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Abstract

In this work, based on experimental observations, a model for the pressure dependent diffusion and accumulation of

hydrogen ahead of a propagating intergranular crack front is developed. In the model, the pressure dependency of the

diffusion is incorporated into the activation energy of an Arrhenius form of the material’s diffusivity tensor along high-

diffusivity grain boundaries. Inherent to the model is that large amounts of hydrogen can be absorbed into the crack’s

process zone, due to the high triaxial stress in that region, which produces a larger effective diffusivity locally. Further

ahead, the effective diffusivity quickly decreases. The combined effect forms a barrier to further rapid penetration, which

leads to the mentioned accumulation of the hydrogen in the process zone. Theoretical aspects of the model are discussed

and numerical simulations of the transient distributions of hydrogen and subsequent crack front propagation are

performed to illustrate the main characteristics of the model. � 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In a large number of cases, environmentally
induced intergranular cracking mechanisms have
at their root the absorption or internal production
of hydrogen. Due to its relatively small atomic
size, hydrogen easily penetrates most solid mate-
rials. In metals, a common penetration mechanism
is by hydrogen traveling down high diffusivity
grain boundaries (Fig. 1). Experimentally, it is
frequently observed that hydrogen accumulates in
locations of high positive triaxial stress. In a sense,

one can interpret the microstructure as becoming
‘‘opened up’’, and thus providing more energeti-
cally favorable places for diffusion. Further details
and thermodynamically-based arguments related
to pressure dependency of the diffusivity can be
found in Flynn [13]. There are a variety of possi-
ble associated hydrogen damage mechanisms. See
Fontana [14] or the Metals Handbook [15] for case
studies. In general, the relatively high energy states
of stressed materials lowers the barrier to ioniza-
tion (stripping off of electrons). Most physical
systems attempt to equilibrate the ionic concen-
tration, which can lead to detrimental metallurgical
changes, as well as production of high pressure gas.
Grain boundaries are such high energy regions,
and are therefore highly susceptible to accelerated
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attack in an aggressive environment. The end effect
of the chemical reactions at the grain boundaries is
that cleavage fractures occur. There a number of
other possible variants and combinations of the
mentioned grain boundary degradation mecha-
nisms. For example, there are a variety of models
which attempt to describe the processes that take
place in the process zone that lead to subcritical
fracture, such as hydride inclusion formation and
hydrogen enhanced localized plasticity (HELP), as
advocated by Birnbaum and collaborators. Clearly,
no single model can completely explain all hy-
drogen damage. However, common to these modes
of hydrogen failure is the fact that the grain
boundaries rupture, and that this failure is directly
related to the presence of hydrogen. We refer the
reader to [1,4–7,10–12,16–35]. The preceding
models concentrate on a different aspect of chem-
ically-aided fracture, essentially on (smaller scale)
mechanisms within the process zone leading to
subcritical crack progression. In this work, a fairly
general computational model is developed, which
can be used in conjunction with the majority of
referenced models.

1.1. A specific case of interest: experimental obser-
vations

In Zohdi and Meletis [35] time-discontinuous
hydrogen-assisted mode-I intergranular cracking
was observed in rolled aluminum–lithium alloy in
the T6 condition (2090 AL–2.2Li–2.9Cu–0.12Zr).

The term time-discontinuous denotes that the crack
front propagated, then arrested, with the process
then repeating itself. In other words, crack fronts
grew discontinuously with time, i.e. they appeared
to ‘‘jump’’. In the mentioned laboratory experi-
ments, the material was produced in the form of a
rolled plate, and its microstructure consisted of
flattened grains with average dimensions of
1100 lm� 240 lm� 11 lm. Double cantilevered
beam (DCB) specimens were prepared from the
plate in such a way that the crack plane was par-
allel to the flattened grain boundaries. The DCB
specimens were 2.54 cm high (plate thickness), 1.3
cm wide and 12.5 cm long, providing valid plane
strain conditions in the specimen interior. The
specimen was first fatigue precracked to develop a
sharp and straight crack front. The specimen was
then subsequently tested in a 3.5% NaCl solution
(pH ¼ 6:9) under cathodic charging to induce hy-
drogen adsorption on the crack root and was
loaded at a constant KI ¼ 8:62 MPa

ffiffiffiffi
m

p
. The

crack growth measurements showed that a crack
front advances in a discontinuous manner, with a
relatively consistent overall crack velocity of ap-
proximately 5� 10�8 m/s. Scanning electron mi-
croscope (SEM) examinations of the fracture
surfaces showed an exclusively intergranular
cracking mode. Detailed fracture surface obser-
vations revealed the presence of two types of
crack-arrest markings (CAM); micro- and macro-
CAM. The micro-CAM indicated that the position
of the individual crack jumps, and their average
spacing was approximately between 20 and 30 lm.
Both types of CAM ran perpendicular to the di-
rection of the crack propagation. Measurements of
the spacing between macro-CAM showed that
they corresponded to the jump events monitored
on the specimen surface. Therefore, the measured
velocity reflects the overall crack velocity relates
to the time to ligament fracture, and not to the
individual jump times, which are relatively short.
In other words, the intergranular crack front
‘‘paused’’ at these locations (macro-CAM) until
the ligaments were fractured by stress-chemical
interaction. The measured incremental amount of
crack front advance corresponded quite well to the
process zone size ahead of the crack, which was
also estimated to be between 20 and 30 lm. Due to

Fig. 1. Hydrogen absorption into the interior of a solid via

grain boundary diffusion.
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the micro-CAM markings, the experiments sug-
gested that some type of microfissuring occurred in
the vicinity of the process zone boundary which
propagates backwards and connects to the inter-
granular crack front. In summary, the incremental
ligament fracture ahead of the crack appears to be
the slowest step and controls the overall crack
velocity. The experiments suggest that for the
crack front to advance, ‘‘incubation time’’ is nee-
ded to sufficiently degrade the material in the hy-
drogen saturated process zone.

1.2. Scope of the work

The goal of this work is to develop a relatively
simple model to simulate the described series of
events. The outline of the paper is as follows. In
Section 2, a model to simulate the pressure de-
pendent diffusion and accumulation of hydrogen
ahead of a intergranular crack front is developed.
In Section 3, an approximation to the pressure
field is discussed. In Section 4, a computational
procedure is presented for the propagation of a
crack front. In Section 5, numerical experiments
are conducted and the results are discussed. In
Section 6, some concluding comments are given.

2. Pressure-dependent diffusion models

The mass balance for a small diffusing species,
denoted by the normalized concentration of the
solute c (molecules per unit volume), in an arbi-
trary subvolume of material contained within X,
denoted x, consists of a storage term ( _cc) and an
inward normal flux term (�G � n), leading toR

x _ccdx ¼ �
R
ox G � nda. After using the divergence

theorem, since the volume x is arbitrary, one has

_cc ¼ r � ðD0e
�U=Rh � rcÞ; ð1Þ

where the familiar Arrhenius form has been used,
where D0 is the diffusivity tensor (area per unit
time) at a reference temperature, U is the activa-
tion energy for solute motion per mole of diffusive
species, R is the universal gas constant and h is
the temperature. Clearly, on the micro-continuum
scale, the diffusivity tensor of the material is a
phenomenological parameter, which depends on

the temperature. However, additionally it is also
sometimes observed that, in regions of relatively
high positive triaxial stress, the diffusion is accel-
erated, while in regions of high negative triaxial
stress, diffusion is decelerated.

A simple constitutive model to incorporate
stress-dependency phenomena is given by a
pseudo-Fickian/Arrhenius law, G ¼ �D0e

�UðrÞ=Rh �
rc. An additive split for stress dependency can be
written as [36] UðrÞ ¼ U0 þ eUU ðP Þ, where U0 is a
stress-independent reference activation energy and
P ¼ �trr=3 is the pressure. Such a split can be
motivated by thermodynamical arguments found
in Flynn [13]. It is logical to require that the
function eUU ðP Þ have the following properties:

eUU ðPÞ < 0 for P < 0;eUU ðPÞ > 0 for P > 0;eUU ðPÞ ¼ 0 for P ¼ 0:

ð2Þ

If we expand eUU ðPÞ around P ¼ 0 we have

eUU ðP Þ ¼ 0þ o eUU ðPÞ
oP jP¼0

P þ � � � ¼ gP ¼ �g
trr

3
; gP0:

Therefore we have U � U0 � gðtrr=3Þ. The pa-
rameter can be considered as an ‘‘activation vol-
ume’’, and is discussed at length in Flynn [13].
Therein, experimental results are tabulated for
various solid/solute combinations. Essentially, the
embedding of a spatially-variable pressure field
into a spatially-constant diffusivity, transforms the
diffusivity into a spatially heterogeneous diffu-
sivity. Thus, the solid appears to have a hetero-
geneous diffusive composition of relatively high
diffusivity in negative pressure regions and rela-
tively low diffusivity in positive pressure regions.

3. Approximate pressure fields

To model the pressure fields ahead of the crack
front, we consider an initially sharp mode-I crack,
producing a singular linearly-elastic stress field,
where rij ¼ ðKI=

ffiffiffiffiffiffiffi
2pr

p
Þfijð/Þ and where the fij are

functions of / (Fig. 2). Using standard notation,
the stress intensity factor is KI ¼ fr

ffiffiffi
a

p
, where a

is half the length of the crack and where r is
the remote stress. For an infinite planar domain
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under remote uniaxial loading we have f ¼
ffiffiffi
p

p
.

Throughout the analysis we consider only plane
strain conditions. Correspondingly, we have

rxx ¼
KIffiffiffiffiffiffiffi
2pr

p cos
/
2

�
1� sin

/
2
sin

3/
2

�
;

ryy ¼
KIffiffiffiffiffiffiffi
2pr

p cos
/
2

�
1þ sin

/
2
sin

3/
2

�
;

rxy ¼
KIffiffiffiffiffiffiffi
2pr

p sin
/
2
cos

/
2
cos

3/
2

;

rxz ¼ ryz ¼ 0; rzz ¼ mðrxx þ ryyÞ;

ð3Þ

and therefore, for the pressure

P ðr;/Þ ¼ � 2ð1þ mÞ
3

KIffiffiffiffiffiffiffi
2pr

p cos
/
2
; ð4Þ

where m is the material Poisson ratio. At the crack
tip, the pressure is singular ðP ¼ Oðr�1=2ÞÞ, and
thus when inserted into the Arrhenius law, the
diffusivity also becomes singular, if the material
remains linearly elastic. However, we consider that
material and geometric nonlinearities occur (such
as crack blunting) in the process zone and thus the
stresses at the tip remain finite. An approximation
of the nonlinear pressure field is determined by
first computing the domain within an envelope of
points where the von Mises criteria holds, i.e. r0:
r0 ¼ 2Y2=3, where r0 is the deviatoric stress, andY
is the yield stress obtained from a uniaxial tension
test. Under plane strain conditions, this leads to a
radial envelope function of the process zone given
by

rpð/Þ ¼
K2

I

4pY2

3

2
sin2 /

�
þ ð1� 2mÞ2ð1þ cos/Þ

�
:

ð5Þ

Specifically at / ¼ 0, we have the well known re-
lation rp ¼ ðK2

I =2pY
2Þð1� 2mÞ2. Since the diffusion

along grain boundaries is approximately 1000
times greater than in the transgranular direction,
for the materials of interest in this work, the dif-
fusion process is considered to be one-dimen-
sional. Therefore, a specific plane, that of / ¼ 0,
i.e. along the grain boundary, is of primary im-
portance. The pressure is approximated as being
constant throughout the process zone, given by the
elastic value at x ¼ rp and / ¼ 0

P 
 ¼def P ðx ¼ rp;/ ¼ 0Þ ¼ � 2ð1þ mÞ
3

KIffiffiffiffiffiffiffiffiffi
2prp

p : ð6Þ

This pressure is used in the process zone, while the
elastic solution field is used in the remainder of the
body. The approximations neglect the redistribu-
tion of the stress field in the elastic portion of the
body, and are thus accurate only when the process
zone size is small compared to other length scales
in the problem. This is assumed to be the case in
the present study. We remark that the process zone
size (along the / ¼ 0 plane) tends to zero as the
incompressible limit is approached, and thus the
average pressure in the process zone becomes in-
finite. The Poisson ratio of the aluminum–lithium
alloy used in this work was approximately m ¼
0:295, which produces process zone (small) sizes
safely within the range of validity of the assump-
tions made in the derivation of the expressions.

4. Intergranular crack front growth

We assume that D ¼ D0e
�UðrÞ=Rh is isotropic,

but spatially variable (due to the variation of the
pressure). Therefore, D0 can be represented by
D0 ¼ D0I in three dimensions and simply a scalar
function D0 in one dimension. In order to extract
some qualitative information on the behavior of
the model, we first consider a two point boundary
value problem describing steady state diffusive
solution behavior along a grain boundary. Ac-
cordingly, consider a ligament ahead of a mode-I

Fig. 2. An idealization of an intergranular crack front with

hydrogen adsorbed onto the root of the crack tip.
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crack (Fig. 3) to form the following two point
boundary value problem: r � ðD0e

�UðrÞ=Rh � rcÞ ¼
_cc ¼ 0; cðx ¼ 0; tÞ ¼ cs ¼ 1 and cðx ¼ L; tÞ ¼ 0.
The solution is monotonically decreasing, starting
from the front surface

cðxÞ ¼ cs þM
Z x

0

1

D0e�ðU0þgP Þ=Rh
dx;

where M ¼ � csR L
0

1

D0e
�ðU0þgP Þ=Rh dx

: ð7Þ

Since the term D0e
�ðU0þgP Þ=Rh is relatively large in

the process zone, the concentration stays relatively
high in that region. However, once D0e

�ðU0þgP Þ=Rh

starts to drop, the concentration decreases more
rapidly. Essentially, a ‘‘flux-barrier’’ is formed that
permits only limited solute penetration, i.e. low
concentration gradients and low fluxes. The pres-
sure field ahead of the crack will lead high solute
accumulation, since the homogeneous diffusivity
(D0) is transformed into a spatially heterogeneous
one ðD0e

�ðU0þgPÞ=RhÞ. The concentration gradient is

dcðxÞ
dx

¼ M
D0

eðU0þgP Þ=Rh;

thus one observes that the term controlling the
concentration gradient is eðU0þgPÞ=Rh drops rapidly,
thus locally trapping the hydrogen. One can in-
terpret the stress state as producing a relatively
high effective diffusivity immediately ahead of the
crack. Outside the process zone the effective dif-
fusivity then decreases rapidly. The combined ef-
fects cause accumulation of hydrogen in the
process zone. For the transient distributions, if the
diffusivity were to remain constant, the boundary
value problem could be solved analytically. How-
ever, because of the pressure induced heteroge-
neous effective diffusivity, the boundary value
problem must be solved numerically. We employ
an implicit finite difference scheme to compute the
diffusion of the hydrogen.

4.1. Numerical discretization

For the mentioned reasons (highly diffusive
grain boundaries), we consider only the one-di-
mensional case, i.e. diffusion along the grain
boundaries. Using a central finite difference stencil
for the representation of the flux we have

D
dc
dx

� DðxÞ cðxþ hÞ � cðx� hÞ
2h

;

where h is the uniform grid spacing for the x di-
rection. Applying the difference formula once
again to the flux, we obtain

The time dependent term is also approximated by
a difference approximation at t, _cc � ðcjtþdt � cjtÞ=
dt. The standard scheme is as follows for 06K6 1:

KkðcÞ|fflffl{zfflffl}
evaluated at t

þ ð1� KÞkðcÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
evaluated at tþdt

¼ _cc|{z}
evaluated at tþdt

: ð9Þ

If K ¼ 1 we have the implicit ‘‘backward Euler’’
approximation, while if K ¼ 0 we have the explicit
‘‘forward Euler’’ approximation. In the computa-
tional experiments to follow later, we have used an

d

dx
D
dc
dx

� �
¼ Dðxþ hÞcðxþ 2hÞ � ðDðx� hÞ þ Dðxþ hÞÞcðxÞ þ Dðx� hÞcðx� 2hÞ

4h2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼defkðcÞ

: ð8Þ

Fig. 3. An approximation of the pressure in the process zone.

494 T.I. Zohdi / Computational Materials Science 24 (2002) 490–500



implicit midpoint rule of K ¼ 0:5, thus requiring a
system of equations to be solved at each time step.
We used a standard frontal successive over re-
laxation (SOR) iteration procedure to solve the
system of equations, which, for the sake of com-
pleteness, is discussed next.

4.2. An iterative frontal SOR algebraic system
solver

Since we will later introduce reactions into the
analysis, we discuss the numerical solution scheme
for the one-dimensional analog to the more gen-
eral reaction-diffusion equation, _cc ¼ r � ðD � rcÞ�
sc. Within a time step, we used the SOR method to
solve the algebraic system of equations. Following
the standard procedure, we group together terms
and apply the SOR iteration procedure in a mov-
ing front fashion.We emphasize that this ‘‘solution
front’’ is not the crack front. The usual procedure is
to first perform a Gauss–Seidel iteration, then to
accelerate the solution with an SOR update. All
nodes behind the solution front, i.e. behind the
node in question, have the updated SOR values,
while those ahead have the previous iteration val-
ues. We have four terms, one on the front
V jtþdtc

i;GS, where

V jtþDt ¼
def � 1� K

4h2
ðDðx

�
þ hÞ þ Dðx� hÞÞjtþDt

�

� 1

Dt
� s;

one ahead of the front

Bð1ÞjtþDt ¼
def 1� K

4h2
ðDðxþ hÞci�1;SORðxþ 2hÞÞjtþDt;

one behind the front

Bð2ÞjtþDt ¼
def 1� K

4h2
ðDðx� hÞci;SORðx� 2hÞÞjtþDt;

and one evaluated at the previous time t Qjt ¼
def

KkðcÞjt þ cðxÞ=Dtjt. The Gauss–Seidel solution is

ðBð1Þ þ Bð2ÞÞjtþDt þ V jtþDtc
i;GS jtþDt þ Qjt ¼ 0;

which leads to

ci;GS jtþDt ¼ �ðBð1Þ þ Bð2ÞÞjtþDt þ Qjt
V jtþDt

; ð10Þ

with the corresponding SOR acceleration being

ci;SORjtþDt ¼ ð1� xÞci�1;SORjtþDt þ xci;GSjtþDt: ð11Þ

This approach is standard (see for example [2,3]
for details). The parameter 16x6 2 is a ‘‘free’’
relaxation parameter which reduces the spectral
radius of eigenvalues of the iteration matrix. For
lack of any better value, we made the specific
choice of x ¼ 1:5 in the numerical experiments.
The iterations were carried out untilPN

i¼1 jciþ1 � cijPN
i¼1 jciþ1j

6 tol ¼ 0:0000001

at each time step.

4.3. Criteria for crack front advancement

In the numerical simulations, we employ a
simple criteria whereby when the average concen-
tration in the process zone ligament ahead of the
crack attains a critical value, which is scaled by a
measure of the stress, the front is advanced. In
order to motivate the stress dependent scaling, we
employ an approach of ‘‘critical’’ concentration
dependent stress intensity factors. Such ideas are
somewhat standard in the application of fracture
mechanics concepts to stress corrosion cracking,
for example see works dating back at least to
Brown [8]. We first consider a concentration de-
pendent threshold stress intensity factor K


I ¼
def

K

I ðc;KIÞ, which is an increasing function of con-

centration. We employ an evolution law of the
form dK


I =d�cc ¼ AK

I , K



I ð�cc ¼ 0Þ ¼ KI, where

�cc ¼ hcðxÞirp ¼
def 1

rp

Z
rp

cðxÞdx:

When the concentration is sufficiently high, and
thus the concentration dependent stress intensity
factor equals or exceeds a critical value, K


I PKcrit
I ,

then subcritical fracture is said to occur. The so-
lution to the evolution law is simply K


I ¼ KIe
A�cc,

which leads to a simple definition for the critical
hydrogen concentration in the process zone,

�cccrit ¼
1

A
ln

Kcrit
I

KI

� �
:

When hcðxÞirp P�cccrit, or equivalently K

I PKcrit

I ,
then the crack front is advanced. The critical
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values are calibrated, later in the numerical ex-
periments, by matching laboratory data on overall
crack front velocity rates.

The overall advancing crack front algorithm is
(KI ¼ constant) 1

Compute process zone size : rp ¼
ðKIÞ2

2pY2
ð1� 2mÞ2

ðHÞ At a given time step t

Compute the pressure field :

P ðtþDtÞðxÞ ¼ � 2ð1þ mÞ
3Y

KIffiffiffiffiffiffiffiffiffi
2prp

p 8x in process zone

P ðtþDtÞðxÞ ¼ � 2ð1þ mÞ
3Y

KIffiffiffiffiffiffiffiffi
2px

p

8x beyond process zone

Compute transient concentration :

Starting distribution : cðtþDtÞðxÞ ¼ cðtÞðxÞ;
8x 2 ð0;LÞ

When hcðtþDtÞirp P
1

A
ln

Kcrit
I

KI

� �
advance front by DaðtþDtÞ ¼ rp

cðtþDtÞðxÞ ¼ cs ¼ 1 8x behind the advanced front

Return to ðHÞ with updated values ðt ¼ t þ DtÞ:
ð12Þ

Remark. The somewhat phenomenological mate-
rial constant, A, is a result of the smaller scale
mechanisms within the process zone, such as hy-
dride formation, addressed in the works cited
earlier.

5. Numerical experiments

The total grain boundary ligament ahead of the
crack (Fig. 2), is chosen to be three times the
length of a flattened grain from the mentioned
laboratory experiments: L ¼ 3� 1100 lm, cðx ¼ 0;
tÞ ¼ cs ¼ 1; cðx ¼ L; tÞ ¼ 0. In the simulations,
3300 spatial (one node per micron) and 1000
temporal discretization nodes were used. This de-

gree of discretization insured no changes in the
solution for further numerical refinements for all
the simulations in this work. The total computing
time for a complete test run took a few seconds on
a standard IBM RISC 6000 workstation. The
material values used are taken from experiments in
Zohdi and Meletis [35] for AL–2.2Li–2.9Cu–
0.12Zr aluminum–lithium alloy in the T8 condi-
tion. The values are as follows: m ¼ 0:295, Y ¼ 307
(MPa), KI ¼ 8:62 MPa

ffiffiffiffi
m

p
. The selected mechan-

ical parameters led to a computed process zone
size of rp ¼ 21 lm, whereas the experimental val-
ues were approximately between 20 and 30 lm.
The computed value for the crack tip radius was
q ¼ 5:3 lm. We defined a critical value for the
pressure dependency parameter (g), which would
force U ¼ U0 þ eUU ðP Þ ¼ 0 at the process zone
boundary, g
 ¼def�U0=P ðrpÞ. The experimental value
of U0 ¼ 7000 (Nm/mol) for the activation energy
was used. For the selected material values, g
 ¼
1:059� 10�5 m3/mol. The values of g were nor-
malized by g ¼ cg
, 06 c < 1. As mentioned, the
observed overall velocity measured from one
hour’s time was approximately 5� 10�8 m/s, which
leads to a front position of 3600 s� 5� 10�8 m/
s ¼ 0:00018 m after 1 h. Accordingly, for the
numerical experiments we constructed the follow-
ing parameter identification cost function

P¼def j0:00018� xnumf ðKI;A; c;Kcrit
I Þj

0:00018
; ð13Þ

Fig. 4. KI ¼ 8:6 MPa
ffiffiffiffi
m

p
, g ¼ 0:3g
 and A ¼ 0:1535. The av-

erage concentration in the entire grain boundary.

1 The stress intensity factor KI ¼ r
ffiffiffiffiffiffi
pa

p
is held constant by

adjusting the remote stress (r) due to the growing crack length

(a).
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where xnumf ðKI;A; c;Kcrit
I Þ is the numerically com-

puted front position for the given set of parame-
ters. For the diffusivity, an experimental value of
D0 ¼ 2:2� 10�10 (m/s2) was used. In order to nar-
row down the parameter studies, we set Kcrit

I ¼
10:0 MPa

ffiffiffiffi
m

p
, which is slightly greater than

the concentration-free load value of KI ¼ 8:62
MPa

ffiffiffiffi
m

p
used in the laboratory experiments.

Consistent with laboratory experiments, in the first
set of numerical experiments, for each individual
time varying test, KI ¼ 8:62 MPa

ffiffiffiffi
m

p
was fixed.

We performed studies varying 06 c ¼ g=g

6 1,

and allowing AP 0. The optimal parameter set
(which minimized P in Eq. (13)) was found to be
approximately ðc;AÞ ¼ ð0:3; 0:1535Þ. The value of
A ¼ 0:1535, along with the stress intensity factors,
leads to the following critical value for hydrogen,
�cccrit ¼ 0:9825. The front propagation correspond-
ing to this optimal set is shown in Figs. 4–7 for the
optimal ðc;AÞ parameter set, with fixed KI ¼ 8:6
MPa

ffiffiffiffi
m

p
. The averages in the entire original grain

boundary length (fractured and still intact regions)

Fig. 7. KI ¼ 8:6 MPa
ffiffiffiffi
m

p
, g ¼ 0:3g
 and A ¼ 0:1535. Distributions of hydrogen in the intergranular zone. Distributions at (T ¼ 3600),

t ¼ 0:2T ¼ 720s, t ¼ 0:4T ¼ 1440s, t ¼ 0:6T ¼ 2160s, t ¼ 0:8T ¼ 2880s, t ¼ 1:0T ¼ 3600s.

Fig. 5. KI ¼ 8:6 MPa
ffiffiffiffi
m

p
, g ¼ 0:3g
 and A ¼ 0:1535. The av-

erage concentration in the propagating front’s current (con-

tinuously reformed) process zone.

Fig. 6. KI ¼ 8:6 MPa
ffiffiffiffi
m

p
, g ¼ 0:3g
 and A ¼ 0:1535. The po-

sition of the moving front. Distributions at (T ¼ 3600), t ¼
0:2T ¼ 720s, t ¼ 0:4T ¼ 1440s, t ¼ 0:6T ¼ 2160s, t ¼ 0:8T ¼
2880s, t ¼ 1:0T ¼ 3600s.
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are shown in Fig 4. The curves contain small
‘‘ripples’’, stemming from the jump increase in the
average concentration after each process zone
ligament fracture. Correspondingly, after each
ligament fracture there is a jump decrease in the
concentration in the newly formed process zone.
Since all of the highly hydrogen saturated material
was fractured away, a period of time (an ‘‘incu-
bation time’’) is required to build up the hydrogen
to sufficiently critical levels in each new process
zone (the dips in Fig. 5). The slightly different
amounts of time to individual fracture are due to
the residual, transient, amounts of hydrogen in the
elastic zone which remain after the previous front

advance (Figs. 6 and 7). These residual amounts
lead to variations in the time to buildup a critical
amount of hydrogen from jump to jump. In a
further set of numerical experiments, the depen-
dence of final front position on KI (after 1 h), for
the optimal set of ðc;AÞ, was computed (Figs. 8
and 9). Themodel predicts monotonically linear
growth with increasing KI.

6. Concluding remarks

For many types of materials, the reactions with
hydrogen can be autocatalytic, i.e. more hydrogen
is produced as the reactions take place. This will
lead to a higher buildup of hydrogen, and conse-
quently faster intergranular cracking. However, in
other cases, the hydrogen becomes neutralized af-
ter reaction, i.e. the hydrogen is consumed, thus
leading to lower buildup in the process zone, and
thus lower intergranular crack propagation rates.
A classical stoichiometrically inexact approxima-
tion is to assume that the diffusing species reacts (is
created or destroyed) in a manner such that the
rate of production of the reactant (s) is directly
proportional to the concentration of the diffusing
species itself, _ss ¼ sc [9]. Performing a mass balance
leads to _cc ¼ r � ðD � rcÞ � sc, where when s > 0,
the diffusing species is destroyed as it reacts, while
s < 0 means that the diffusing species is created as
it reacts, i.e. an autocatalytic or ‘‘chain’’ reaction

Fig. 9. The effect of variation of the reaction (s) in the mass balance.

Fig. 8. The dependency on crack front position (after one hour)

with variation of KI for ðc;AÞ ¼ ð0:3; 0:1535Þ and s ¼ 0:0.
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occurs. To illustrate the effects of reaction term, we
fixed all material parameters, and varied s. During
each test, the reaction term was fixed to be a
constant in the process zone, and zero outside of
the process zone. Figs. 8 and 9 depict the results.
As one would expect, the rates of crack propaga-
tion monotonically increase with increased auto-
catalyzation. Essentially the curves shift up or
down, in a parallel manner, depending on degree
of autocatalyzation. The precise calibration of s
with laboratory tests is a topic of ongoing research
of the author.

Finally, to a structural analyst, the estimation of
macroscopic degradation rates from intergranular
crack propagation rates is of fundamental interest.
However, it is clear that analyses, such as the one
presented here, are, to an extent, phenomenologi-
cal. To overcome this, more detailed analyses, such
as those mentioned at the outset of this work
dealing with hydride inclusion formation and those
addressing the effect of hydrogen on the stress field
themselves during the diffusion process, are neces-
sary to determine the dominant micromechanisms
in the process zone which control the pausing of
the crack front leading to an incubation time.
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