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Uncertainty growth in Hypo-Elastic Material Models
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Abstract: The purpose of this note is to highlight a new point of concern in the use of hypo-elastic constitutive
equations. In particular, it is shown that if there is any uncertainty in the material constants that appear in such
equations, it can induce nonmonotone uncertainty growth in the resulting solutions.
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1. INTRODUCTION

Hypo-elasticity endeavors to describe the elastic response of a material based upon rates. The
theory was developed by Truesdell [1], his motivation being to extend the classical linear
elastic theory to large strains, however, without assuming the usual hyperelastic approach of
stress = F(finite strain). The approach is to write rate of stress = F(rate of deformation),
with the goal being to obtain a description of elastic behavior expressed entirely in terms
of rates, however avoiding the effects of viscosity, relaxation, etc. The model serves as a
starting point for a number of rate-type models in elasto-plasticity by augmenting the basic
hypo-elastic model with flow rules governing the evolution of plastic strain metrics. The
classical hypo-elastic approach is to write

T _W.T+T -W=H(T,D), (1.1)

where 'i‘ is the Jaumann rate of the Cauchy stress, T, where H(T, D) is a tensor function
which is linear and isotropic in the symmetric part of the velocity (v) gradient, denoted
by D & 2(V.v + (V,v)T), and linear in T, and where W & 2(Vev — (Vev)T)
is the vorticity tensor. (Of course, such a formulation can be extended to anisotropy by
incorporating dependency on structure tensors accompanied by their own evolution laws.)
For extensive mathematical details on this class of models see Truesdell [1, 2] or Truesdell
and Noll [3]. Probably the simplest of member of this family of representations is

o

T =ktr(D)1+2uD’, (1.2)

where & is the bulk modulus, where x is the shear modulus, where (D) is the trace of
D and where D’ = D — %21 is the deviatoric part of D. There have been numerous
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criticisms of such models, such as artificial softening, under certain conditions, which was
initially recognized by Truesdell [2]. Furthermore, when such models are used in conjunction
with plasticity relations, the occurance of stress oscillations in large simple elastic shear can
result. This behavior has been noted by several authors, dating back, at least, to Lehmann
[4] and Dienes [5]. A variety of approaches for suppression of such oscillations have been
suggested, for example, by Dafalias [6]. However, a question that is usually not addressed is
the sensitivity of such models to uncertainty or error in their material constants. (We shall use
the terms “uncertainty” and “error” interchangeably throughout the analysis.) For example,
first take a one-dimensional version of Equation (1.2):

T = ED, (1.3)
where E is Young’s modulus. Now assume that there is an uncertainty in [:
7 = ED = (E + 6E)D, (1.4)

where D is controlled. Subtracting Equation (1.3) from Equation (1.4) yields an equation for
the error, p =T — T,

b = T—T=5ED. (15)

Thus, for a constant D, and constant error in the material constant (6[E), a constant error
results in the stress rates. This indicates that the error in stress grows in time linearly with
uncertainty in the material constant, which is acceptable.

Now consider the perturbed three-dimensional model

'%‘ = (k+dk)tr (D)1 + 2(u + 6u)D’, (1.6)

where 0k and du are the uncertainties in the bulk (k) and shear moduli (x) respectively.

Subtracting Equation (1.2) from (1.6) yields an equation for the error ¢ o T—T, where D
is controlled:

T-T =¢p-W-¢p+¢ W =drtr (D)1 +20uD". (1.7)

Thus, the character of the operator

def

AlpW)=-W-p+¢- W (1.8)

will dictate the growth of the error due to any uncertainty in the material constants. This
error growth may be exponential in time, which is unacceptable. (There are a variety of
other possible detrimental effects due to uncertainty in material parameters, and the interested
reader is referred to Zohdi [7-9].)

Downloaded from mms.sagepub.com at UNIV CALIFORNIA BERKELEY LIB on January 7, 2011


http://mms.sagepub.com/

HYPO-ELASTIC MODELS 557

2. AN EXAMPLE

As an example, consider a plane strain problem with the following constant vorticity (K =
constant),

0 -1 0
W=K|1 0 0], 2.1)
0 0 O
and the following (symmetric) plane strain error:
P Gy O
¢=T-T=| ¢, ¢, O . 2.2)
0 0 ¢
We have the following:
2¢xy d’yy - ¢xx 0
ADW Y W.¢p+¢p- W=K| ¢,, — e 26, 0. 2.3)
0 0 0
Thus, we have three coupled equations:
. 40 20
b + 2Ky, = (5n + Tﬂ) Dy + (5/«, - Tﬂ) D, @2.4)
and
; 29, 49
Oy —2Kop,, = (5n~—-§ﬁ) Dy + (5/1—{— ——éﬁ> D,,, (2.5)
and
b +K(Pyy — Px) =20uD;, . (2.6)

We remark that the equation for the z direction is uncoupled from the other three equations
and reads as (D.. = 0)

: 20
b.. = (an— —3’i> (Dy +D,). .7

In matrix form, the coupled system is

Downloaded from mms.sagepub.com at UNIV CALIFORNIA BERKELEY LIB on January 7, 2011


http://mms.sagepub.com/

558 T. 1. ZOHDI

Downloaded from mms.sagepub.com at UNIV CALIFORNIA BERKELEY LIB on January 7, 2011

(10 0] [ 9= 0 0 26 7 ( ¢=
010 ¢, |+ 0 0 —2K by
|0 0 1 Doy -K K 0 (o3
( (65 + 24)D, + (0k — Z2)D,,
= (6k — 2Dy + (6K + 24)D,, 28
\ 26u D,
The eigenvalues of the coupling matrix are A; = 2Ki, A, = —2Kiand A3 = 0. The
corresponding eigenvectors are
1 1 1
V3 V3 V2
1 1 1
V3 Jdi=aki VB di—oki 0 1,5
Performing a similarity transform to decouple the system, we obtain
(10 0] [ %= oki 0 0] [ =
010 b,y |+ 0 —2Ki 0 b,y
| 0 0 1 - 0 0 0 -
L 1 1971
V3 V3 V2
— 1 1 1
- V3 V3 V2
L & h
( (6k+ 24)D, + (6K — Z2)D,, 2
def ~
X 1 (6k — 24D + (0 +224)D,, ¢ =1 fo (2.10)
20u Dy, 7
The decoupled problems can be written as
b +2Kid = fi, @.11)
ngy _2Ki(]3yy = f?a (2.12)
by = Ji (2.13)
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and can be solved individually to yield

2 _ 2 ]1 —2Kit fl
¢xx (t) - (¢xx (0) 2Kl € +2Ki’ (214)
2 _ 7 .}(2 2Kit }2
O (1) = <¢yy(0)+2Ki e 5K (2.15)
b (1) = fit+ sy (0). 2.16)
Afterwards, the solutions are transformed back to yield
1 A 1 2
A BV P xx b e
-5 5 5 by $=14 by - 2.17)
w01l o

We have the following observations:

e The presence of the complex-valued exponential terms throughout the solution system
will lead to oscillatory behavior of the solution uncertainty, in addition to super-imposed
linear growth. ,

e The magnitude of K controls the rapidity of the solution uncertainty oscillations.

e The magnitude of terms like (én (0) — “2%7) and (g?) w (0) + {;—,) control the the am-
plitude of the oscillations. When such terms are large, their amplitudes become large.
When K is increased, the influence of terms like —é%,— diminishes.

o The transformation back to the original coordinates eliminates any linear growth for the

¢ (¢) term. The solution uncertainty components can be written as

¢ () = ay cos(2Kt) + a, sin(2Kt) + ast + ay, (2.18)

and
@y (1) = by cos(2Kt) + by sin(2Kt) + bat + by, (2.19)

and
@ (1) = c1 cos(2Kt) + c2 sin(2Kt) + c3, (2.20)

where the constants, which are somewhat lengthy, can be explicitly expressed in terms of
the loading an initial conditions by equating the complex and real parts of the transformed

solution.
As as example consider the following material perturbations 6 & = 100 Mpa and
o u = 100 Mpa and four different values of the rate constant appearing in the vorticity

(H)K = 0.005s71, (2) K = 0.01s7!, 3) K = 0.02557 ! and (4) K = 0.05s7'. The
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Figure 1. Starting from left to right and top to bottom, the growth in the ¢_ . (stress uncertainty) component
due to material perturbations under displacement control for (1) K = 0.005s7, (2) K = 0.01 s71 (3)

K =0.025s" and (4) K = 0.05s7 .

components of D were all set to zero, except for D,, = 0.001s~!. The initial uncertainties

in the components were set to ¢, (0) = 0.01 Gpa, ¢,, (0) = 0.01 GPaand ¢, (0) = 0.01
Gpa. The growth of the solution uncertainty is linear with superimposed oscillations, as

illustrated in Figures 1-3.

3. GENERALIZATIONS

Clearly, the previous results provide a criteria by which to choose a general H(T, D) to

mitigate the effects of uncertainty. For this more general case, consider
o
T =H(T,D),

and the perturbed operator, operating on the perturbed Cauchy stress

o

T = (T, D).
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Figure 2. Starting from left to right and top to bottom, the growth in the ¢,,, (stress uncertainty) component
due to material perturbations under displacement control for (1) K = 0.005s7", (2) K = 0.0157", (3)
K =0.025s"and (4) K = 0.05s".

Subtracting yields
T-T =¢p-W-b+¢-W=H(T,D)-HT,D) ¥BT,T,D). 33

Thus, we have

¢+ A(¢, W) = B(T,T,D), (3.4)

which governs the behavior of the error. Thus, for the general hypo-elastic case, one could
construct H(T, D), by proper selection of A and B, to be as insensitive as possible to
material perturbations, provided that the construction does not conflict with other restrictions,
for example such as those cited in Casey and Naghdi [10]. However, generally, this may not
be a simple task.

Acknowledgements. The author wishes to thank his colleagues James Casey and David Steigmann for their constructive
comments during the preparation of this manuscript. The author also wishes to thank Prof. Alan Needleman for pointing

out an important algebraic error in an earlier version of the manuscript.

Downloaded from mms.sagepub.com at UNIV CALIFORNIA BERKELEY LIB on January 7, 2011


http://mms.sagepub.com/

562 T 1. ZOHDI
0ot \\ . // N T Ca— 0.01 \ v 7 \ T ' \ mev—lﬁ—\
oces |\ / \ 0008 |\ // \\ [ 4
Y / | [ [
oswf / \\ ocos| | / [ [
\ / \ \ [ [
&‘, 0.002 \ / \| 3 0.002 |- \ /' / \ /
5 \ / \ ; L ooy
g o \ / \ ALY | | / | /
8 \ / \ g \ / | / | /
& oco2 \ / 4 002 \ / ‘ | \ /
& \ 5 | \ / ! |
-0.004 \ / \ 0.004 \ { \ ! 1 i
\ / \ Vo Vo [
0.006 \ / \ 0.006 | / 4 / | I!
\ / \ Vo [ \ {
0608 \ / \ 008 \ /I' v\ \/
\. / \ I, ‘i /
/ \
ooy 200 200 s00 800 1000 g 200 400 600 s:;c 1000
TIME (Seconds) TIME (Seconds)
,’\\ /\ 'lf\ {[l‘ PHI)ﬁ—
i P i il i
AT A R R
‘1 AR A,
o
: I O O I N
3 N
g A T N AR R
: BEEEEEENENTE
BERNREERRNE
i
N AR
N | I A O
N N
Vool
ooy
VAR 1 N V
400 600 800 1000
TIME (Seconds) TIME (Seconds)

Figure 3. Starting from left to right and top to bottom, the growth in the ¢,

(stress uncertainty) component

due to material perturbations under displacement control for (1) K = 0.005s7%, (2) K = 0.01s7%, (3)

K =0.025s""and (4) K = 0.05s".
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