forms. The heterogeneous
material can be represented asE = R + 1R or E−1 = R−1 + 1R−1, where, in
general,1R−1 6= (1R)−1. Referring to Figure 1, it is clear that1R = E− R = 0
in the matrix. Therefore, the upper bounds collapse to

∥∥u− uR
∥∥2
E(�)
6

N∑
i=i

∫
�i

(
1R : ∇uR

) : E−1 : (1R : ∇uR
)
d�i,

∥∥σ − σR
∥∥2
E−1(�)

6
N∑
i=i

∫
�i

(
1R−1 : σR) : E : (1R−1 : σR)d�i, (15)

where�i are the domains of the (N) inhomogeneities. In other words, the differ-
ence can be computed solely in terms of the product of the difference between the
elastic properties of inhomogeneities and the matrix, and the unperturbed homoge-
neous elastic field.Furthermore, this only needs to be computed over the domains
of the inhomogeneities.
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4. Concluding Remarks

A possible use of such bounds is to aid in characterizing the internal effects of addi-
tives in the composite material design development. During such processes, infor-
mation about the magnitude of the resulting distortion of the otherwise smooth in-
ternal fields, corresponding to the matrix material alone, may be valuable. Through-
out the analysis,R was assumed to be the homogeneous matrix material, how-
ever, as illustrated by the proofs, this is unnecessary. The tensorR can also be a
spatially-variable function, with no alteration in the analysis. The use of alternative
definitions ofR has been exploited for, primitive versions of the presented bounds,
in [7].
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