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Production and maker spaces are increasingly generating mixed plastic material waste of varying quality
from 3-D printers. Industrial interest is growing in embedding granulated recycled particulate material
additives into a virgin binding matrix. Examples include the introduction of granulated mixed recycled
materials into 3-D printer material, concrete, and pavement. The stress load-sharing between the partic-
ulate additive and the binding matrix is an important factor in design and development of these compos-
ite materials. With mixed material additives, a designer is interested in the variation of such predicted
load-sharing. However, experimental development is costly and time-consuming, thus analytical and
semi-analytical estimates are desired for accelerated development. In this work, we expand on previous
analytically correlated phase-averaged micro- and macrostructural loading to include variational effects
present in mixed recycled material. In addition, model trade-offs are provided to aid designers in quickly
selecting application specific mixtures. This framework identifies the stress contributions, and their vari-
ation, to reduce product development time and costs, which could greatly accelerate material recycling
and reuse for improved infrastructure materials, low-cost 3-D printer filament, and reduced waste
towards a more circular economy.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction recycled into the original product [7]. These efforts facilitate a
Many organizations have stated goals of becoming zero-waste
entities, namely no material going to landfills-anywhere [1–4]. In
addition, municipalities are ever more concerned with odor pollu-
tion and potential seepage from landfills within their borders.
Strategies have emerged to combat the disposal of plastic waste,
in particular [5,6]. Instead, plastic waste products may be pro-
cessed with automated collection, cleaning, sorting, and grinding
for reuse and recycling. Such processes can downcycle the waste
into products with less stringent purity requirements than the
original. Or, with sufficient sorting and processing, waste may be
more circular economy. In particular, two target end products are
of interest for re- and downcycling nearly all plastics:

1. 3-D printer filament for educational demonstrations and
prototypes

2. filler for bulk construction materials, such as construction
materials

Education at virtually all levels and in many fields of study have
undergone massive changes due to the rise of inexpensive 3-D
printers. Unfortunately, the price of 3-D printer material over time
is not trivial. In educational and early design environments, the
printed material is used primarily to develop form and fit
prototypes, which need not be made of high-grade materials. Thus,
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Fig. 1. Example structure with a matrix binder and recycled particulate additives.
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we provide a design framework with example calculations which
will aid in determining the maximum extent to which plastic
waste may be processed into 3-D printer feedstock and bulk con-
struction material filler. Materials unsuitable for 3-D printer fila-
ment may be used in bulk construction materials as a filler
thereby closing the loop on the full set of plastic waste. In urban
areas with high waste generation and infrastructure needs, the
colocation of waste generators and reprocessing facilities would
be advantageous for minimizing transportation costs as well. The
design methodology in this manuscript may be used to determine
mixtures of such particulate materials with existing types of pave-
ment and roadwaymaterials to create near zero-waste materials to
maintain and rebuild roadway infrastructure.

Regardless of the final use of the materials, they can be com-
pacted and/or packaged efficiently through grinding and shred-
ding. Collocating the product use with recycling and fabrication
would also minimize transportation impact and contribute to local
economies. In addition to the obvious reasons for grinding, such as
volume-reduction and homogenization, others include secure dis-
posal of potentially sensitive information on electronic devices and
storage units. It is particularly important to recognize regulations
that are moving towards the responsible reduction and handling
of waste to reduce an enterprise’s carbon footprint. Granulated
waste products can be sold to other enterprises or recycled within
the community as filler, pavement, insulation, or other building
materials, such as resin-combined briquettes and composite wood
products.

It is now commonplace for plastic pellets to be sold as feedstock
to a converter for fabrication into consumer products or recycled
by hobbyists for individual use. This framework serves to aid
designers in diverting more waste from landfills by estimating
the composite strength of recycled and virgin material. Thereby
enabling rapid development of product streams for recycled waste.
Moreover, the statistical variation in such estimates for mixed
waste recycling is included for broad applicability.

2. Methodology framework

Industrial interest is growing in particulate-enhanced compos-
ite materials for structural applications (Fig. 1). Similarly, many
particle-matrix choices available to designers and analysts. Limited
experimental success has shown recycled materials may be used in
concrete and cement [8,9]. However, such experimental develop-
ment is expensive and time-consuming for such applications. Thus,
characterizing these materials computationally may significantly
reduce development time and cost.

Similarly, municipal governments are increasingly concerned
over waste quantities and pathways to recycling. The rise of addi-
tive manufacturing and 3D printing in classroom, art, hobby, and
production environments provides both a source of increased plas-
tic waste and a potential recycling pathway. The use of lower grade
materials in prototypes, art, and education is acceptable due to
lower strength and durability requirements; some industrial appli-
cations may also prefer some quantity of recycled content. The
large portion of input material into additive manufacturing that
emerges as waste has a distribution of quality ranging from that
equivalent to pristine material to some which must be downcycled
or disposed of (Fig. 2). As a result, much of the ‘‘used”, or previously
processed, material may be directly inserted into new products.
However, the distribution of quality is specific to each additive
manufacturing process and machine. The methodology described
in this manuscript is broadly applicable to all processing methods
given the relevant data.

For a simple mixture of known specific particles mixed into a
binding matrix, the effective macroscale (structural) material
response seeks a relationship, rh iX ¼ IE� : �h iX, where
�h iX ¼def 1
jXj

R
X �dX,and where the mechanical properties of micro-

heterogeneous materials in the structure are characterized by an
elasticity tensor IE ¼ IEðxÞ varying in space, with r and � as stress
and strain tensor fields within a Representative Volume Element
(RVE) of volume jXj. The effective property, IE�, is the usual elastic-
ity tensor for macrostructural analyses. Computationally intensive
methods may be used to solve the loadings over the RVE (Zohdi
and Wriggers [10]). However, it is often advantageous to seek fas-
ter approximation methods. Such quick approximations accelerate
initial design iteration to minimize time and experimental cost–the
objective of this paper. In this manuscript, we utilize the correlated
phase-averaged micro- and macrostructural loadings to explore
the distribution of expected responses for in the unique setting
of mixed recycled material content in construction materials. We
will focus on isotropic materials for both the particulate and the
binder.

The objective is to provide designers with an easy-to-use frame-
work that identifies the distribution of stress contributions from
the micro- and macroscale based on mixed recycled content, in
order to reduce product development time and costs.

The following sections define the modeling method and results.
Section 3 provides the fundamental property estimates for partic-
ulate mixtures. Section 4 derives the formulae for estimating vari-
able properties from a distribution of particle properties starting
from the fundamental property estimate equations in Section 3.
Section 5 applies the variable property estimates developed in Sec-
tion 4 to the particle-matrix stress concentration relations devel-
oped by [11] to provide quick estimates in material development
of mixed recycled waste and infrastructure materials.

3. Effective property estimates

Maxwell [12,13] and Lord Rayleigh [14] were some of the first
to propose models to estimate the macroscopic properties of
heterogeneous materials. An extremely important contribution
came in the 1960s: Hashin–Shtrikman bounds (Hashin and Shtrik-
man [15,16], Hashin [17]). These bounds provide the tightest range
where volumetric data and phase contrasts of the constituents are
the only known parameters. Interphase boundaries are assumed to
be well bonded. For bulk modulus, we write,

j�;� ¼def j1 þ v2

1
j2�j1

þ 3ð1�v2Þ
3j1þ4l1

6 j� 6 j2 þ 1� v2
1

j1�j2
þ 3v2

3j2þ4l2

¼def j�;þ; ð1Þ

and for the shear modulus

l�;� ¼def l1 þ
v2

1
l2�l1

þ 6ð1�v2Þðj1þ2l1Þ
5l1ð3j1þ4l1Þ

6 l�

6 l2 þ
ð1� v2Þ

1
l1�l2

þ 6v2ðj2þ2l2Þ
5l2ð3j2þ4l2Þ

¼def l�;þ; ð2Þ



Fig. 2. Flowchart of material pathways for pristine and recycled materials in additive manufacturing.
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where j2 and j1 are the bulk moduli and l2 and l1 are the shear
moduli of the respective phases (j2 P j1 and l2 P l1), and where
v2 is the second phase volume fraction. Phase 2 is the stiffer of the
two constituents (which usually corresponds to the particles). The
effective properties are then estimated as a convex combination
of the bounds, as follows,

j� � /j�;þ þ ð1� /Þj�;� ð3Þ
and

l� � /l�;þ þ ð1� /Þl�;�; ð4Þ
where 0 6 / 6 1 is a parameter such that when / ¼ 0 we have the
lower bound, / ¼ 1 we have the upper bound and / ¼ 1=2 we have
the average of the bounds. When particles are well separated and
spherical, / is more accurately estimated closer to 0, as particles
become flatter or interact (touch) more, /, is more accurately esti-
mated closer to 1. Typically, / ¼ 0:5 initially and refine the selection
with test data.1

Phase 1 may be modulated with a distribution as may be the
case in mixed recycled material as the softer material between
the matrix and the particles. This modulation alters only the value
of the bounds, not the formulation. Numerical results are used as
the analytical formulation involves an open question dating back
to 1932 related to the work of Fieller [18]. Numerical distributional
effects from variable input material properties on shear and bulk
moduli are shown in Fig. 3, where the phase 1 bulk modulus (j1)
is half the phase 2 bulk modulus (j2), the phase 2 shear modulus
(l2) is.577 the phase 2 bulk modulus, the phase 1 shear modulus
(l1) is.4 the phase 1 bulk modulus, and the standard deviation of
both the shear and bulk moduli of phase 1 are 5% of their respec-
tive values. A boxplot is overlaid for each 10% change in volume
fraction and simulation of 3000 samples. The whiskers of each
box reach from the 2.5 percentile to the 97.5 percentile of j� and
l� with / set to 0.5, as is typical. Stresses are plotted as a ratio
of the ’stiffer’ material for easy reference in design.

The general theory of random heterogeneous media is well
reviewed in Torquato [19]. Jikov et al. [20] provides a general inter-
disciplinary discussion. Mathematical formulations are provided
by Hashin [17], Mura [21] or Markov [22]. Defect, porous, and
cracked media is accounted by Kachanov [23], Kachanov, Tsukrov
and Shafiro [24], Kachanov and Sevostianov [25], Sevostianov,
Gorbatikh and Kachanov [26], Sevostianov and Kachanov [27].
1 Note: One may compute the effective Poisson ratio m� ¼ 3j��2l�
2ð3j�þl� Þ and the effective

Young’s modulus E� ¼ 2l�ð1þ m�Þ ¼ 3j�ð1� 2m�Þ from j� and l� .
For computational aspects for simulation and fine-tuned design
iteration see Ghosh [28], Ghosh and Dimiduk [29] and Zohdi and
Wriggers [10].

4. Variable property distributions

Once the phase-averaged microstructural material properties
have been formulated, we apply a distributional perturbation to
the additive (particulate recycled material).

Beginning with Eq. (1) and reformulating with a random, nor-
mally distributed, variable for Phase 1 material properties
(j1 ! K;l1 ! M), where K � Nð�lj1 ; s

2
j1
Þ and M � Nð�ll1

; s2l1
Þ. For

the lower bound, we write,

j�;� ¼ K þ v2

1
j2�K þ 3ð1�v2Þ

3Kþ4M

ð5Þ

j�;� ¼ K þ Kð3v2j2Þ þMKð�4v2Þ þ K2ð�3v2Þ þMð4v2j2Þ
Mð4Þ þ Kð3v2Þ þ ð3j2 � 3v2j2Þ ð6Þ

The solution then takes the generalized form, with resultant
random variable, R as a function of the sum of K and a ratio of func-
tions X2 and X3 in the variables K and M. The steps are outlined for
the analytical approach; however, several terms appear that have
no closed form for Gaussian distributed random variables.

The ratios and products of Gaussian distributed random vari-
ables have been examined in multiple fields with varying
approaches. A closed form solution exists for the ratio zero mean
independent variables and for correlated non-zero mean variables
[30,31], and very recently for the product of correlated zero-mean
Gaussian distributed random variables [32]. A closed form also
exists for ratio of complex Gaussian distributed random variables
[33]. Computational methods are often employed for other varia-
tions as well as products of correlated Gaussian distributed ran-
dom variables [31].

RðK;X2;X3Þ ¼ K þ X2ðK;MÞ
X3ðK;MÞ ð7Þ

The cumulative distribution function (CDF) is defined as:

FZðzÞ ¼ FðK;X2;X3 6 rÞ ¼
ZZZ

AR

f K;X2 ;X3
ðk; x2; x3Þdkdx2dx3 ð8Þ

where CDF of the denominator, X3, is of the form,

FX3 ðx3Þ ¼
Z
AX3

f X3
ðx3Þdx3 ¼

Z
AX3

f ð3v2K þ 4M þ 3v2j2Þdx3 ð9Þ

thus X3 is distributed normally as,



Fig. 3. Shear(left) and bulk (right) modulus bounds with variable lower modulus input materials properties with output normalized to the higher material modulus.
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X3 � N 3v2 �lj1 þ 4�ll1
þ ð3j2 � 3v2j2Þ;9v2

2s
2
j1

þ 16s2l1

� �
ð10Þ

FX2 ðx2Þ ¼
Z
AX2

f X2
ðwÞdw ð11Þ

FX2 ðx2Þ ¼
Z
AX2

ðf ð�3v2K
2Þ þ f ð3v2j2KÞ þ f ð4v2j2MÞ

� f ð4v2KMÞÞdx2 ð12Þ
We can simplify the calculation analytically but simulate the

resultant distribution due to the final term in f ðK;MÞ. The product
of two Gaussian distributed random variables is not strictly
Gaussian. However, a sufficiently small ratio of standard deviation
to mean the results approach Gaussian and may be approximated
as such. We numerically compute the result and thus avoid any
errors from a simplified model. A similar approach is then followed
for each of the upper and lower bounds of bulk and shear modulus.
For the upper bound on bulk modulus, we write,

j�;þ ¼ j2 þ 1� v2
1

K�j2
þ 3v2

3j2þ4l2

ð13Þ

j�;þ � N ða0 þ a1 �lj1 ; s
2
j1
a21Þ

N ðb0 þ b1 �lj1 ; s2j1
b2
1Þ

þ j2 ð14Þ

where a0 ¼ j2ð1� v2Þð3j2 þ 4l2Þ; a1 ¼ ð1� v2Þð3j2 þ 4l2Þ;
b0 ¼ 3j2 þ 4l2 � 3v2j2, and b1 ¼ 3v2. For the upper bound of shear
modulus we write,

l�;þ � N ða2 þ a3 �ll1
; s2l1

a23Þ
N ðb2 þ b3 �ll1

; s2l1
b2
3Þ

þ l2 ¼ Nð�lY ; s2YÞ
N ð�lZ ; s2ZÞ

þ l2 ð15Þ

l�;þ � MðY ; ZÞ þ l2 ð16Þ
where a2 ¼ð1�v2Þ5l2

2ð3j2þ4l2Þ;a3 ¼ð1�v2Þ5l2ð3j2þ4l2Þ;b2 ¼
5l2ð1� v2Þ3j2 þ 4l2 � 6v2ðj2 þ 2l2Þ, and b3 ¼ 6v2ðj2 þ 2v2Þ;Y
and Z are substitution variables to simplify the notation, w is a
variable representing the ratio of Y : Z, and q is the correlation
coefficient of Y and Z.

The distribution for a ratio of Gaussian distributed variables
follows that of Marsaglia [31] and Hinkley [30] and adopts their
notation for Lð�Þ.

MðY; ZÞ ¼def � L
�lY � �lZw
sYsZaðwÞ ;

��lZ

sZ
;
sZw� qsY
sYsZaðwÞ

� �

þ L
�lY � �lZw
sYsZaðwÞ ;

�lZ

sZ
;
sZw� qsY
sYsZaðwÞ

� �
ð17Þ

aðwÞ ¼ w2

s2Y
� 2qw

sYsZ
þ 1
s2Z

� �
ð18Þ

For the lower bound of shear modulus we write,
l�;� ¼ M þ v2

1
l2�M þ 6ð1�v2ÞðKþ2MÞ

5Mð3Kþ4MÞ
ð19Þ

l�;� ¼ M þ a4KM þ a5KM
2 þ a6M

2 þ a7M
3

b4K þ b5KM þ b6M þ b7M
2 ð20Þ

where a4 ¼ 15v2l2; a5 ¼ �15v2; a6 ¼ 20v2l2; a7 ¼ �20v2; b4 ¼
ð1� v2Þ6l2; b5 ¼ 9þ 6v2; b6 ¼ ð1� v2Þ12l2, and b7 ¼ 8þ 12v2.
Due to the random variable products and ratios this relation does
not reduce to a closed form distribution and is numerically
computed.

Modulating phase 2 provides similar mathematical forms. For
shear modulus, we write,

l�;� � N ða8 þ a9 �ll2
; a29s

2
l2
Þ

N ðb8 þ b9 �ll2
; b2

9s2l2
Þ
þ l1 ¼ Nð�lY2 ; s

2
Y2
Þ

N ð�lZ2 ; s
2
Z2
Þ þ l1 ð21Þ

l�;� � MðY2; Z2Þ þ l1 ð22Þ

where a8 ¼ 5l1ð3j1 þ 4l1Þ; a9 ¼ �5l2
1v2ð3j1 þ 4l1Þ; b8 ¼ ð1� v2Þ

6ðj1 þ 2l1Þ, and b9 ¼ 15j1l1 þ 20l2
1 þ 6ð1� v2Þðj1l1 þ 2l2

1Þ.

l�;þ ¼ M þ ð1� v2Þ
1

l1�M þ 6v2ðKþ2MÞ
5Mð3Kþ4MÞ

ð23Þ

l�;þ ¼ M þ a10KM þ a11KM
2 þ a12M

2 þ a13M
3

b10K þ b11KM þ b12M þ b13M
2 ð24Þ

where a10 ¼ 15l1ð1� v2Þ; a11 ¼ 15ðv2 � 1Þ; a12 ¼ 20l1ð1� v2Þ;
a13 ¼ 20ðv2 � 1Þ; b10 ¼ 6v2; b11 ¼ 15; b12 ¼ 12v2, and b13 ¼ 20.

For bulk modulus, we write,

j�;þ ¼ K þ 1� v2
1

j1�K þ 3v2
3Kþ4M

ð25Þ

j�;þ ¼ K þ a14K þ a15K
2 þ a16KM þ a17M

b14K þ b15M þ b16
ð26Þ

where a14¼3j1�3j1v2;a15¼3v2�3;a16¼4j1�4j1v2;a17¼4v2�4;
b14 ¼ 3� 3v2; b15 ¼ 4, and b16 ¼ 3v2.

j�;� ¼ j1 þ v2

1
K�j1

þ 3ð1�v2Þ
3j1þ4l1

ð27Þ

j�;� ¼ j1 þ Kðv23j1 þ v24l1Þ � 3v2j2
1 � 4v2j1l1

Kð3� 3v2Þ þ 3v2j14l1
ð28Þ

j�;� � N ða18 þ a19�lj2 ; a
2
19s

2
j2
Þ

N ðb17 þ b18 �lj2 ; b
2
18s2j2

Þ
þ j1 ¼ Nð�lY3 ; s

2
Y3
Þ

N ð�lZ3 ; s
2
Z3
Þ þ j1 ð29Þ

j�;� � MðY3; Z3Þ þ l1 ð30Þ

where a18 ¼�3v2j2
1�4v2j1l1;a19 ¼v23j1þv24l1;b17 ¼3v2j14l1;

b18 ¼ 3� 3v2,



Fig. 4. Shear(left) and bulk (right) modulus bounds with variable upper modulus input materials properties with output normalized to the expected value of the higher
material modulus.

Fig. 5. Estimation changes as bulk modulus ratio increases with fixed 10% standard deviation (left); estimation changes as the variance of phase 2 bulk modulus increases,
with fixed bulk modulus ratio (right).
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Phase 2 may be modulated with a distribution as may be the
case in some mixed recycled material constituents with softer con-
struction materials. This modulation alters only the value of the
bounds, not the formulation. Numerical results are used as the ana-
lytical formulation involves non-closed form interactions of ran-
dom variables. Numerical distributional effects from variable
input material properties on shear and bulk moduli are shown in
Fig. 4, where the phase 1 bulk modulus (j1) is 20% the phase 2 bulk
modulus (j2), the phase 2 shear modulus (l2) is.5 the phase 2 bulk
modulus, the phase 1 shear modulus l1) is.4 the phase 1 bulk mod-
ulus, and the standard deviation of both the shear and bulk moduli
of phase 1 are 5% of their respective values. A boxplot is overlaid
for each 10% change in volume fraction. The whiskers of each
box reach from the 2.5 percentile to the 97.5 percentile of j� and
l� with / set to 0.5, as is typical. Stresses are plotted as a ratio
of the ’stiffer’ material for easy reference in design.

As may often be the case with mixed recycled plastics, the
material properties may vary in two ways. First, the difference in
modulus between the matrix binder and the particulate may be
larger or smaller. Second, the variance of the particulate (recycled
plastic) material properties may be larger or smaller. These poten-
tial variations are computed for bulk modulus with the fixed vol-
ume fraction of 50% and estimated / of 0.5. For a fixed standard
deviation in bulk modulus and /, but an increasing ratio of phase
2 mean bulk modulus to phase 1, the estimated j� trends away
from the global maximum (Fig. 5 (left)). As the selection of stiffer
material becomes much stiffer, the impact of variation in the softer
material plays a less significant role than the difference in mean
material properties, When the variance of phase 1 bulk modulus
increases as a percentage of the mean value, the spread of potential
j� values similarly deviates (Fig. 5 (right)).
5. Particle-matrix load sharing

Load-sharing between the binder and particulate at the
microstructural scale are computed by decomposing the average
stress over X into an average over each phase as in Zohdi [11]:

rh iX ¼ 1
jXj

Z
X1

rdXþ
Z
X2

rdX
� �

¼ v1 rh iX1
þ v2 rh iX2

; ð31Þ

where X1 and X2 denote phase 1 and phase 2, respectively. Phase 1
is usually the binder and phase 2 is usually the particulate additive.
The resulting decomposition for the stresses is:

rh iX ¼ v1 rh iX1
þ v2 rh iX2

¼ IE1 þ v2 IE2 � IE1ð Þ : C�;2
� �

: �h iX;
ð32Þ

where

C�;2 ¼def 1
v2

IE2 � IE1ð Þ�1 : IE� � IE1ð Þ
� �

ð33Þ

is called the strain concentration function, with C�;2 : �h iX ¼ �h iX2
.

The strain concentration tensor C�;2 relates the average strain over
the particle phase (2) to the average strain over all phases. Similarly,
for the variation in the stress we have C�;2 : IE��1 :

rh iX ¼ IE�1
2 : rh iX2

, which reduces to IE2 : C�;2 : IE��1 : rh iX ¼def Cr;2 :

rh iX ¼ rh iX2
. Cr;2 is known as the stress concentration tensor and

it relates the average stress in the particle phase to that in the whole
RVE. In the case of isotropy we may write:

Cr;2j ¼def 1
v2

j2

j�
j� � j1

j2 � j1
and Cr;2l ¼def 1

v2

l2

l�
l� � l1

l2 � l1
ð34Þ



Fig. 6. Shear (left) and bulk (right) stress concentration factor bounds with variable lower modulus input materials properties. Stress concentration tends towards neutral for
the material with a larger volume fraction.
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where Cr;2j
trr
3

� �
X ¼ trr

3

� �
X2

and where Cr;2l r0h iX ¼ r0h iX2
. Stress con-

centrations are not expected in a homogeneous material, thus
Cr;2j ¼ Cr;2l ¼ 1, which matches expectations. For the binder material
(with isotropy), we write,

Cr;1j ¼def 1
v1

ð1� v2C
r;2
j Þ and Cr;1l ¼def 1

v1
ð1� v2C

r;2
l Þ: ð35Þ

The fraction of total stress carried by each phase may then be deter-
mined using Eq. (31).

Following the decomposition of stress concentration factors, the
variation in properties of either phase contributes to similar
results. When the volume of phase 2 is low, the variation in stress
concentration is larger and converges as the volume fraction
increases. This trend is visible for both bulk (j�) and shear (l�)
modulus concentration factors (Fig. 6).
6. Summary & extensions

This work promotes a reduction in waste generation, plastic
production, and construction material consumption, as well as
increased adoption of particle-enhanced materials in consumer
and industrial applications. We expanded previous work on corre-
lating phase-averaged microstructural stresses to the macrostruc-
tural loading to include variational material properties. This
expansion provides a wide range of applicability in material and
product development. This novel framework and easy-to-use
design tool identifies and indicates variational trends from recy-
cled material-enhanced composites, which should reduce product
development time and cost.

Beyond construction materials, the approach developed here
may also be useful where processes have a distribution of materi-
als and rapid design iteration is desired. Examples of such new
composite material manufacturing techniques are multiphase
extrusion (Khalifa et al. [34]), inter-laminar glass reinforcement
(Bian et al. [35]), selective laser sintering (Gu et al. [36]), sacrificial
patterning (Singh and Singh [37]), electric field assistance (Decker
and Gan [38]), microcutting arrays (Pacella et al. [39]), and rein-
forcement with carbon nanotubes (Isaza et al. [40]). Regardless of
the use, this methodology serves to promote a more circular econ-
omy by accelerating design of materials which utilized mixed recy-
cled waste.

The quantity, /, is a function of the microstructure and needs to
be calibrated. For stiff spherical particles, at low volume fractions,
for example under 15%, as is the case with current experimental
plastic impregnated concrete, where the particles are not generally
in contact, the lower bound is more accurate. Thus, one would pick
/ 6 0:5 to bias the estimate to the lower bound for the design of
these materials. However, given the same volume fraction and flat-
ter particles that interact (touch), then the upper bound is likely to
be more accurate. Thus, one would pick / P 0:5. For 3-D printed
waste, the usual form is flat flakes and would bias new construc-
tion materials toward a greater value of /. One can calibrate /
by comparing it to different experiments (see, for example, Zohdi
et al. [41]). This methodology may also be used to quickly estimate
the multiphase extension of the Hashin–Shtrikman bounds
(Hashin and Shtrikman [16]) by grouping materials into a distribu-
tion of properties. Once initial screening of material mixtures is
complete using the methodology in this paper, complex geome-
tries with variable material properties become of interest. This
specific extension is well suited for investigation using the Finite
Element Method. This is currently being pursued by the authors.
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