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Abstract In this work, homogenization of heteroge-
neous materials in the context of elasticity is addressed,
where the effective constitutive behavior of a hetero-
geneous material is sought. Both linear and non-linear
elastic regimes are considered. Central to the homogeni-
zation process is the identification of a statistically repre-
sentative volume element (RVE) for the heterogeneous
material. In the linear regime, aspects of this identifica-
tion is investigated and a numerical scheme is introduced
to determine the RVE size. The approach followed in
the linear regime is extended to the non-linear regime by
introducing stress–strain state characterization param-
eters. Next, the concept of a material map, where one
identifies the constitutive behavior of a material in a
discrete sense, is discussed together with its implemen-
tation in the finite element method. The homogeniza-
tion of the non-linearly elastic heterogeneous material
is then realized through the computation of its effective
material map using a numerically identified RVE. It is
shown that the use of material maps for the macroscopic
analysis of heterogeneous structures leads to significant
reductions in computation time.

Keywords Homogenization · Elasticity ·
Micromechanics

1 Introduction

Heterogeneous materials have physical properties that
vary throughout their microstructures. The subject of
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homogenization is to determine the “apparent” (or,
“overall”) physical properties of a heterogeneous mate-
rial, thereby allowing one to substitute this material
with an effectively equivalent homogeneous material
(Fig. 1). Typically, the overall property sought is an effec-
tive constitutive equation, such as one relating stress to
strain. The ability to replace the heterogeneous material
with an effective homogeneous material greatly reduces
the computational effort required for the solution of a
problem posed over the macroscopic structure domain.

In this work, the problem of homogenization is ad-
dressed in the context of elasticity. Both linear and
non-linear elastic regimes are considered. Homogeni-
zation analysis in the linear elastic regime is well-estab-
lished. See [1,4,6,18,20,26,28] for reviews of analytical
and computational methods. The homogenization pro-
cedure involves the analysis of a statistically represen-
tative volume element (RVE) from the heterogeneous
material, and the result is an estimate or a set of bounds
for the elasticity tensor. Analytical bounds are typically
coarse, and therefore computational methods have been
developed that provide arbitrarily refinable bounds.
These computational methods rely on the proper identi-
fication of a finite sized RVE. See [12,23] for examples.

Homogenization in the non-linear elastic regime is a
much less developed field. An analytical approach to the
problem involves constructing bounds on the effective
strain energy. See, for instance, [3,17,21,25,27]. How-
ever, non-uniqueness of the solution at finite deforma-
tions, the nature of the strain energy function (such as
non-convexity), and non-invertability of the stress-strain
relationship render these results applicable only in a
range of deformations or for a limited class of materials.
Accordingly, computational approaches have recently
been developed where one operates on a finite sized
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Fig. 1 Homogenization of a heterogeneous material

RVE of the heterogeneous material to extract effec-
tive stress/strain at a point of the macroscopic structure.
See [2,13,15] and references therein. Although these
methods are applicable to a wide range of material
behavior (such as elasticity, plasticity and damage
mechanics), they are computationally very demanding,
requiring several RVE analyses for each element of the
finite element mesh.

Here, aspects of computational methods for linear
and non-linear elasticity are investigated. Central to any
micromechanical analysis of heterogeneous materials is
the proper identification of an RVE. Therefore, first a
method for the numerical determination of an RVE is
introduced in the linear elastic regime, and analyzed us-
ing a specific homogenization problem. This method is
then extended to the non-linear elastic regime in a way
that simplifies to the linear elastic regime procedure as a
special case. Also, a numerical method for homogenizing
heterogeneous materials undergoing non-linearly elas-
tic deformations is developed, based on the method of
identifying a suitable RVE. In particular a discrete mate-
rial map is constructed, which characterizes the effective
stress-strain relationship for the heterogeneous mate-
rial, and its implementation in a numerical framework
is discussed. This material map essentially provides a
constitutive formulation, which can now be used in a
structural analysis where the structural material is char-
acterized by its material map, leading to significant reduc-
tions in computation time.

2 Homogenization problem

In this section, the homogenization problem is intro-
duced in the context of elasticity. Consider a heteroge-

Ro

)
heterogeneous
material
( M )

matrix
( M 1 )

particles
( M 2

Fig. 2 Heterogeneous material composed of a matrix and
particles

neous material M associated with the reference config-
uration Ro for which the constitutive equation is σ =
σ̂ (X, ε). Here, σ and ε denote, respectively, the stress
and strain tensors in linear elasticity, and X is the posi-
tion vector for Ro. In this work, attention is focused to
quasistatic problems posed for heterogeneous materials
which are composed of two constituents (Fig. 2), a ma-
trix (M1) and monodispersed spherical particles (M2).
1 In linear elasticity, each constituent is characterized
by its elasticity tensor IEI . The number of particles is
denoted by Np, and their volume fraction by v2

o.
The number of particles in Ro is typically very large.

The number of degrees of freedom needed in a numer-
ical analysis in order to capture the solution position
vector x(X) to the heterogeneous problem accurately
by resolving the microstructure to sufficient detail is
then also extremely large. Therefore, it is desirable to
seek an approximate solution x∗(X) to the boundary
value problem for M by replacing it with a homoge-
neous material M∗.2 If this material also undergoes
linear deformations, it is completely characterized by
its elasticity tensor IE∗.3 Since M∗ is homogeneous,
the numerical concerns are reduced to standard accu-
racy concerns that are independent of a microstructure.
Therefore, the problem on the heterogeneous material
has been reduced to accurate homogenization, i.e. the
identification of material M∗ through the estimation of
IE∗, which is referred to as the effective, macroscopic,
apparent, or overall property in the literature.

A key concept in the determination of IE∗ is a statis-
tically representative volume element (RVE). Consider
a volume element Vo ⊂ Ro that represents a sample
from the heterogeneous material (Fig. 3). Although

1 Monodispersed particles have the same size and shape, versus
polydispersed particles which may have varying shape and size.
See [24] for a treatise on the physical properties and manufactur-
ing details of a class of such materials.
2 The notation (.)∗ should be understood to represent the homo-
geneous equivalent of the heterogeneous problem quantity (.).
Therefore, no explicit definitions are given for (.)∗ quantities.
3 The underlying assumption is that the distribution of particles
thoroughout the macroscopic structure is uniform.
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Fig. 3 The “micro-meso-macro” principle of homogenization

various identifications of an RVE are available in the
literature,4 a common requirement is that the typical
dimension of the particles (d) be much smaller than the
typical dimension of Vo (L): d � L. In the limit as
d/L → 0, the sample would be expected to resemble a
homogeneous material macroscopically. This is the intu-
ition on which the calculation of effective properties is
based. On the other hand, applicability of homogeniza-
tion to a microscopically heterogeneous (macro)struc-
ture requires that the RVE size (L) be much smaller
than the typical dimension of the macrostructure (D):
L � D. The principle d � L � D is also referred to as
the “micro-meso-macro principle” [8], where “micro”,
“meso” and “macro” refer to the microstructure, RVE
size, and macrostructure, respectively.

Using a volume element Vo that qualifies as an RVE,
IE∗ is typically calculated by subjecting Vo to special
boundary conditions and relating the average stress5

〈σ 〉Vo to the average strain 〈ε〉Vo through the relation-
ship 〈σ 〉Vo = IE∗〈ε〉Vo . For volume elements (or, sam-
ples) with a given number of particles that are smaller
than the RVE size, relating 〈σ 〉Vo to 〈ε〉Vo only yields an
approximation to IE∗. One type of special boundary con-
dition typically used is the linear displacement boundary
condition, where the solution vector is prescribed as
x = X +EX on ∂Vo, which yields an estimate IEE to IE∗.
The second type of boundary condition is the uniform
traction boundary condition, where the traction vector is
prescribed as p = �N on ∂Vo, which yields an estimate

IC� to IC∗ = (
def= IE∗)−1. In these equations, E and �

are constant tensors. These boundary conditions satisfy
Hill’s energy criterion, so that 〈σ · ε〉Vo = 〈σ 〉Vo · 〈ε〉Vo .
In words, this equality states that in the transition from
the microscopic scale to the macroscopic scale, energy
is conserved.

4 See [23] for examples.
5 The volume average of a quantity Q with respect to a domain �

is defined as 〈Q〉� def= (1/|�|) ∫

�
Q d�.

2.1 Numerical RVE size

In this work, macroscopically isotropic materials are
considered, therefore the two linear elastic constants
(bulk and shear moduli) describing the form of IE∗ can
be computed using:6

κ∗ = tr
(〈σ 〉Vo

)

3 tr
(〈ε〉Vo

) , µ∗ =
∥

∥

∥〈σ 〉′Vo

∥

∥

∥

2
∥

∥

∥〈ε〉′Vo

∥

∥

∥

, (1)

if Vo is an RVE, where (.)′ denotes the deviatoric part.
For small samples, one may compute {κE , µE} and
{κ� , µ�}, with obvious definitions, as estimates to {κ∗, µ∗}
using linear displacement and uniform traction bound-
ary conditions. By computing these parameters for small
samples that are typically not isotropic, one introduces
an error which will be referred to as isotropic inconsis-
tency. However, large samples typically display negligi-
ble anisotropy. This issue will be revisited shortly.

Macroscopically isotropic particulate composites is
achieved by random particle distribution at the micro-
scale.7 Therefore, for a given sample size,8 multiple dis-
tributions of particles are possible. In order to capture a
statistical measure of the range of responses from differ-
ent distributions, one may use ensemble averaging. For
a given sample size, ensemble averaging over N samples
is defined by9

〈〈κE〉〉 def= 1
N

N
∑

K=1

κK
E , 〈〈µE〉〉 def= 1

N

N
∑

K=1

µK
E ,

〈〈κ�〉〉 def=
(

1
N

N
∑

K=1

1

κK
�

)−1

, 〈〈µ�〉〉 def=
(

1
N

N
∑

K=1

1

µK
�

)−1

,

(2)

where the superscript K refers to the response from the
Kth sample.

In order to determine a suitable RVE size, one must
monitor the range of estimates to IE∗ for successively
larger samples. This is depicted in Fig. 4. Relying on the

6 For a tensor A, ‖A‖ def= √
A · A.

7 The distribution is controlled through the random sequential
addition process [26], where the particles are placed sequentially
and randomly into the volume. Homogenization results are insen-
sitive to the volume shape or whether periodic boundary condi-
tions were employed or not in the packing process, for sufficiently
large number of particles.
8 The sample size scales with the number of particles whenever
the particle size is fixed.
9 The purpose of using harmonic averaging for �-related quanti-
ties is to be able to compute bounds on effective properties. See
[11,29].
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Fig. 4 Computationally, one considers successively larger sam-
ples, while many samples per sample size are tested

expectation that as d/L → 0 (the RVE size increases
indefinitely) the estimates will converge to IE∗, the fol-
lowing approach is used for computing an estimate. The
method is outlined for linear displacement boundary
conditions and the estimation of κ∗ (one computes κE),
where the following numerical convergence criterion
is introduced. If P is the parameter being monitored
for convergence, and K is an index for the sequence
of parameters, convergence for the sequence PK is de-
clared when
∣

∣

∣

∣

∣

PK+1 − PK

PK

∣

∣

∣

∣

∣

≤ TOL , (3)

where TOL is a convergence tolerance. With this con-
vergence criterion, to determine a suitable RVE size
for a given heterogeneous material, one begins with
a (small) sample size and ensemble averages from an
increasing number of samples are compared until con-
vergence is achieved to within a given tolerance. The
ensemble average at convergence is denoted 〈〈κE〉〉. Then,
the sample size is successively enlarged and the ensem-
ble averaging procedure is repeated for each sample
size, creating a sequence of ensemble averages 〈〈κE〉〉K,
where K is the index for sample size. The size of the
sample at convergence of 〈〈κE〉〉K is the required size to
qualify as an RVE within the framework of this numer-
ical method. Therefore, this procedure is essentially a
method for quantifying a numerical RVE size, and will
be revisited in homogenization in non-linear elasticity.

2.2 An example from linear elasticity

As an example to the homogenization process, an alu-
minum (matrix) and boron (particles) composite is ana-
lyzed. The macroscopic properties of a heterogeneous
material are partially controlled by the material prop-
erty contrast between the two phases. It is convenient to
introduce mismatch ratios for material properties, which
are defined as

mκ
def= κ2

κ1
, mµ

def= µ2

µ1
. (4)

The material properties for the composite are then given
by the string

{κ1, µ1, mκ , mµ, v2
o} = {78 GPa, 25 GPa, 3, 7, 30%}.

Finite element mesh resolution is controlled by the num-
ber of (trilinear hexahedra) elements used in each direc-
tion to resolve a particle, denoted by Nm. The number
of Gauss points used in each direction is denoted by Ng,
yielding an Ng ×Ng ×Ng integration grid. These param-
eters are depicted in Fig. 5. The following notes pertain
to the numerical experiments:

1. For elements that have no material discontinuities
Ng = 2 is sufficient. Elements that lie across matrix/
particle interfaces will have jumps in the stress field,
therefore higher order of integration is used for such
elements. The effect of varying Ng for such elements
is demonstrated with an example where a fixed sam-
ple with four particles is generated, and {κE , µE} are
computed for successive refinement of the mesh for
various values of Ng. Results are shown in Fig. 6.
The effect of increasing Ng beyond Ng = 3 has a
negligible effect on the numerical results, for meshes
finer than Nm = 4. Therefore, Ng = 3 is used for ele-
ments with discontinuities in the rest of this section.
The only parameter that controls numerical accuracy
will therefore be Nm.

2. Regular meshes that do not conform to the geome-
try of the microstructure display slow convergence in
numerical results with mesh refinement. To choose
an appropriate mesh resolution, responses from sam-
ples with four particles is calculated (Fig. 7). Af-
ter approximately Nm = 5, the scatter in sample
responses for fixed Nm remains approximately con-
stant in form, and the curve connecting sample
responses for fixed Nm simply shifts down. There-
fore, Nm = 5 is chosen as the mesh resolution.

mN
Elements

gN
Gauss Points

mN
Elements

gN
Gauss Points

Gauss Point

Fig. 5 Parameters Ng and Nm are depicted in two-dimensions.
Mesh resolution is controlled by the number of elements per direc-
tion per particle (Nm). Ng Gauss points per direction is used in
integration
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Fig. 6 Using a fixed sample with four particles, κE is computed
for successively finer meshes (increasing Nm), for various orders
of integration (Ng) in elements with material discontinuities. The
effect of Ng for values greater than Ng = 3 is negligible
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Fig. 7 For various mesh resolutions (Nm), ten samples are ana-
lyzed. Individual sample responses are connected with lines to
emphasize the form of scatter. The form of scatter remains fixed
after approximately Nm = 5, and the response line simply shifts
down

3. Tolerance for ensemble convergence is fixed to 5 ×
10−3. The scatter in sample responses for sample
sizes larger than 100 particles were found to be very
small, therefore a single sample was tested for such
sample sizes.

Using Hill’s energy criterion, one can argue [11,29]
that ensemble averages {〈〈κE〉〉, 〈〈µE〉〉} and {〈〈κ�〉〉, 〈〈µ�〉〉}
form, respectively, upper and lower bounds on the effec-
tive properties {κ∗, µ∗}, and that with increasing sam-
ple size the bounds approach to each other. Results of
the homogenization process are shown in Fig. 8, where
the size of the samples was increased to 1, 024 parti-
cles. Here, results are compared with analytical bounds,
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Fig. 8 Analytical bounds and linear elastic homogenization re-
sults for the aluminum–boron composite, with simulation param-
eters {κ1, µ1, mκ , mµ, v2

o} = {78 GPa, 25 GPa, 3, 7, 0.3}

where RV−/RV+ denote the Reuss/Voigt bound and
HS−/HS+ denote the Hashin-Shtrikman lower/upper
bound. Results saturate at a sample size of approxi-
mately 400 particles. It is observed that a fixed gap
remains between linear displacement and uniform trac-
tion boundary condition results. This can be explained
with the mesh resolution employed, using a fixed sam-
ple with one particle (Fig. 9). With mesh refinement
(increasing Nm) the gap between results from the two
boundary conditions decrease and then saturate at large
mesh resolutions. Therefore, if the homogenization pro-
cess is repeated with a finer mesh resolution, one would
expect the curves shown in Fig. 8 to display the behavior
depicted in Fig. 10. Essentially, with increasing mesh res-
olution, the curves would shift down, while the remain-
ing gap between homogenization results diminish, in the
limit yielding 〈〈κE〉〉 = κ∗ = 〈〈κ�〉〉 and 〈〈µE〉〉 = µ∗ = 〈〈µ�〉〉
for large samples as expected from the homogenization
theory.
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Fig. 9 Effect of mesh refinement on the gap between linear displacement and uniform traction boundary condition results. The gap
between results from the two types of homogeneous boundary condition decreases and then saturates with increasing mesh resolution
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Fig. 10 With mesh refinement, it is expected that the curves cor-
responding to homogenization results will shift down, while the
gap between the two types of homogeneous boundary conditions
diminishes for large samples

3 Discrete material maps

In order to determine the explicit form of constitutive
equations in non-linear elasticity experimentally, one
has to conduct tension/compression/shear tests and fit a
sufficiently smooth function to the data. For computa-
tional purposes, however, an explicit form of the constit-
utive equation is not necessary. In this section, a method
is outlined by which one can directly incorporate mate-
rial test data into the finite element procedure. This
method will be used to characterize the macroscopic
behavior of non-linearly deforming heterogeneous elas-
tic materials. Attention is focused to isotropic homoge-
neous materials only.

3.1 Material testing

The most general form of the constitutive equation for
an isotropic non-linearly elastic material is

S = α0I + α1E + α2E2 , (5)

where S is the second Piola–Kirchhoff stress tensor, E
is the Lagrangian strain, I is the identity tensor, and αi

are functions of the invariant set {IE, IIE, IIIE} of E only.
This invariant set is uniquely determined by principal
stretches λi

F of F for imposed deformations of the form
F = λ1

Fe1⊗E1+λ2
Fe2⊗E2+λ3

Fe3⊗E3, which represents
a tri-axial stretch as depicted in Fig. 11. The eigenvalues
of E for this deformation are

λ1
E = 1

2

(

(λ1
F)2 − 1

)

, λ2
E = 1

2

(

(λ2
F)2 − 1

)

,

λ3
E = 1

2

(

(λ3
F)2 − 1

)

. (6)

Suppose one conducted a material test on an isotro-
pic material with unknown functions αi, using the defor-
mation described. The corresponding measured stress
should have a diagonal form due to Eq. 5: S = λ1

SE1 ⊗
E1 + λ2

SE2 ⊗ E2 + λ3
SE3 ⊗ E3. Therefore, one immedi-

ately obtains three equations with three unknown coeffi-
cients αi special to this deformation. In matrix form,
these equations are:

F
λ 1

F
λ

F
λ 2

 3

Fig. 11 Tri-axial stretch used in computational testing
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⎢
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(

λ2
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1 λ3
E

(

λ3
E
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⎤

⎥

⎥

⎦

⎧

⎨

⎩

α0
α1
α2

⎫

⎬

⎭

=
⎧

⎨

⎩

λ1
S

λ2
S

λ3
S

⎫

⎬

⎭

. (7)

If λi
F are distinct, then so are λi

E and λi
S, so that these

equations can be solved for αi for this particular defor-
mation.

3.2 Creating a material map

The set of αi can be determined for a range of tri-axial
stretches, thereby creating a discrete material map which
characterizes the non-linear elastic material. The resolu-
tion of the map is determined by the stretch increments.
In particular, if the range of deformations character-
ized by λi

F ∈ [λmin
F , λmax

F ] are considered with stretch
increments λinc

F , the following algorithm determines the
material map:

In this algorithm, {a, b} � λinc
F are small offsets, used

to avoid indeterminacy in the system of equations for αi.
Also, notice that λ2

F is increased up to the current value
of λ1

F , and λ3
F is increased up to the current value of λ2

F ,
since spanning the whole range [λmin

F , λmax
F ] will result

in the repetition of the invariants of E, and therefore is
redundant.

In the rest of this work, only two-dimensional formu-
lations are considered, where the constitutive equations

λΕ
1

λΕ
2

symmetry

Fig. 12 Material maps generated are symmetric about the diag-
onal. Only the lower triangular portion is shown in figures. The
invariants of E resulting from the upper triangular portion are a
repetition of those from the lower triangular portion

must have the form S = α0I +α1E so that there are only
two coefficient functions to determine: αo and α1, where
αi = α̂i{IE, IIE}. For hyper-elastic materials S = ∂W/∂E,
where W = ̂W(IE, IIE) is the strain energy function. The
strain energy functions for three materials used in two
dimensional examples are the compressible Mooney–
Rivlin type material for which

W = µ

2

(

ICII−1/2
C − 2

)

+ κ

2

(

II1/2
C − 1

)2
, (8)

where C is the right Cauchy-Green deformation tensor
and µ, κ are the shear and bulk moduli, the Fung type
material for which10

W = C exp
(

α(IE)2 + βIIE

)

− C , (9)

where C, α = (λ + 2µ)/2C , β = −(2µ/C) are mate-
rial constants, and λ, µ are the Lame constants, and the
Kirchhoff-St. Venant material for which S = λ tr(E)I +
2µE. These functions satisfy the fundamental require-
ments on the strain energy function, which are [5]: (i)
W ≥ 0, (ii) E → 0 ⇒ W → 0, (iii) E → 0 ⇒ ∂W/∂E =
S → 0, and that (iv) E → 0 ⇒ ∂2W/∂E2 → IE (the lin-
ear elastic constitutive relationship should be recovered
for the material).

Examples to material maps for two-dimensional cases
are provided in Figs. 13, 14 and 15, using the test param-
eters listed in Table 1. Only the portion of the map that is
computed is shown, due to symmetry about the diagonal
axis (Figure 12).

3.3 Finite element implementation

In order to implement a discrete material map in the
finite element procedure, one must guarantee the con-
tinuity of stresses generated from this map with

10 This strain energy function, for three dimensional formulations,
was originally proposed by [7] for lung tissue.
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Fig. 13 Discrete material map for a Mooney-Rivlin material. See Table 1 for test parameters

Fig. 14 Discrete material map for a Kirchhoff-St.Venant material. See Table 1 for test parameters

Fig. 15 Discrete material map for a Fung material. See Table 1 for test parameters. Decreasing the value of C leads to a steeper increase
in αi

respect to deformation. A continuous map may be gen-
erated through the interpolation of the data. In partic-
ular, a piecewise continuous interpolation may be used,
where the data obtained for αi is interpreted as being the

set of nodal values for a finite element mesh, referred to
as the map mesh, in the {λ1

E, λ2
E, λ3

E} space. One would
then obtain the piecewise linear interpolation (using
summation convention)
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Table 1 Test parameters used in calculations

λmin
F λmax

F λinc
F a κ µ C

0.60 1.90 0.05 0.01 5 1 10

α0(λ
1
E, λ2

E, λ3
E) = αI

0�
I(λ1

E, λ2
E, λ3

E),

α1(λ
1
E, λ2

E, λ3
E) = αI

1�
I(λ1

E, λ2
E, λ3

E),

α2(λ
1
E, λ2

E, λ3
E) = αI

2�
I(λ1

E, λ2
E, λ3

E),

(10)

where I is the index for element nodes, {αI
0, αI

1, αI
2} are

nodal values, and �I are a choice of standard finite ele-
ment nodal shape functions.

This interpolation is easily implemented in the FEM
analysis. For instance, the numerical tangent calculation
in the FEM procedure requires the value of stress at
the integration point, which is immediately determined
through this interpolation, once one determines the ei-
genvalues {λ1

E, λ2
E, λ3

E} of E at this point.
The map mesh, using triangular elements in the two-

dimensional case, is shown in Fig. 16, using the test
parameters listed in Table 1. Figure 16 also provides an
example to the resulting piecewise linear interpolation
of α0 for the Fung material.

4 Homogenization in non-linear elasticity

In this section, methods for determining the RVE size
and material characterization for non-linearly elastic
deformations are introduced. Consider a heterogeneous
material M, associated with the reference configuration
Ro, with constitutive equation S = ̂S(X, E). Attention is
focused to heterogeneous materials that are composed
of two isotropic materials, a matrix (M1) and parti-
cles (M2), which are characterized by their constitutive
equationŝS

I
(E). It is recalled that the constitutive equa-

tions have the general form ̂S
I
(E) = αI

0I + αI
1E + αI

2E2,
where αI

i are functions of the invariant set {IE, IIE, IIIE}
of E.

To extract macroscopic information from a volume
element Vo that qualifies as an RVE, linear displace-
ment boundary conditions (x = �X on ∂Vo, where � is a
constant tensor) and uniform traction boundary condi-
tions are typically used (p = �N on ∂Vo, where � is
a constant tensor). In linear elasticity, a single macro-
scopic measure (IE∗) is sought, whereas such a measure
does not exist in non-linear elasticity. Therefore, one
instead looks for macroscopic stress and strain measures.
These measures are the macroscopic 1st Piola-Kirchhoff
stress tensor P∗ and the macroscopic deformation gra-
dient F∗, which were first noted by [9]:

F∗ def= 〈F〉Vo , P∗ def= 〈P〉Vo . (11)

For these identifications of macroscopic measures, one
recovers a micro-macro energy balance in the rate form
for the two types of boundary conditions noted;

〈P · Ḟ〉Vo = P∗ · Ḟ∗ , (12)

which is an extension of Hill’s criterion to non-linear
deformations.

The macroscopic identifications stated in Eq. 11 set
the form for basic kinematic and kinetic quantities, and
other ones must be derived, or defined, using these
choices together with the usual continuum mechanics
tools. The following identities are noted in particular:

Macroscopic kinematic and kinetic quantities:

If F∗ def= 〈F〉Vo and P∗ def= 〈P〉Vo , then one obtains the
kinematical quantities for the macroscopic material
as

J∗ = det
(

F∗), C∗ =(F∗)TF∗, B∗ =F∗(F∗)T,

E∗ = 1
2
(C∗ − I), e∗ = 1

2
(I − (B∗)−1), (13)

and the kinetic quantities as

S∗ = (F∗)−1P∗, T∗ = 1
J∗ P∗(F∗)T. (14)

Whenever the microscopic constituents are hyper-
elastic, the macroscopic material is also hyper-elastic
with

W∗ def= 〈W〉Vo , P∗ = ∂W∗

∂F∗ , S∗ = ∂W∗

∂E∗ , (15)

such that

E∗ → 0 ⇒ ∂2W∗

∂(E∗)2 → IE∗ . (16)

The following remarks complement the definitions of
macroscopic kinematic and kinetic measures as noted
above [9,10].

1. The angular momentum balance for the macroscopic
material is automatically satisfied since T∗ can be
shown to be symmetric. To show this, notice that
for homogeneous boundary conditions the identity
〈PFT〉 = 〈P〉〈FT〉 holds.11 Since 〈PFT〉 = 〈(1/J)T〉
and T is guaranteed to be symmetric, so is 〈PFT〉.
Therefore, T∗ = 1/J∗P∗(F∗)T = 1/det(〈F〉)〈P〉
〈FT〉 = 1/ det(〈F〉)〈PFT〉 is symmetric and the angu-
lar momentum balance is satisfied.

11 See, e.g., [19] for proofs of similar identities.
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Fig. 16 An example to the
map mesh (left), and the
piecewise linearly
interpolated α0-map for the
Fung material identified in
Table 1 (right)

2. To prove the hyper-elasticity of the macroscopic mate-
rial (provided the constituents are hyper-elastic), no-
tice that if W∗ = 〈W〉Vo for all times, then Ẇ∗ =
〈Ẇ〉Vo . It immediately follows from the micro-macro
energy balance for homogeneous boundary condi-
tions and the definitions of P∗ and F∗ that 〈Ẇ〉Vo =
〈P · Ḟ〉Vo = P∗ · Ḟ∗ = Ẇ∗. Now, W∗ is a func-
tion of F∗ only, so one immediately obtains Ẇ∗ =
∂W∗/∂F∗ · Ḟ∗ = P∗ · Ḟ∗. If this equality is to hold
for all Ḟ∗, then P∗ = ∂W∗/∂F∗ must hold for all
F∗, which completes the proof. The proof for S∗ =
∂W∗/∂E∗ follows from fundamental continuum
mechanics relationships.

3. The asymptotic behavior E∗ → 0 ⇒ ∂2W∗/∂(E∗)2 →
IE∗ states that for small strains, the macroscopic tan-
gent modulus should approach the elasticity ten-
sor of the macroscopic material, which is satisfied
trivially.

It is also remarked that the identifications of alter-
native stress and strain measures through volumetric

averaging, in particular E∗ def= 〈E〉Vo and S∗ def= 〈S〉Vo , do
not satisfy similar energy arguments, such as 〈S · Ė〉Vo =
S∗ ·Ė∗, and therefore are not preferable. Also, linear dis-
placement boundary conditions fit naturally into numer-
ical schemes where displacement is the primary variable,
which will be demonstrated shortly. Therefore, in the
rest of this work, attention is focused to linear displace-
ment boundary conditions.

4.1 Determination of the numerical RVE size

If the macroscopic material is isotropic, then its constit-
utive equation must be of the form

S∗ = α∗
0I + α∗

1E∗ + α∗
2(E∗)2 , (17)

where α∗
i = α̂∗

i (IE∗ , IIE∗ , IIIE∗). However, even for combi-
nations of materials with very simple constitutive equa-

tions, it may not be possible to predict beforehand the
explicit form of the constitutive equation for the macro-
scopic material. The macroscopic behavior can be char-
acterized through data analysis from experiments, as
described in Sect. 3. A prerequisite for such a task is the
determination of a suitable test sample size (the numer-
ical RVE size) for non-linearly elastic deformations.

4.1.1 Characterization of deformation in isotropic
non-linear elasticity

To determine the numerical RVE size in non-linear elas-
ticity, a procedure that can be specialized to linear elas-
ticity is sought. To develop such a procedure, one may
introduce two sets of invariants that imply each other
uniquely for a symmetric tensor A:

{IA, IIA, IIIA}=
{

tr(A),
1
2
(( tr(A))2− tr

(

A2
)

), det(A)

}

,

{I′
A, II′

A, III′
A}={ tr(A), A′ · A′, det(A)}. (18)

Returning to linear elasticity, one can now write

κ = I′
σ

3I′
ε

, µ = (II′
σ )1/2

2(II′
ε)

1/2
, (19)

the convergence of which was used to determine the
numerical RVE size for linear homogenization. In order
to generalize these convergence monitors to the non-
linear regime, the following characterization parameters
are introduced (for non-zero {I′

E, II′
E, III′

E}):

κ
def= I′

S

3I′
E

, µ
def= (II′

S)1/2

2(II′
E)1/2

, π
def= (III′

S)1/3

(III′
E)1/3

. (20)

Using {κ , µ, π} and E, one can directly compute S.
In other words, {κ , µ, π} are alternatives to the func-
tions {α0, α1, α2}. Note that κ and µ trivially simplify to
the linear elastic material constants when deformations
are small. Also, for two-dimensional analyses, one only
needs two parameters, namely κ and µ.
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4.1.2 Numerical RVE

To characterize the stress–strain state for an RVE, one
simply replaces S and E with S∗ and E∗ in Eq. (20). Sup-
pose the linear displacement boundary condition (x =
�X on ∂Vo) is specified on a volume element Vo that
qualifies as an RVE. For this case, one may compute the
following characterization parameters

κ∗ def= I′
S∗

3I′
E∗

, µ∗ def= (II′
S∗)1/2

2(II′
E∗)1/2

, π∗ def= (III′
S∗)1/3

(III′
E∗)1/3

. (21)

In these equations F∗ = 〈F〉Vo = � due to an averaging
theorem [9], therefore one obtains E∗ = 1

2 (�T� − I).
Also, P∗ = 〈P〉Vo yields S∗ = (F∗)−1P∗ = �−1〈P〉Vo .

E∗ only depends on �. However, for samples smaller
than the RVE size 〈P〉Vo is only an approximation to the
actual P∗ that characterizes the stress state of the macro-
scopic material for this deformation state. Therefore, the
characterization parameters computed on a finite size
sample, denoted by {κ�, µ�, π�}, are only approxima-
tions to {κ∗, µ∗, π∗}. With this observation, the follow-
ing procedure may be followed to determine a numerical
RVE size for non-linear elastic deformations of hetero-
geneous materials:

1. One expects that if the typical dimension of Vo (L)
is much larger than the typical dimension of a par-
ticle (d), in other words as d/L → 0, the sam-
ple will resemble an RVE, and the approximations
{κ�, µ�, π�} will be accurate. Therefore, one may
monitor the convergence of {κ�, µ�, π�} to deter-
mine the numerical RVE size. Explicitly, one com-
pares parameters {κ�, µ�, π�} on successively larger
samples, until they converge with respect to a spec-
ified convergence criterion. The final sample size is
the numerical RVE size.

2. Small samples would be expected to display a wider
range of responses compared to large samples. This
situation may be remedied by ensemble averaging
parameters {κ�, µ�, π�} computed on different sam-
ples of a fixed sample size, until successsive ensemble
averages converge with respect to a specified conver-
gence criterion. Then, one would compare ensemble
averages from successively larger samples to deter-
mine the numerical RVE size.

Aspects of sample enlargement and ensemble averaging
will be investigated numerically in the next section.

Clearly, the numerical RVE size would be expected
to depend on the particular form of deformation, spec-
ified by �. The procedure described above is a method
of determining a suitable numerical RVE size special to

this deformation. The estimate to S∗ computed on the
numerical RVE size may then be used to approximate
the response of the macroscopic material. The defor-
mation dependence of the RVE size is investigated in
Sect. 5.3.

4.2 Solution to the macroscopic problem

The numerical procedure described can directly be incor-
porated into the FEM solution procedure. For quasi-
static problems, and in the absence of body forces, the
weak form for the macroscopic problem is to determine
x∗(X, t) so that

−
∫

Ro

∂w
∂X

· P∗ dV +
∫

∂Rp∗
o

w · p̄∗ dA = 0
(22)

is satisfied for all w, subject to x∗ = x̄∗ and w = 0 on
∂Rx∗

o .
It is recalled that an iterative solution procedure to

an FEM problem begins with a guess solution x∗
0

to x∗, which essentially prescribes an initial guess F∗
0

to the macroscopic deformation gradient F∗ at the inte-
gration point of each finite element. If the macroscopic
stress-strain relationship were known, then one would
be able to immediately compute the initial guess P∗

0 to
the macroscopic stress P∗. However, as explained pre-
viously, one does not have a macroscopic constitutive
equation for P∗. There are two options to proceed with
the analysis:

1. To approximate P∗
0 at an integration point, one may

prescribe F∗
0 as a boundary condition to the homoge-

nization procedure (Fig. 17). Explicitly, one sets � =
F∗

0 and applies the numerical scheme presented in
section 4.1.2 to compute the effective stress.12 The
effective stress is estimated on the numerical RVE
size for this iteration through P∗

0 = 〈P〉Vo . Due to
the lack of a macroscopic constitutive equation, one
would essentially have to go through the numerical
scheme presented at each integration point of the
finite element mesh, for each solution iteration, and
for each increment of the boundary conditions.

2. One may initially determine the discrete material
map for the heterogeneous material (referred to as
the effective material map) in the manner described
in Sect. 3, using a suitable numerical RVE size as
the test sample. This map essentially provides an
approximation to the unknown macroscopic constit-
utive equation, and can be used to approximate P∗

0

12 See [2,13,15] for examples.



292 I. Temizer, T. I. Zohdi

o

estimate
solution

integration
point

INITIAL MESH DEFORMED MESH

RVE
ANALYSIS

Macroscopic
Structure

Fig. 17 Macroscopic analysis of a heterogeneous structure may
be conducted by analyzing an RVE at each integration point

Table 2 Sample parameters used in calculations

κ1 µ1 C mκ mµ v2
o

5 1 10 3 7 0.40

for a given F∗
0, without having to conduct additional

RVE analyses.

In this work, the latter approach is taken. Therefore,
the problem of non-linear homogenization is reduced to
determining the effective material map. In this case, the
test sample used to create the map may be chosen to be
the largest numerical RVE size for the range of deforma-
tions considered to create the map. Then, the algorithm
described in Sect. 3 may be applied to this test sample
to determine estimates to {α∗

0 , α∗
1 , α∗

2} at each map node,
and the map may be implemented in an FEM procedure
in the manner described previously.

5 Numerical experiments

In this section, various aspects of the numerical RVE
size determination and effective material map schemes
are explored. Attention is focused on the effects
of deformation. All analyses are conducted using
two-dimensional models for efficient parameter anal-
ysis. The convergence criterion introduced in Sect. 2 is
employed, and mismatch ratios mκ and mµ represent
ratios of linear elasticity constants that appear explicitly
in non-linear constitutive equations. In all simulations,
fixed microstructural parameters tabulated in Table 2
are used, unless otherwise noted.

5.1 Isotropic inconsistencies

It is recalled that the constitutive equation for the mac-
roscopic isotropic material must be of the form S∗ =
α∗

0I + α∗
1E∗ + α∗

2(E∗)2. Therefore, S∗ must be diagonal
whenever E∗ is diagonal. This observation may be used
to investigate isotropic inconsistencies at finite defor-
mations, since small samples that are not isotropic will
yield a non-diagonal S∗ for a diagonal E∗. Explicitly, the
following error monitors are used:

£iso def=
∥

∥S∗ − S∗
D

∥

∥

∥

∥S∗
D

∥

∥

, 〈〈£iso〉〉 def=
∥

∥〈〈S∗ − S∗
D〉〉∥∥

∥

∥〈〈S∗
D〉〉∥∥ , (23)

where S∗
D is the tensor with diagonal entries of S∗. If the

sample is isotropic, S∗
D = S∗ and the error monitors are

zero.
The variation of these error monitors is shown for two

sample sizes in Fig. 18, using the microstructural param-
eters in Table 2 and � = I + 10−2(1e1 ⊗ E1 + 2e2 ⊗ E2).
Both the matrix and particles are Mooney-Rivlin materi-
als. It is observed that ensemble averaging decreases iso-
tropic inconsistencies rapidly for small samples, whereas
large samples are already nearly representative of the
macroscopic isotropic material. Therefore, when sam-
ples are large, one expects that a diagonal E∗ will induce
a nearly diagonal S∗. It is remarked that this test would
indicate an isotropic response when certain anisotropic
materials’ axes of symmetry (e.g. for transverse isotropy
and orthotropy) line up with the axes of loading. How-
ever, this situation is hard to achieve for the class of
particulate composites considered since random pack-
ing is employed.

5.2 Determining a numerical RVE size

The scheme outlined in Sect. 4 for determining a numeri-
cal RVE size specific to a given deformation is
demonstrated, using 10−2 for all convergence tolerances.
Consider a porous material, where the matrix is a
Kirchhoff–St.Venant type material with properties and
volume fraction of pores in Table 2. Samples are sub-
jected to linear displacement boundary conditions with
� = I + 10−11,13 and the results are shown in Fig. 19.
It is observed that the scatter in responses are larger for
smaller sample sizes, and that ensemble averaging re-
sults display convergent behavior with increasing sam-
ple size. The simulation was stopped when both 〈〈κ�〉〉
and 〈〈µ�〉〉 converged, from which one obtains a sample

13 1 is the tensor with all components equal to one with respect
to the basis employed.
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Fig. 18 Variation of isotropic inconsistencies with ensemble aver-
aging. Matrix properties and mismatch ratios used are shown in
Table 2. Both the matrix and particles are Mooney–Rivlin mate-
rials

size with 81 particles. Effects of ensemble averaging and
variation of number of samples required with increas-
ing sample size are shown in Fig. 20, where one observes
again that with increasing number of samples ensem-
ble averages converge quickly, and that larger samples
typically require a smaller number of samples for con-
vergence in ensemble averaging.

It is also noted that isotropic inconsistencies may re-
sult in dependence of convergence monitors explicitly
on the form of E∗, rather than only on its invariants.
However, since large samples display negligible anisot-
ropy, in the remaining portion of this work, this depen-
dence is ignored and it is assumed that results depend
on the invariants of E∗ only.

5.3 Generation of an effective material map

Using the numerical schemes presented, one can cal-
culate a discrete material map for the heterogeneous
material characterized in Table 2, using Mooney–Rivlin
materials for both the matrix and the particles, and the
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Fig. 19 Iterative RVE size determination scheme results. Matrix
properties (Kirchhoff–St.Venant material) and volume fraction
used are shown in Table 2. � = I + 10−11

Table 3 Material map generation parameters used throughout
this section, unless otherwise noted. See Section 3 for details on
map generation

λmin
F λmax

F λinc
F a b

0.7 1.5 0.1 0.01 0.025

map parameters listed in Table 3, as described in Sect.
3. In order to do this, a suitable RVE size for map gen-
eration must be determined. The parameters employed
in the RVE size determination scheme are functions
of the deformation, which renders the associated RVE
size deformation dependent. Figure 21 shows the vari-
ation of the numerical RVE size throughout the range
of deformations considered. The numerical RVE size
has less than or equal to 64 particles at all nodes of
the map, except at a single node where the number of
particles is 81. To determine the material map, RVE
size is chosen to have 64 particles. The resulting map is
shown in Fig. 22. Also, using the same RVE size of 64
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Fig. 20 Effects of ensemble averaging and variation of number
of samples required with increasing sample size corresponding to
results shown in Fig. 19

particles without verification, effective material maps
for same microstructural parameters, but combination
of two Kirchhoff–St.Venant materials and two Fung type
materials are shown in Fig. 23 and 24. It should be noted
that the behavior displayed in Fig. 23 for the combina-
tion of two Kirchhoff–St.Venant materials is not similar
to that of a Kirchhoff–St.Venant material. Moreover, if
the constitutive equations for the two materials are not
of the same type, then there is no apparent candidate for
an approximate constitutive equation. As an example,
consider the microstructural parameters given in Table
2, using a Mooney-Rivlin type material as the matrix,
and a Kirchhoff–St.Venant type material for the parti-
cles. The resulting material maps are shown in Fig. 25.

5.4 An application

The discrete material generated in Sect. 5.3 can be used
in the analysis of a structure made of this heterogeneous
material (Fig. 26). Consider a structure with voids in the
reference configuration Ro, subjected to linear displace-

Fig. 21 The numerical RVE size map for material and map
parameters listed in Tables 2 and 3, using Mooney-Rivlin materials

ment boundary conditions of the form x = �X on the

outer boundary, where [�] =
[

1.1 0.05
0.02 1.1

]

. The matrix

material is represented by the discrete map of Fig. 22. It
is assumed that the microstructure is sufficiently small
with respect to the size of the structure, so that a homog-
enized solution is applicable. Results are shown in Fig.
27, where the mesh14 resolution on the reference config-
uration Ro and the distribution of

∥

∥P∗∥
∥ on the deformed

configuration R∗ are given.

5.5 Comparison of computation time

Suppose one attempted to analyze the previous prob-
lem by analyzing an RVE at each integration point of
the mesh as described in Sect. 4.2, by fixing the RVE
size to Np = 64. At the resolution shown in Fig. 27, the
number of elements was Ne = 1066. Numerical gener-
ation of the stiffness matrix requires 7 RVE analyses
per element, per Newton iteration. Each RVE analysis
takes on the order of 40 s to complete on a standard
workstation,15 which means approximately 83 hours per
Newton iteration. Assuming a total of 5–10 N iterations
typically required for convergence, the total computa-
tion time required amounts to more than 3 weeks. The
computation time required for the solution given in the
previous section was 2.5 s, which is a significant improve-
ment.

It is noted that the computation time required for the
generation of the material map scales with the resolu-

14 The triangular mesh generator Triangle by J. R. Shewchuk of
University of California, Berkeley (USA) was used.
15 This is calculated for a sample size of Np = 64, subjected to
linear displacement boundary conditions with � = I + 10−21.
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Fig. 22 Effective material maps for material and map parameters listed in Tables 2 and 3, using Mooney–Rivlin type materials. The
mesh resolution is set to λinc

F = 0.05

Fig. 23 Effective material maps for material parameters listed in Table 2, using Kirchhoff–St.Venant type materials. The mesh resolution
is set to λinc

F = 0.05, and {λmin
F , λmax

F } = {0.95, 1.45}.

Fig. 24 Effective material maps for material parameters listed in Table 2, using Fung type materials. The mesh resolution is set to
λinc

F = 0.05, and {λmin
F , λmax

F } = {0.95, 1.45}.
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Fig. 25 Effective material maps for material parameters listed in Table 2, using a Mooney–Rivlin type material as the matrix, and a
Kirchhoff–St.Venant type material for the particles. The mesh resolution is set to λinc

F = 0.05, and {λmin
F , λmax

F } = {0.9, 1.50}

microstructuremacrostructure

Fig. 26 The macroscopic structure is porous, where the matrix is
a heterogeneous material

tion of the map. The computation of the map employed
in this example required 153 RVE analyses, which cor-
responds to a computation time of 1.7 h with 40 s per
RVE analysis. However, a single map may be applicable
to multiple structural problems, or to the same problem
with a different mesh resolution, which adds further effi-
ciency to the method.

6 Conclusion

In this work, homogenization of linearly and non-linearly
deforming heterogeneous elastic materials was inves-
tigated, using particle–matrix composites. The aim in
both regimes is to estimate, or generate bounds for, the
effective properties of the macroscopic material using
an RVE. To determine an RVE size numerically for
fixed microstructural parameters, one compares ensem-
ble averaged parameters from successively larger sam-
ple sizes until results saturate to within a given tolerance.
For overall isotropic behavior, the parameters moni-
tored for convergence are the two material parameters
(κ and µ) in the linear regime, and they are the three

stress-strain characterization parameters (κ , µ and π) in
the non-linear regime.

In the linear regime, the homogenization process was
reviewed, and a method for determining a suitable RVE
size was introduced based on the convergence behav-
ior of homogenization parameters. In the non-linear
regime, proper identification of macroscopic stress and
strain was discussed, and three stress-strain character-
ization parameters (κ , µ and π) were introduced to ex-
tend the homogenization process in the linear regime
to the non-linear regime. Attention was focused to the
effects of deformation on the homogenization process,
a factor that is not relevant for the linear regime. Mon-
itoring of these parameters in convergence analysis (in
determining the number of samples per sample size for
ensemble averaging, and in comparing ensemble aver-
ages from successively larger sample sizes) was used
successfully in numerically determining the RVE size.
The RVE sizes for the range of deformations consid-
ered (which is characterized by the range of variation
of the invariants of the strain tensor E) were deter-
mined and, subsequently, a sample size was chosen to
characterize the non-linear behavior of the heteroge-
neous material through the use of an effective material
map. It was observed that combinations of materials
with known (and relatively simple) constitutive equa-
tions may yield macroscopically non-trivial constitutive
behaviors. Incorporation of the effective material map
in the non-linear analysis of a microscopically heteroge-
neous macrostructure was found to significantly reduce
the computation time.

Bifurcation phenomena, such as buckling on the micro-
scale, were excluded from the analysis in this work.
Whenever such phenomena are present, the RVE size
employed to characterize the macroscopic behavior of
the heterogeneous material must be critically evaluated.
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Fig. 27 Mesh resolution on the reference configuration Ro (left), and the distribution of
∥

∥P∗∥
∥ on R∗

In particular, it has been shown that bifurcation phe-
nomena may only be captured when a sufficiently large
RVE size is employed [16,22] The RVE size determina-
tion scheme described in this work may require modifi-
cation to incorporate such bifurcation effects.

The map resolution that is required for an accurate
analysis of the macrostructure is a subject for future
work. One may build a numerical criterion to make such
a decision in the following way. Suppose, one computes
a series of stress fields PK for successively finer mate-
rial maps, where K is the index for map refinement. On
the reference configuration Ro of the macrostructure,
one could then compute a relative error measure for the
K + 1-st stress field using an error monitor £K

P :

£K
P

def=

∥

∥

∥PK+1 − PK
∥

∥

∥Ro
∥

∥

∥PK
∥

∥

∥Ro

,

where ‖A‖Ro = ∫

Ro
A · A dV for a tensor A. One could

use this criterion to refine the material map and recom-
pute the stress field, until the error decreases below a
given tolerance: £K

P ≤ TOL.
The concept of a material map may also be extended

to investigate the behavior of macroscopically aniso-
tropic non-linearly elastic composites. For instance, the
stress-strain relationship of a transversely isotropic mate-
rial can be expressed as [14]

S(C, n) = φ0I + φ1C + φ2C2 + φ3n ⊗ n + φ4(n⊗
Cn + Cn ⊗ n) + φ5Cn ⊗ Cn ,

where n is a vector normal to the plane of isotropy, and
each coefficient function φi is represented by a function

of the form φi = ̂φi( tr(C), tr
(

C2
)

, tr
(

C3
)

, n · Cn, n ·
C2n). Application of this form to a heterogeneous mate-
rial that displays transverse isotropy on the macroscale
would require a procedure for the determination of the

effective coefficient functions φ∗
i , and is a subject of cur-

rent research of the authors.
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