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Abstract

In this work, a method is developed to decompose or substructure large-scale micromechanical simulations into a set of compu-
tationally smaller problems. In the approach the global domain is partitioned into nonoverlapping subdomains. On the interior
subdomain partitions an approximate globally kinematically admissible solution is projected. This allows the subdomains to be
mutually decoupled, and therefore separately solvable. The subdomain boundary value problems are solved with the exact micro-
structural representation contained within their respective boundaries, but with approximate displacement boundary data. The
resulting microstructural solution is the assembly of the subdomain solutions, each restricted to its corresponding subdomain. The
approximate solution is far more inexpensive to compute than the direct problem. A posteriori error bounds are developed to quantify
the quality of the approximate solution. Numerical simulations are presented to illustrate the essential concepts. © 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction

In many emerging technologies knowledge of microscopic fields, such as mechanical stress fields, dif-
fusive fields, thermal fields, etc., within mesoscale structural components (~0.0001-0.01 m) are desired. For
example, such information may be needed to estimate a miniature computer component’s useful service life.
However, difficulties arise in the numerical simulation of such problems, which possess irregular fine scale
heterogeneous microstructure. This is due to the fact that the spatial discretization mesh size must be
smaller than the intrinsic micromechanical length scales for reasonable accuracy. This results in immense
memory requirements to store the algebraic systems, and a correspondingly large number of floating point
operations to solve them. For example, in materials having particulate microstructure, a cube of dimensions
0.0001 m x 0.0001 m x 0.0001 m can typically contain on the order of 1000-10,000 particles suspended in
a binding matrix (Fig. 1). Typically, for three-dimensional problems, in the range of 1000-5000 numerical
degrees of freedom per particle are needed to deliver numerically accurate solutions. Therefore, a detailed
boundary value representation, i.e., employing the microstructural geometry, is computationally expensive
to solve due to the highly heterogeneous microstructure.
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Fig. 1. Construction of the approximate solution.

In an attempt to reduce computational effort, we consider a set of ‘broken’ nonoverlapping subdomain
boundary value problems whose (sub)domains’ union form the entire domain under analysis (Fig. 1). The
subdomain boundary value problems have the exact microstructural representation contained within the
subdomain, but approximate displacement boundary data. The approximate global microstructural solu-
tion is the assembly of the subdomain solutions, each restricted to its corresponding subdomain. For ex-
ample, if one considers a cubical domain, whose response is simulated using » numerical unknowns, for
example, employing a finite element discretization, approximately O(n’) floating point operations are
needed to solve the system. The value of y, typically 2 <y <3, depends on the type of algebraic system
solver used. If the cube was divided into N equal subdomains (subcubes), the number of floating point
operations needed would be approximately on the order of (n/N)’N, and thus direct costsldecomposed costs
~ N’~!. For example, if one had 1000 subdomains, the broken solution costs between 1000 and 1,000,000
times less to compute than the globally exact solution. The advantages are not limited to the possible re-
duction of operation counts, since the subdomain problems can be solved separately, and trivially in
parallel. If parallel processing is used for the decomposed problem, which by construction has a perfect
speedup, then the ratio of costs becomes PN’~!, where P denotes the number of processors. However, the
reduction of costs are not for free, since there is a partitioning error involved. The characterization of such
error is a main component of the work to be presented.

The outline of the presentation is as follows. In Section 2, the governing equations are laid down for the
so-called broken problems. In Section 3, the error in the process is characterized in terms of a potential, and
thereafter error bounds are developed. In Section 4, a large-scale numerical example is given. In Section 5,
the effects of numerical discretization are discussed. In Section 6, extensions, namely, iterative procedures to
deliver solutions of arbitrarily low error, are discussed.

2. Governing equations

We consider a structure which occupies an open bounded domain in Q € R*. Its boundary is denoted 0Q.
The body is in static equilibrium under the action of body forces, f, and surface tractions, ¢. The boundary
0Q =T, UT, consists of a part I', and a part I', on which displacements and tractions are, respectively,
prescribed. The data are assumed to be such that f € L*(Q) and t € L*(I',), but less smooth data can be
considered without complications. The mechanical properties of the material are characterized by the
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elasticity tensor, E € [R{32X32, whose components are functions of spatial position in the body, and which
satisfy the following symmetry and boundedness conditions, o,€:€>€:[F(x): €= a €:eVe € R,
€= ET, oo > oy, o >0, El:,-k;(x) = E/'ikl(x) = E,'j]k(X) = Eklij(x); 1< 1,7, k,1<3, Eijkl(x) being the Cartesian
components of E at point x. The microstructure is assumed to be perfectly bonded. Throughout the analysis
we use H'(Q) to denote the usual space of functions with generalized partial derivatives of order <1 in
L*(Q). We define H'(Q) o [H'(Q)]’ as the (Sobolev) space of vector-valued functions whose components
are in H'(Q). Throughout this work, we shall use the symbol ‘u|,,” for boundary values.

2.1. Boundary value problem formulations

The globally exact solution, u, is characterized by the following virtual work formulation:

Find u € H'(Q), u| =d, such that

1
/V'v: o‘dQ:/f~de+/t-vdA Yo € H'(Q), vl =0, M)
Q Q Iy

where ¢ is the Cauchy stress. In the infinitesimal strain, linearly elastic, case ¢ = E : Vu. In order to con-
struct approximate solutions, next we consider the subdomain boundary value problems, which have the
exact microstructural representation contained within the domain, but approximate displacement boundary
data on the interior subdomain boundaries.

To construct the approximate microstructural solutions we first partition the domain, 2, into N
nonintersecting open subdomains UZ:] Qg = Q. We define the boundary of an individual subdomain
Qy, as 0Qx. When employing the applied internal displacement approach, a kinematically admissible
function, U € H'(Q) and U| r, =d, is projected onto the internal boundaries of the subdomain parti-
tions. Any subdomain boundaries coinciding with the exterior surface retain their original boundary
conditions (Fig. 1). Accordingly, we have the following virtual work formulation, for each subdomain,
1<K<N:

Find ax € H'(Q), itg|og, oo, = U € H'(Q), such that

/V'UKZ&KdQ: fUKdQ+/ t"UKdA (2)
Qk

Qx Qg NIy

Vo € H' (Q), Uk lagenour,) = 0-

The constitutive law and microstructure are identical to that of the globally exact problem. In the infini-
tesimal strain, linearly elastic, case 6 = E: V. The individual subdomain solutions, @, are 0 outside of
the corresponding subdomain Q. In this case the approximate solution is constructed by a direct assembly
process

i = U+ (it — U)lg, + (i — U)lg, + -+ (y — U)lg, -

3)

The approximate displacement field is in H'(Q), however, the approximate traction field is possibly dis-
continuous. Logical choices of U will be given later in the work. It should be clear that if U = u on the
internal partition boundaries, then the approximate solution is exact.

Remark. In theory, an approach of projecting the tractions could be developed. However, such an approach
has a number of difficulties, in particular the pure traction subdomain problems must have equilibrated
tractions to be well posed. To impose this on the numerical implementation level is not a trivial task.
Primarily for this reason the projected displacement approach is preferable.
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3. Error in the broken problems

Since we employ energy-type variational principles to generate approximate solutions, we use energy-

type measures for the error. Directly by the use of the divergence theorem one has

N
/V(u—it) D (6-6)dR=)" [ V(u—ix): (c—ax)d%
Q K=1 Y%
N
=> | V-(w—ig)-(6—6r)) dQ
K=1 Y%
N
—Z/(u—ilK)-V-(o'—&K) dQy (4)
K=1 J T
N
K=1 JoxnQ ~—~—" ——
not continuous error
Ny
= Z / (traction jump) - (displacement error) dA4g,
g=1 JIs
where I', is an interior subdomain interface, and .# = 1,2,..., N, =number of interior subdomain in-

terfaces. For the applied internal displacement case, the tractions may suffer discontinuities at the interior

subdomain boundaries (see Fig. 2). In the case of infinitesimal strain, linear elasticity, we have

N
|l — itl[ g, :Z/ (E: Vi - ny) - (itx —u) ddg,
=1 JoxnQ - —m— ——

not continuous error

||ufi4||f5(9)d:ef/V(ufﬁ): E: V(u—a)dQ.
Q

It is convenient to cast the error in terms of the potential energy for the case of linear elasticity,

e 1
j(w)d:f—/Vw: E: deQ—/f-wdQ—/t-wdA,
2 Ja Q r,

where w is any kinematically admissible function. The well-known relationship for any kinematically ad-

missible function w is
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Fig. 2. The consequences of the projection approach.
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e = wlizio) = 2(F(w) = F () or 7)< 7(w), (6)

which is the principle of minimum potential energy (PMPE). In other words, the true solution possesses a
minimum potential. Therefore, since # 1is kinematically admissible, we immediately have
|l — lNIHi-(Q) =2(#(u) — #(u)). The critical observation is that if we can bound _#(u) from below, then we
can bound the error from above. In other words, what we seek is ¢~ < #(u).

To bound #(u) in terms of easily accessible quantities, we first calculate a computationally inexpensive,
kinematically admissible, regularized test solution. The regularized test solution, u®, is characterized by a
virtual work formulation:

Find u® € H'(Q), u®|, =d, such that

(™)
/Vv: o-RdQ:/f~de+/t~vdA Yo e H'(Q),v|, =0.
Q Q I,

Here the constitutive law for a® should be taken to be as simple as a possible, i.e., a constant (regularized)
fourth-order symmetric positive definite linear elasticity tensor %, defined via 6® = # : VuR. In general, the
regularized solution (a®,uR) does not coincide with the field associated with the decoupling solution U. If we
choose w = u® in Eq. (6), which is an admissible function, we obtain |lu — uR||§(Q> =2(J(@®) - #(u)),
which implies 7 (u) = 7 (u®) — 1 |ju — uR||2(Q). Our objective is to form an upper bound on |lu — u® ||, in
terms of #, E and VuR, to obtain a lower bound on ¢ (u). For the bound to be useful, it should contain no
unknown constants, and should be solely in terms of the regularized solution and the material data. In
other words we seek [|u — u®|| o < #", which will lead to 7~ & gwr) - : (#)* < #(u), thus supplying
an upper bound for the quantities in Box (5).
By definition

/Vv:[E:VudQ:/szgi’:VuRdQ:/f-de+/t~vdA, (8)
Q Q Q I,
and subtracting [, Vo : E: Va® dQ from both sides yields
/V'v: E: V(ufuR)dQ:/Vv: (#: Va® —E: Va®) dQ. 9)
Q Q
Since v is an arbitrary virtual displacement, we may set v = u — u® in Eq. (9) to yield
|lee — uR||§(Q> = / V—u®): (#: Va* —E: Va*)dQ
Q
= / E?: Ve—a®): E?: E': (2: Vi* —E: Vat) dQ
Q
1/2
< (/V(u—uR) c B V(e—u®) dQ>
Q

[lu—uR |z

1/2
x(/(gz:VuR—E:VuR):[EI:(,@:WR—[E:WR)dQ> . (10)
Q

Therefore,

2 —_ def 2
lu— |}y < fp (E—2): VaR): B (E—2): Va*)dQ® 7+,

(11)

To derive this result we used the fact that a symmetric positive definite matrix has a unique positive square
root, E = E'?: EY? and the Cauchy-Schwarz inequality. Note that the #*-bound depends only on %, E
and VuR. Therefore, using Box (11) we have ¢~ & ¢ (uR) —L(#*)* < #(u), and thus
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=it <207@)—9).

error=2( 7 (i) 7 (u)) upper bound

Remarks.

1. Bounds of such type have been studied in [8-10], however, they required that the decoupling solution U
be identical to uR. Clearly this is unnecessary. In the preceding bound, the tensor # did not have to be
constant, and this has been exploited to generate hierarchical micromechanical models in [9]. More gen-
eral theoretical aspects of such bounds, including their complementary (dual) formulation counterparts,
can be found in [10,12]. Under certain conditions, such bounds coincide with results found in [4,5].

2. It is important to realize that the only approximation in this entire estimate is ||z — u® | s SH *. Thus,
the ratio

def A
0= 7R
llu—u ||E(Q)
is an extremely good indicator of the quality of the estimate. Numerical and theoretical studies of the
proximity of ¢ to unity has been studied in [8-12]. It is clear that the tensorial parameter Z is free to
choose, provided it is symmetric and positive definite. Thus, ideally, one would want to minimize ¢ — 1,
in other words

de—1) _ Ple-1) .
W—07 W>0 é e@.

Unfortunately, minimization of ¢ — 1 is usually impossible, since |ju — u® | k(o) i unknown. However, an-

other avenue to optimize the bound is possible. Formally, the process to obtain the optimal choice, %Z7, is
to maximize the lower bound ¢, in other words

6/‘_0 FPg

oz = v <0 = %

For example, if we consider a one-dimensional displacement controlled structure

0<x<L: i(E(x)%> =0, u(0)=4y, u(l)=4,

del dx (13)
it is easy to show that
0= nyr — Bdéf <é>L
) ||“_”R||E(Q) <%>L, (14)

where the estimate is exact (¢ = 1) for

~1 L —1
R:<l> g(l/ ldx) )
E/, L), E

This value of R also maximizes ¢ . We remark that for traction controlled loading u(0) =0,
E(du/dx)(L) = G, for a given G, the error estimate is exact for any R. For three-dimensional problems,
the optimal tensor #*, which is problem dependent, is easily computable, since it requires no microscale
computations.
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4. A numerical example

As an example, we apply the decomposition approach to a sample of material containing a significant
amount of microstructure (Fig. 3). We simulated a rectangular block composed of an aluminum matrix
((r, 1) = (77.9,24.9) GPa), containing 10,240 boron particles ((r, u) = (230.0,172.9) GPa). This type of
composite is used for its lightweight and high overall stiffness. For the purposes of numerical experimen-
tation, this material combination exhibits enough significant mismatch in the mechanical properties to be
representative of a wide range of cases. The partitioning consisted of 512 subblocks (subdomains), each
containing a random distribution of 20 nonintersecting particles occupying approximately 22% of volume.
We considered external boundary loading of the form &;; = 0.001, i,j = 1,2, 3:

M1|ag S Enn i3 X1
Wl | = |62 En x| (x|,

& & & (15)
U3]oo 631 03 633 X3

which is relatively standard in micromechanical analyses. The usual motivation for such a loading is that
the sample is considered so large that it experiences nearly uniform strain (linear displacements) on its
boundary. For this loading, a straightforward kinematically admissible choice for U (in Box (2)) is
U = & - x. Before we ran the full tests, we repeatedly refined the finite element mesh for several subdomains
(subblocks), each containing the same number of spheres, but with different random distributions, until we
obtained invariant total strain energy responses. The result was that beyond typically a 24 x 24 x 24 mesh
(46,875 d.o.f. per test) per subdomain, roughly 2344 d.o.f. per particle, delivered macroscopically (volu-
metrically averaged) mesh invariant responses. The resulting number of total d.o.f. (n), if the entire domain
was directly simulated with this mesh density, would be n=21,567,171.

Table 1 illustrates some statistics using 512 subdomains. Figs. 4-7 provide the corresponding plots of the
individual responses for each subdomain. It is important to realize that since all subdomains are the same

12 SUBDOMAIN
512 SUBDO S 20 PARTICLES
PER SUBDOMAIN
@)
——
X 00
eveoe
(XXX
[ XXX
pees ey
A
[ ] [ ]
® ° MESH DENSITY

VARIABLE GAUSS RULES

Fig. 3. A ‘large’ sample of aluminum with 10,240 embedded boron particles. In reality the sample is approximately
0.1 mm x 0.1 mm x 0.1 mm, while the particles are approximately 0.0035 mm in diameter.

Table 1
Results of 512 material subdomains, each containing 20 randomly distributed spheres, for a total of 10,240*

Subdomain quantity Average Standard Deviation Max-min
W (GPa) 0.001373 7.2%x10°¢ 7.5%x 1073
CG-iter 48.8984 1.7737 11

4 Note that W & ﬁ JoVu: E: VadQ.
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Fig. 4. 512 subdomains: the energy responses, W ‘}7‘ JoVu: E: VadQ (GPa), of a block with 20 randomly distributed boron
spheres embedded in an aluminum matrix.
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Fig. 5. 512 subdomains: the corresponding histogram for the variations in energy, W o ﬁ oVu: E: VudQ (GPa).
size, that the projection of U = & - x on the interfacial boundaries would produce the same strain energy in
each subdomain if the material had been uniform. ' Therefore, it is logical to (statistically) compare the
solution behavior between the subdomains. Throughout the tests a standard preconditioned conjugate
gradient (CG) solver was used. The primary premise for its (wide) use is that a solution, to tolerable ac-
curacy, can be achieved in much less than O(n?) operations, which is required with most Gaussian-type
techniques. For overviews of a variety of such methods see [2]. The CG method, is guaranteed to converge
in 7 iterations, provided the algebra is performed exactly. At each iteration the computational cost is O(n?)
operations, and if the number of CG iterations is C, then the total cost is Cn> operations, where typically
C < n. Use of an iterative solver allowed the use of the vector U as a starting vector to speed up the
solution process. In other words, a starting vector that captures a priori the ‘long wave’ components
(low-frequency eigenmodes) of the solution is advantageous. This increases the effectiveness of the CG

! Clearly, it is a homogeneous deformation in this case.
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Fig. 6. 512 subdomains: the CG iterations of a block with 20 randomly distributed boron spheres embedded in an aluminum matrix.
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Fig. 7. 512 subdomains: the corresponding histogram for the variations in CG iterations needed for a solution.

searches for this class of problems. A well-known fact with regard to iterative solvers is the fact that they
are quite adept at capturing high-frequency responses. However, they typically may require many iterations
to capture ‘long-wave’ modes. For a discussion see [3]. For this decomposition, since the number of CG
iterations to solve each subdomain problem was my,. &~ 49 (Table 1). Therefore, the cost to solve all of the
subdomain problems was moc(n/N)’N ~ 49(n?/512), as opposed to the direct cost of approximately
Mgoon?, where Mo > mioc. In this case, the approximate cost savings are approximately direct costs/de-
composed costs = NMyiop/mioc = 512. The time to preprocess, solve and postprocess each 20 particle
subdomain took no more than 1 min on a single RISC 6000 workstation. Clearly, the overall solution
process is trivially parallelizable.

From the results of the numerical simulations, we computed the following upper bound, normalized by
the energy of U = & - x, on the error

~12 od -
Num e 2@ =07 s,

2 2
1010 1Ullk o)

(16)
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where the maximized

-1
fede e am e ()
2 12| Jo

has been used. The optimal #* stems from computing

U, S

ap* —1\ !
o7 = a%)2<0:>%:<E‘>Q.

Remarks.

1. Under special circumstances this decomposition process can be considered as a means of statistically

testing samples of heterogeneous materials. For further details see [11].

2. During the computations, to increase the resolution of the internal geometry, we applied a ‘2/5’ Gauss
rule, i.e., a 2 x 2 x 2 Gauss rule if there was no material discontinuity in the element, and a 5 x 5 x 5
rule if there is a material discontinuity (Fig. 3). Further details on this type of meshing procedure can

be found in [11].

5. A ‘total’ orthogonal sum

Clearly, for the class of problems under consideration, solutions must be generated numerically, for
example, as in the previous section, by the finite element method. We now consider the effect of the use
of the finite element method to generate a subspatial approximation to #, denoted #", governed per sub-

domain by

Find @, € H(Q¢) C H'(Q), ity oo, = U € H'(Q), such that

V’UKZ&};(dQ: fUKdQ+/ t"UKdA

Q Qx 0QxNI,
Vug € Hi(Qk) C H' (), Vilogenaur, = 0-

(17)

A critical point is that H(Q), H'(Q) c H'(Q). This ‘inner’ approximation allows the development of a

straightforward decomposition. Using a subspatial approximation, by direct expansion we have

#(#) = 3 5i(®)

K=1 K=1
_i/gkf.(ﬁj’(—im) dg_i/mmnt (ujg—i,,() du,
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where, by Box (17), for K =1,2,...,n

/ka(ﬁﬁ(—ﬁ,(): E: VﬁKdQ—/QKf(ilﬁ’(—ﬁK) dg—/ant.(ﬁ;—ﬁK)dA_o. (19)

Subtracting # (u) from both sides of Eq. (18) leads to

j(i/’) — Jw) = (@) — ¢ (u) +% /Qv(a - iﬂ) . E: v(a - uh) do, (20)
which immediately implies
ool s ool N

Therefore, the estimate of the error, for example, in Boxes (12) and (16) implicitly contains the numerical

discretization error. Clearly, the total error is composed of two mutually orthogonal parts:

1. a partitioning error introduced by subdividing the body and applying inexact boundary data on the in-
terfaces;

2. a numerical error, introduced by spatial discretization.

Therefore, if one has a numerical error estimator, one can isolate the pure decomposition error. Such

‘filtering’ processes have been performed in [11]. For details on elementary a priori numerical error esti-

mates, see the text of Hughes [6], while for a posteriori estimates see [1].

6. Extensions and future work

In order to achieve further reduction of the global/local error, the subdomain interfacial boundary
conditions must be improved. Clearly, the error bound in Box (12), and the orthogonality expression
in Box (21) still hold, provided that the modified, hopefully improved, local boundary data deliver a
globally kinematically admissible solution. Thus, we now discuss a few methods which consist of
updating the numerical d.o.f. on the interfaces of a finite element discretization. Without loss of
generality, and for simplicity of presentation, we consider that we have meshed each subdomain in the
substructuring process so that a global nodally conforming trilinear hexahedral finite element mesh
results.

6.1. Method I: globalllocal CG iterations

One can consider a process of updating interfacial nodal values as having as its goal the minimization of
the discrete analog of #(u), namely ¢ (&"), which is convex in terms of the finite element nodal displace-
ments. There exist a variety of classical techniques which could drive a process to minimize potential en-
ergies, the most applicable in the linearly elastic case being the CG method, which, for the sake of
completeness, we briefly discuss in the context of a global/local strategy.

Suppose we wish to solve the discrete system [K]{u"} = [B]. [K] is a symmetric positive definite n x n
matrix, {#"} is the n x 1 solution vector, [B] is the n x 1 right-hand side, and 7 is the number of discrete
unknowns. We define a discrete potential

der 1 T T
n=3 o'} (K| {u'} — {d"} [B].
Correspondingly, from basic calculus we have

&t [(OIT OIT VAN
Vn{a_m’a—m""’au} =0 = [K]{”h}*[m:o'
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Therefore, the minimizer of the potential I7 is also the solution to the discrete system. The CG method is
based upon minimizing IT by successively updating a starting vector. Therefore, the substructuring method
described in this work can be considered as a construction of an advanced initial starting guess, &, to the
solution of the global problem formed by directly discretizing the entire body with no decomposition. If we
are to directly apply the CG method, one will reduce _# ("), to the minimum value for the corresponding
global mesh discretization. Since a CG approach updates all values in the entire domain simultaneously, via
a global matrix—vector multiply, each iteration can be thought of as providing global transfer of infor-
mation, i.e., microstructural corrections to the initial solution #", and thus the interfacial boundary con-
ditions. The minimum of the discrete potential is the global solution for the given finite element
discretization. However, instead of a direct application of the CG method, one can perform a set number of
global CG iterations, M,op, then reevaluate the local boundary value problems with the new local boundary
data. Per subdomain we have mjo.(n/N )2 operation counts, where m,. is the number of local CG iterations
for subdomain solution convergence. For simplicity, we have assumed that one would use the CG method
to solve each subdomain problem, and that m,,. is approximately the same for each subdomain. Therefore,
for N total subdomains we have moc(17/N)°N operation counts. Let us denote the number of times that we
globally iterate and resolve the local problems as, .%. Thus, in total, we have

n\?2 Migc
y(Mglobn2+leoc(N) ) - y(Mglob+ ]i, )nz.

Therefore, a direct CG approach and a projecting global/local resolve approach compare as follows:

Mioc
N

projecting and resolving

¥ o (Mglob + )n2 and Cn?

conjugate gradient

(22)

Clearly, the magnitudes of C and C determine the relative performance of the two methods.

6.2. Method II: iterative equilibration

Clearly, when decomposing the structure by a projection of a kinematically admissible function onto the
partitioning interfaces, regardless of the constitutive law, the error is due to the jumps in tractions at the
interfaces (Box (4)). If the interfaces would be in equilibrium, then there would be no traction jumps.
Therefore, an approach which attempts to eliminate the jumps in tractions is sought next.

6.2.1. Global equilibration
For global equilibration one treats the entire interface as a single subdomain, denoted w C @, and solves
the following (Fig. 8):

Find s € H'(0), $|y,nuor, = € H'(2), such that

/Vv: o'(s)dw:/f-vdw—i—/ t-vda (23)
[} w dwNrly

Yo € H' (), v‘awm(wuru) =0.

The new interfacial displacements are then computed, and the subdomain problems are re-solved. The
process is repeated until convergence. The entire interface problem can be quite large. A less expensive
approach, amenable to trivial parallel processing, follows.

6.2.2. Local (nodal) equilibration
For local equilibration, one prescribes small nonintersecting ‘nodal domains’, wg (Fig. 8), surrounding
each interfacial node 1 <K <M (M =number of interfacial nodes):
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T T
GLOBAL INTERFACE LOCAL INTERFACE (NODAL)
PROBLEM IS SOLVED PROBLEMS ARE SOLVED

Fig. 8. Global equilibration and local equilibration.

Find sy € H'(wx), skl =@ c H'(Q), such that

dwxN(wgUTy)

/ Vg : ox(s) dog = / f vk dog —|—/ t-vg dag (24)

dwx NIy

VUK € Hl (wK)7 ’UKlau)Kﬁ(u)KUI'M) =0.

The new interfacial displacements are then computed, and the subdomain problems are resolved. The
process is repeated until convergence. The advantage of such an approach is that the nodal domains can be
processed independently of one another. The disadvantage is that global equilibrium is not satisfied
throughout the entire interface. Either of the introduced approaches can be considered as a fixed-point
iteration, which we discuss next.

6.2.3. General fixed-point iterations

Consider a general system of coupled partial differential equations given by .«/(s) = &, where s is a
solution, and where it is assumed that the operator, .7, is invertible. One desires that the sequence of it-
erated solutions, s', 7 = 1,2, ..., converge to .o/~ ' (#) as I — oc. If s’ is a function of .«7, #,s',...,s' X one
says that K is the order of iteration. It is assumed that the /th iterate can be represented by some arbitrary
function s’ = 77 (.7, #,s'"!). One makes the following split s’ = %’(s'~!) + #. For this method to be useful
the exact solution should be reproduced. In other words, when s= .o/ '(%), then s =.o/ '(F) =
4" (/' (F)) + ¥ Therefore, one has the following consistency condition ¥ = .o/ '(F) — 4" (o4 (F)),
and as a consequence, s' = %' (s'"!) + .o/ (F) — 4" (/"' (F)). Convergence of the iteration can be studied
by defining the error vector:

eI = SI — 8
=5 — o (F)
=9'(s )+ (F)-G (2 (F)) - A4 (F)
=4 (s -4 (47N (F)). (25)

One sees that, if %' is linear and invertible, the above reduces to e/ = %/(s'! — .o/ 1 (F)) = ' (!)).
Therefore, if the spectral radius of ', i.e., the magnitude of its largest eigenvalue, is less than unity for each
iteration /, then ¢/ — 0 for any arbitrary starting solution s/=° as / — oo.

6.2.4. An example
Again consider the simple one-dimensional structure

d d
0<x<s (B0 ) =0 0= d ut)= 4
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-
u(o) 25 U(L)

Fig. 9. A one-dimensional equilibration example.

in Fig. 9. Consider two subdomains, and one interfacial problem, which are solved in an iterative manner
i=1,2,...,N, until

“(3)]-

subdomain#1 (O <x< g)

&\ = %IQ
VR
S

o
&
N———
||
<
=
=
Il
N
(=}
=
/N
N~
N—
I
(4\
7 N\
| B~
N—

=1
subdomain#2 (L<x<L EZ% = i LY_¢(& , (L) = Ay,
2 d 2 2 26)
interface <§ —0<x<3 L + (S>

d(g d_SI_O
2 o\ F0g ) =0
+

/(3-0)-(5-0) <(5+0) -+

Since there is only a single one-dimensional interface, the global and local equilibration methods are the
same. A simple starting value, that of the regularized solution,

S0<L) _ u(L) +u(0)

2 2

is chosen. After some algebra we have, ¥ =1 — @, where ©® = 2J/L, yielding

(g) :w(g) + @((ElEjEZ)w(L) — u(0)) +u<0>)>

/(5)=4(3) ()
0o (£) (5)
=(1-0)d"! (g)
=1 —@)le[_()(%).

One sees that convergence occurs if (1 — @) < 1, which implies 6 > 0. The rate of convergence is linear and
is controlled by the size of 9.
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To illustrate the approach we compared it to classical a classical overlapping Schwarz method (see [7]),
which for this simple structure could be written as

subdomain#1 (0 <x< %+ 5)

subdomain#2 (% —0<x< L)

4
" dx

d

&

[
[

dx

di} (L (L -

<

(L 1L
](O)ZA(), u{(§+5):u£l(§+5),

(28)

Depicted in Figs. 10-12 are the relative performances of both approaches (equilibration and overlapping
Schwarz). The parameters were L = 1, E; = 10 x 10° GPa, E, = 100 x 10° GPa. Each of the approaches
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Fig. 11. Jump in tractions o E, % —-E % . Top for an overlap of 6 = 0.1 and bottom for 6 = 0.2.

iteratively improved the interfacial data by balancing the jumps in the tractions via information exchange
between subdomains. Clearly, the overlapping Schwarz method attained a faster rate of convergence since
more information is provided via the fact that the entire extended subdomain problem is solved during the
iterative process. Generally, the local equilibration method is less expensive to compute for three-dimen-
sional problems, however, as illustrated by the preceding one-dimensional example, it will probably exhibit
slower rates of convergence.

6.3. Concluding remarks

Depending on the problem, one method may exhibit superiority over another in terms of the overall cost
for a desired solution accuracy. It is important to remark that, in the general three-dimensional case, for
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Fig. 12. Error work def

(El Wl _ g, %) (u) —a) ‘ Top for an overlap of 4 = 0.1 and bottom for 6 = 0.2.

either the global/local CG approach or the iterative equilibration approach, one can determine whether the
solution is improving by monitoring the potential of each iterate, #(a#'). A decreasing potential indicates
that the solution is improving since |lu — & ||‘25(Q) =2(f(@) — #(u)) and #(u) is fixed. Clearly, the error
bound in Box (12) holds for the iteratively generated kinematically admissible solutions, and is

= i:’H;Q) =2(s) ~ s w) <2( s~ 57,

= 4 () _%/Q((gz_[g);w*‘); E': (#-F): Vat)dQ. (29)

=(a+)?
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Thus, one should maximize ¢~ over uR, via %, and retain it for any subsequent iterations, since it is

iteration independent. As we have indicated earlier, the only approximation in this entire estimate is
|l — u®|| £@) <A, which is exact for the previous one-dimensional example, using the regularized pa-
rameter

1 sr !

Application of the global/local CG approach, iterative equilibration or classical overlapping methods to
three-dimensional problems is under current investigation.
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