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Abstract This work deals with the dynamic contact of
a rigid body with a deformable electromagnetically sensi-
tive fabric structure, represented by a network model. Of
particular interest are the electromagnetically induced forces
generated on the fabric, which are proportional to the exter-
nal electric field (EE XT ) and the velocity crossed with the
external magnetic field (v × BE XT ). These forces transmit
reactions to the rigid contacting object, which can induce
rotational motion. Modeling and simulation of this effect can
be useful in ballistic shielding applications, because the rota-
tion of an incoming, ogival, projectile allows it to be more
easily impeded. A modular formulation for the deforma-
tion of impacted fabric structures, represented by a network
model, is developed in this paper, characterized by (1) stretch-
ing of interconnected yarn networks, described by simple
constitutive relations, including yarn damage, (2) interaction
with impacting objects, incorporating contact with friction
and (3) electromagnetic sensitivity and actuation, demon-
strating how the Lorentz force can be harnessed to break
symmetric deformation patterns in order to induce spin onto
an incoming object, whether that object is electromagneti-
cally sensitive or not.
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1 Introduction

The focus of this paper is to model and simulate the
deformation of an electromagnetically sensitive fabric struc-
ture, represented by a network model, that is induced via
high-speed contact with a rigid object. An effect of inter-
est is the strongly asymmetric deformation arising from the
Lorentz force, and its utilization to induce the rotation (via
contact forces) of an incoming object. To explain the effect
clearly, we will consider a flat planar sheet of electromagnet-
ically sensitive fabric (Fig. 1) placed directly in front of an
external electromagnetic field. Afterward, we then consider
the impact of a rigid body against the fabric, which thrusts
the system into the electromagnetic field. The electromag-
netic field induces forces that are proportional to external
electric field EE XT and the velocity crossed with the exter-
nal magnetic field (v× BE XT ) onto the fabric, which in turn,
due to normal contact and friction forces, induces reactions
onto the contacting object, which can cause it to rotate. This
rotation occurs even if the rigid object is not electromagnet-
ically sensitive, due to the reaction forces produced by the
fabric, which is electromagnetically sensitive. As mentioned,
an application of interest is to induce enough spin to suffi-
ciently rotate an incoming ogival object (a projectile), so that
it can be more easily stopped.1 In this case, we emphasize that
the field would not have to be strong enough to stop the pro-
jectile, only strong enough to make it tilt. The sensitivity of
the fabric to electromagnetic fields can be induced by seeding
small-scale (nano) particles within the weave (Fig. 2), which

1 Generally, tumbling helps to impede an ogival projectile, since the
projectile will project a larger contact area onto the fabric. Induced
tumbling of projectiles has been attempted for many years by non-elec-
tromagnetic means (see Meyers [24] for reviews).
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Fig. 1 An electromagnetically-sensitive fabric being “pushed” into a
magnetic field by a projectile. The velocity of the object and the mag-
netic field induce forces proportional to the velocity attained by the
fabric and the external magnetic field magnitude

is a relatively standard approach to produce electromagneti-
cally sensitive polymers.

Remarks There exist a wide range of applications for bal-
listic fabric shields, such as body armor and shielding of
critical military and commercial structural components. The
reader is referred to Godfrey and Rossettos [13], Rossettos
and Godfrey [30], Roylance and Wang [31], Taylor and
Vinson [39], Shim et al. [33], Johnson et al. [18], Tabiei
and Jiang [36], Kollegal and Sridharan [19], Walker [42],
Cheeseman and Bogetti [7], Duan et al. [9–11] Kwong and
Goldsmith [20], Lim et al [22,23], Shockey et al [34], Tan et al
[38], Verzemnieks [41], Zohdi [44], Zohdi and Steigmann
[45], Zohdi [51], Zohdi and Powell [49] and Powell and
Zohdi [29] for a cross-sectional view of the field. For an
exhaustive and comprehensive overview of all aspects of bal-
listic fabric, see Tabiei and Nilakantan [37]. To the knowl-
edge of the author, no works have explored the deformation
of electromagnetically sensitive fabric shielding.

2 Reduced order fabric network model

2.1 Overall model

We consider an undeformed, initially planar, network repre-
sentation of a woven fabric of yarn (Fig. 2). The main ingre-
dients of this reduced order model are:

• The yarn are joined at the nodes, in other words, they are
sutured together at those locations to form a network con-
nected by pin-joints (nodes) (Fig. 2). In reality the yarn
are tightly woven and the nodes are the criss-cross contact
junctions between the warp and the fill of the weave.

• The mass of the fabric is lumped to coincide with the pin-
joint locations. The deformation of the fabric is dictated
by solving a coupled system of differential equations of
motion for the interconnected lumped masses.

2.2 Lumped mass representation

For each lumped mass, dynamic motion is computed via

mi r̈ i = ψ tot
i

︸︷︷︸

total

= ψcon
i

︸︷︷︸

contact forces

+ ψ
f r ic
i

︸ ︷︷ ︸

friction forces

+ ψem
i

︸︷︷︸

electromagnetic forces

+
4

∑

I=1

ψ
yarn
i I

︸ ︷︷ ︸

surrounding yarn

, (2.1)

where i = 1, 2, . . . , N , N being the number of lumped
masses (nodes), ψcon

i represents the (normal) contact force

contribution to node i , ψ f r ic
i represents the friction (con-

tact) force contribution, ψem
i represents the electromagnetic

contribution, ψ yarn
i I represents the axial contributions of the

four yarn intersecting at node i (Fig. 1) and where mi is the
mass of a single lumped mass node, i.e. the total fabric mass
divided by the total number of nodes.

2.3 Yarn forces

We assume that the compressive response of the fabric is
of insignificant interest for the applications under consid-
eration, and employ a so-called relaxed model, whereby a
zero stress state is enforced for any compressive strains. For
details on a wide variety of relaxed models, we refer the
reader to works dating back to Pipkin [27], in the context of
wrinkling sheets, Buchholdt et al. [3], Pangiotopoulos [25],
Bufler and Nguyen-Tuong [4] and Cannarozzi [5,6],
Steigmann [35], Haseganu and Steigmann [14,15] and [16],
Atai and Steigmann [1,2] for applications to elastostatic anal-
ysis of structural fabric and Papadrakakis [26] for related,
general, pseudo dynamic relaxation methods. Relaxed for-
mulations have served as a foundation for more elaborate
models describing rupture of ballistic fabric shielding in
Zohdi [44], Zohdi and Steigmann [45], Zohdi [51] and Zohdi
and Powell [49], and are the basis for the present approach.
We make the following simplifying assumptions:

• the yarn are quite thin, therefore one may assume a uni-
axial-stress type condition,

• the joint connections produce no bending or moments,
• the yarn buckling is ignored,
• the forces only act along the length of the yarn and
• the bars remain straight, undergoing a homogeneous

stress state.

We typically write constitutive laws in terms of the Piola-
stresses. Mimicing 3-D approaches, we first define the first-
Piola stress Kirchhoff stress:

P = force on referential area

referential area
, (2.2)
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Fig. 2 A network
representation of woven-fabric.
The yarn are joined at the nodes,
in other words, they are sutured
together at those locations to
form a network connected by
pin-joints, and the mass and
electrical charge of the material
are lumped at the suture points
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and then transform the result to the the second Piola stress
via P = F S, in order to symmetrize it, although in 1-D this
is superfluous. One can then employ a standard constitutive
relation S = F(U ). One primary objective is to extract the
force (ψ yarn), therefore

P = ψ yarn

Ao
⇒ ψ yarn = U S Ao = L

Lo
S Ao. (2.3)

The axial strains, for structural fabric, such as Zylon or
Kevlar, are expected to be in the range of 2–10% before
rupturing.2 Therefore, a relatively simple Kirchhoff-St. Ve-
nant material model is reasonable. The stored energy is

W = 1
2 EE2, E is Young’s modulus, E

def= 1
2 (U

2 − 1) is the
Green-Lagrange strain, U = L

Lo
is the stretch ratio, L is the

deformed length of the yarn and Lo is its original length. The
second Piola–Kirchhoff stress is given by ∂W

∂E = S = EE ,
thus

ψ yarn = L

Lo
S Ao = L

Lo

(

E
U 2 − 1

2

)

Ao. (2.4)

The forces from the I th surrounding yarn segment (there are
four of them for the type of weaving pattern considered) act-
ing on the i th lumped mass isψ yarn

i I = UI SI Aoai I (Ao is the
undeformed cross-sectional area of the yarn), where the unit

axial yarn direction is given by ai I = r+
I −r−

I
||r+

I −r−
I || , where r+

I

denotes the endpoint connected to the lumped mass and r−
I

denotes the endpoint that is not connected to the lumped mass
(Fig. 1).3 Clearly, ψ yarn

i I is a function of the nodal positions
(r i ), which are all coupled together, leading to a system of

2 For example, Zylon ruptures at approximately a 3% axial strain
(Toyobo [40]).
3 || · || indicates the Euclidean norm in R3.

equations. In order to solve the resulting coupled system, we
develop an iterative solution scheme later in the presentation.

2.4 Yarn damage

Generally, the microstructure of the yarn is composed of
microscale fibrils. This is the case with materials such
as Zylon, which is a polymeric material produced by the
Toyobo Corporation (Toyobo [40]), Kevlar or other ara-
mid-based materials. For example, Zylon has a multiscale
structure constructed from PBO (Polybenzoxale) microscale
fibrils, which are bundled together to form yarn, which are
then tightly woven into sheets. For Zylon, each yarn contains
approximately 350 microfibrils, which are randomly misa-
ligned within the yarn, leading to a gradual type of failure,
since the microfibrils become stretched to different lengths
(within the yarn), when the yarn is in tension. The simplest
approach to describe failure of a yarn is to check whether a
critical stretch has been attained, U (t) ≥ Ucrit , and to track
the progressive damage for a yarn with a single damage (iso-
tropic) variable, 0 ≤ α ≤ 1, used in the representation

S = αEE . (2.5)

The damage variable for a yarn segment I , αI = F(UI )

represents the fraction of microfibrils that are not ruptured,
within the I th yarn.4 Thus, for a yarn that is undamaged,
αI = 1, while for a yarn that is completely damaged, αI = 0.
A particularly simple damage representation is (Zohdi and
Powell [49])

4 This topic, which is relevant in a multiscale setting, has been explored
in depth in Zohdi and Steigmann [45] and Zohdi and Powell [49], Powell
and Zohdi [29].
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αI (t) = min

(

αI (0 ≤ t∗ < t), e

(

−λ
(

U (t)−Ucrit
Ucri t

)))

, (2.6)

where αI (U (t = 0)) = 1, U (t) is the stretch of the yarn at
time t , and where 0 ≤ λ is a damage decay parameter. The
above relation indicates that damage is irreversible, i.e. αI is
a monotonically decreasing function. As λ → ∞, the type of
failure tends towards sudden rupture, while as λ → 0, then
there is no damage generated.

2.5 Electromagnetic “lumping”

In order to introduce the electromagnetic sensitivity into
the fabric model, recall the main observations in conjunc-
tion with electromagnetic phenomena, namely (a) if a point
charge q experiences a force Fe, the electric field, E, at a
position of the charge is defined by Fe = q E, (b) if the
charge is moving, another force may arise, Fm , which is
proportional to its velocity v, and which is denoted as the
“magnetic induction” (induced) or just the “magnetic field”,
B, such that Fm = qv× B and (c) if the forces occur concur-
rently (the charge is moving through the region possessing
both electric and magnetic fields), then F = q E + qv × B.
Consistent with the inertial lumped mass approximations,
the electromagnetic lumped mass nodes in fabric experience
electromagnetic forces of the form

ψem
i = qi

(

EE XT + vi × BE XT
)

, (2.7)

where qi is the charge of the lumped mass and EE XT and
BE XT are the external fields.

Note: EE XT and BE XT can be considered as static (or
extremely slowly-varying), and thus uncoupled and indepen-
dently controllable. We assume that the fields are indepen-
dent of the response of the system (dead loading), and that the
electromagnetic interaction between particles is negligible.
For a review of extensive work on nodal and charged particle
interaction, see Zohdi [46–53].

3 Iterative solution schemes

3.1 General time-stepping schemes

In order describe the overall time-stepping scheme, we first
start with the dynamics of a single (i th) lumped mass. The
equation of motion is given by

mi v̇i = ψ tot
i , (3.1)

where ψ tot
i is the total force provided from interactions

with the external environment (yarn, electromagnetics, etc).

Employing the trapezoidal-like rule (0 ≤ φ ≤ 1)5

r i (t+�t)= r i (t)+vi (t)�t+ φ(�t)2

mi

(

φψ tot
i (r i (t +�t))

+ (1 − φ)ψ tot
i (r i (t))

) + Ô(�t)2, (3.2)

where if φ = 1, then Eq. 3.2 becomes the (implicit)
Backward Euler scheme, which is very stable, dissipative and
Ô(�t)2 = O(�t)2 locally in time, if φ = 0, then Eq. 3.2
becomes the (explicit) Forward Euler scheme, which is con-
ditionally stable and Ô(�t)2 = O(�t)2 locally in time and
if φ = 0.5, then Eq. 3.2 becomes the (implicit) Midpoint
scheme, which is stable and Ô(�t)2 = O(�t)3 locally in
time. In summary, we have for the velocity.6 Equation 3.2
can be solved recursively by recasting the relation as

r L+1,K
i = G(r L+1,K−1

i )+ Ri , (3.3)

where K = 1, 2, 3, . . . is the index of iteration within time
step L+1 and Ri is a remainder term that does not depend on
the solution, i.e. Ri �= Ri (r

L+1
1 , r L+1

2 . . . r L+1
N ). The con-

vergence of such a scheme is dependent on the behavior of
G. Namely, a sufficient condition for convergence is that G
is a contraction mapping for all r L+1,K

i , K = 1, 2, 3 . . . In
order to investigate this further, we define the iteration error
as

�
L+1,K
i

def= r L+1,K
i − r L+1

i . (3.4)

A necessary restriction for convergence is iterative self con-
sistency, i.e. the “exact” (discretized) solution must be rep-
resented by the scheme

G(r L+1
i )+ Ri = r L+1

i . (3.5)

Enforcing this restriction, a sufficient condition for conver-
gence is the existence of a contraction mapping

|| r L+1,K
i − r L+1

i
︸ ︷︷ ︸

�
L+1,K
i

|| = ||G(r L+1,K−1
i )− G(r L+1

i )||

≤ ηL+1,K ||r L+1,K−1
i − r L+1

i ||,

where, if 0 ≤ ηL+1,K < 1 for each iteration K , then
�

L+1,K
i → 0 for any arbitrary starting value r L+1,K=0

i , as
K → ∞. This type of contraction condition is sufficient, but

5 See the Appendix 1 for a derivation.
6 In order to streamline the notation, we drop the cumbersome O(�t)-
type terms.
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not necessary, for convergence. Explicitly, the recursion is

r L+1,K
i = r L

i + vL
i �t + φ(�t)2

mi

(

(1 − φ)ψ
tot,L
i

)

︸ ︷︷ ︸

Ri

+ φ(�t)2

mi

(

φψ
tot,L+1,K−1
i

)

︸ ︷︷ ︸

G(r L+1,K−1
i )

(3.6)

where

ψ
tot,L
i = ψ

tot,L
i (r L

1 , r L
2 . . . r L

N ) (3.7)

and

ψ
tot,L+1,K−1
i = ψ

tot,L+1,K−1
i

(r L+1,K−1
1 , r L+1,K−1

2 . . . r L+1,K−1
N ).

(3.8)

According to Equation, convergence is scaled by η ∝ (�t)2

mi
,

and that the contraction constant of G is (1) directly depen-
dent on the magnitude of the interaction forces, (2) inversely
proportional to the lumped masses mi and (3) directly pro-
portional to �t . Thus, if convergence is slow within a time
step, the time step size, which is adjustable, can be reduced
by an appropriate amount to increase the rate of conver-
gence. It is also desirable to simultaneously maximize the
time-step sizes to decrease overall computing time, while
obeying an error tolerance on the numerical solution’s accu-
racy. In order to achieve this goal, we follow an approach
found in Zohdi [46–53], originally developed for continuum
thermo-chemical multifield problems where (1) one approx-
imates ηL+1,K ≈ S(�t)p (S is assumed a constant) and
(2) one assumes that the error within an iteration to behave
according to (S(�t)p)K� L+1,0 = � L+1,K , K = 1, 2, . . .,
where � L+1,0 is the initial norm of the iterative error and
S is intrinsic to the system.7 The objective is to meet an
error tolerance in exactly a preset number of iterations. To
this end, one writes (S(�ttol)

p)Kd� L+1,0 = T O L , where
T O L is a tolerance and where Kd is the number of desired
iterations.8 If the error tolerance is not met in the desired
number of iterations, the contraction constant ηL+1,K is too
large. Accordingly, one can solve for a new smaller step size,
under the assumption that S is constant,

�ttol = �t

⎛

⎜

⎜

⎝

(

T O L
� L+1,0

) 1
pKd

(

� L+1,K

� L+1,0

) 1
pK

⎞

⎟

⎟

⎠

. (3.9)

7 For the class of problems under consideration, due to the quadratic
dependency on �t , p ≈ 2.
8 Typically, Kd is chosen to be between five to ten iterations.

The assumption that S is constant is not crucial, since the time
steps are to be recursively refined and unrefined throughout
the simulation. The expression in Eq. 3.9 can also be used
for time step enlargement, to reduce computational effort,
if convergence is met in less than Kd iterations. Numerous
parameter studies of this algorithm can be found in Zohdi
[46–53]. An implementation of the procedure is as follows:

(1)GLOBAL FIXED − POINT ITERATION :
(SET i = 1 AND K = 0) :

(2) IF i > N THEN GO TO (4) (N = # OF NODES)
(3) IF i ≤ N THEN :

(a) COMPUTE MASS POSITION :r L+1,K
i

(b) ENFORCE CONTACT IF NECESSARY
(DISCUSSED IN NEXT SECTION)

(c) GO TO (2) AND NEXT MASS (i = i + 1)

(4)COMPUTE/UPDATE FORCESψ tot,K
i

AND YARN DAMAGE :αI
(5)ERROR MEASURE :

(a)�K
def=

∑N
i=1 ||r L+1,K

i − r L+1,K−1
i ||

∑N
i=1 ||r L+1,K

i − r L
i ||

(normalized)

(b)Z K
def= �K

T O Lr

(c)
K
def=

⎛

⎜

⎜

⎝

(

T O L
�0

) 1
pKd

(

�K
�0

) 1
pK

⎞

⎟

⎟

⎠

(6)IF TOLERANCE MET (Z K ≤1) AND K <Kd THEN :
(a)CONSTRUCT NEW TIME STEP :�t = 
K�t
(b)SELECT MINIMUM :�t = M I N (�tlim ,�t)
(c) INCREMENT TIME : t = t +�t AND GO TO (1)

(7)IF TOLERANCE NOT MET (Z K >1) AND K = Kd THEN :
(a)CONSTRUCT NEW TIME STEP :�t = 
K�t
(b)RESTART AT TIME = t AND GO TO (1)

(3.10)

4 Fabric/rigid-body interaction

Following classical contact algorithms, if penetration of a
fabric node into the projectile is detected (“contact”), the
following process is enacted: (1) Move the fabric node to the
closest point on the rigid body’s surface [Note: there are a
variety of algorithms to perform this operation (see Wriggers
[43] for details)] and (2) If there is friction, then a stick con-
dition is assumed (assuming a common position and velocity
for the point on the surface of the projectile and the fabric
node). The friction force is then checked against the static
limit, which if violated, enacts a sliding friction force.

4.1 Details

Assuming interpenetration for a node i , we calculate the con-
tact force on a node i (Fig. 3)

ψcon
i = mi

�t2 (r
f,corr
i (t +�t)− r f,pred

i (t +�t)) (4.1)
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Fig. 3 Interpenetration of a fabric node

where the corrected contact position, r f,corr
i (t +�t), is given

by

r f,corr
i (t +�t) = r f,pred

i (t +�t)+ �t2

mi
ψcon

i (4.2)

and where the predicted contact position, r f,pred
i (t +�t), is

given by9

r f,pred
i (t +�t) = r f

i (t)+�t (φv f,pred
i (t +�t)

+ (1 − φ)v
f
i (t)) (4.3)

and

v
f,pred
i (t +�t) = v

f
i (t)+ �t

mi
(φψ

f,pred,oth
i (t +�t)

+ (1 − φ)ψ
f,oth
i (t)), (4.4)

whereψ f,oth
i are all forces other than the contact forces. The

fabric node is corrected to

r f,pred
i (t +�t) = r p,cp

i (t +�t), (4.5)

where r p,cp
i (t +�t) is the closest point on the surface of the

contacting object (Fig. 3). For an in-depth review of these
types of methods see Wriggers [43]. Additionally, we must
assign values to the velocity. We first assume that the projec-
tile-fabric surface “sticks”. In this case, we assign the velocity
of the fabric node to that of the closest point on the body, for
node i

v
f,corr
i (t +�t) = v

p,cp
i (t +�t). (4.6)

The friction force is that calculated via

ψ
f r ic
i = mi v̇i − ψcon

i − ψ
f,oth
i . (4.7)

If the friction force exceeds the theoretical limit

||ψ f r ic
i || > μs ||ψcon

i ||, (4.8)

9 v
f
i (t) is the converged value from the previous time step.

then the assumption that there is “stick” is incorrect, and
sliding must occur, resulting in a nonmatching velocity of10

v
f,corr
i (t+�t)=v f,pred

i (t+�t)+�t

mi
(ψcon

i +ψ f r ic
i ),

(4.10)

with the (frictional) projection

ψ
f r ic
i = μd ||ψcon

i || v
p,cp
i − v

f,cp
i

||v p,cp
i − v

f,cp
i ||

. (4.11)

4.2 Projectile motion

After the calculations culminating with Eq. 4.11 have been
completed, the velocity of the projectile is recalculated via
(summing the nodal contributions)

v p(t +�t) = v p(t)− �t

m p

Nc
∑

i=1

(

ψcon
i + ψ

f r ic
i

)

+ �t

m p

(

φψ p,oth(t+�t)+(1−φ)ψ p,oth(t)
)

(4.12)

where Nc is the number of nodes in contact, and

r p(t +�t) = r p(t)+�t (φv p(t +�t)

+ (1 − φ)v p(t)). (4.13)

The projectile’s angular velocity and rotation are determined
in a similar manner by integrating the equations for an angu-
lar momentum balance

Ḣcm = d(I · ω)
dt

= M E XT
cm , (4.14)

where I is the mass moment of the projectile,ω is the angular
velocity and M E XT

cm is the sum of all moment contributions
external to the projectile, around its center of mass. In Appen-
dix 2, a general rigid body solution algorithm is provided.

5 Model problem: impact of a sphere

As an example, we consider the special case of a spherical
projectile, with moment of inertia I sphere

p = 2
5 m p R2, where

R is the radius of the sphere. In the case of a sphere, the
closest point calculation can be determined by calculating a
unit vector, denoted ni→cp, from the interpenetrated point
and the center of the projectile (Fig. 4)

10 We remark that the velocity of any point i on the surface of the body
can be determined by simply calculating

vi = vcm + ω × rcm→i . (4.9)
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Fig. 4 Closest point projection for a sphere
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Fig. 5 Markers on a sphere

r f,pred
i + r f,pred

i→cm = rcm ⇒ r f,pred
i→cm = rcm − r f,pred

i

⇒ ni→cp = rcm − r f,pred
i

||rcm − r f,pred
i ||

, (5.1)

and where r p,cp
i = rcm − Rni→cp.

The incoming rigid body was assigned a (center of mass)
velocity of 250 m/s and a zero angular velocity. We employ
the following measure of inclination, a “tilt-angle” that deter-
mines the degree of angular change of “markers” (Fig. 5)
placed on the surface of the sphere (rm)

�
def= cos−1

(

(rm − r p,cm) · (rmo − r p,cmo)

||rm − r p,cm ||||rmo − r p,cmo||
)

. (5.2)

The following system parameters were used:11

• initial (upper limit) time-step size: �t = 0.000001,
• iterative tolerance: TOL=0.000001,
• sphere radius: R =0.02635 m,
• mass of the projectile: m p =0.037 kg,
• iteration limit: Kd =6,
• critical stretch ratio for yarn rupture=1.03,
• yarn radius=0.000185 m,
• lumped nodes: 100 × 100,

11 Corresponding to standard sized projectiles used in our lab at UC
Berkeley http://www.me.berkeley.edu/compmat, for nonelectromag-
netic materials.

• lumped mass charge q = 1,
• external magnetic field BE XT = 0.05ex , (zero electric

field, EE XT = 0),
• the trapezoidal time-stepping parameter φ = 0.5 (mid-

point rule),
• static friction coefficient μs = 1.0,
• dynamic friction coefficient μd = 0.95,
• effective areal density of fabric=0.12784 kg/m2 (Zylon

(PBO) solid material density=1540 kg/m3),
• size of the sheet: 0.254 m × 0.254 m,
• damage rate parameter: λ = 0.1,
• effective Young’s modulus of a yarn E = 126 GPa (with

statistical variation of 10% from the mean governed by a
Gaussian distribution).

The events connected to having no magnetic field can be
seen in Figs. 6 and 7 and with a magnetic field in Figs. 8
and 9. The case of no magnetic field produces virtually no
spin (Fig. 7). Very slight spin variations occur due to the sta-
tistical variation in the Young’s modulus from yarn to yarn.
Had there been no material variations, the deformation would
have been perfectly symmetric, inducing no spin (to within
computational machine precision). Clearly, the induced spin
is quite large when the v × BE XT term is present, due to
the breaking of deformation symmetry (Figs. 8 and 9). This
allows the overall friction forces to induce a moment about
the projectile’s mass center. Notice that the sphere “rocks
back and forth” (Fig. 8), which is reflected in Fig. 9 by
re-attaining zero tilt value. As in the case of no magnetic field,
the normal contact forces produce no moment. The magnetic
field induces forces that are proportional to v × BE XT onto
the fabric, which in turn, due to the friction forces, induces
reactions onto the contacting object, which can cause it to
rotate. This effect is critical in many applications because
the tilting of an incoming (non-spherical, ogival) projectile
can lead to it being more easily stopped. A rough estimate of
how strong of a moment is needed to induce a desired angular
“tilt” of �∗, can be obtained via a 2-D, “back of the enve-
lope” calculation I �̈ = M , where if we consider and object,
initially not spinning, undergoing a constant angular accel-
eration �(t) = �∗ = �o + �̇(δt) + 1

2 �̈(δt)
2 = 1

2 �̈(δt)
2,

(�o = 0 and �̇ = 0) we obtain �̈ = 2
(δt)2

�∗ and, therefore,

M = I
2

(δt)2
�∗ = ||v||||BE XT ||μs Nc R (5.3)

where δt is the time needed (impact interval) for the tilt, �∗
is the desired amount of tilt, R is the radius of the sphere and
Nc is the number of nodes in contact, which is proportional
to πR2, which is a function of the denier of the yarn (the
number of yarn per square inch or meter). One can solve for
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Fig. 6 Top to bottom and left to right: sequence of impact for an electromagnetically-neutral fabric. Red indicates an undamaged material (α = 1),
while blue indicates a highly damaged material (α = 0). The arrows serve as markers to easily view the projectile orientation

the strength of the magnetic field, yielding

||BE XT || ∝ 2I�∗

(δt)2||v||μs Nc R
, (5.4)

which provides a guideline for the magnetic field intensity
needed to induced the appropriate moment. This estimate can
be sharpened by numerical experiment, such as the one just
performed in the model problem.
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Fig. 7 The induced angular change and spin for an electromagneti-
cally-neutral fabric

6 Summary and extensions

This work developed a formulation for the deformation
of fabric structures, addressing (1) the basic mechanics of
interconnected yarn networks, (2) simple constitutive rela-
tions, including yarn damage, (3) interaction with impacting
objects, incorporating contact with friction and (4) electro-
magnetic sensitivity of the fabric. Of particular interest was
the electromagnetic fabric responses, and the illustration of
how the Lorentz force, which can cause a torque, can be
harnessed to induce spin to an incoming object, whether the
impacting object is magnetically sensitive or not. This work
addressed scenarios where a rigid object contacted an elec-
tromagnetically-sensitive structural fabric and pushed it into
an electromagnetic field. The primary interest was the spin
induced by the fabric onto the contacting object, which occurs
due to the unsymmetric deformation of the fabric.

In many cases, incoming projectiles possess an initial
angular velocity. For example, a typical bullet that leaves
a rifled muzzle spins along its ogival axis at several thousand

radians/sec.12 Accordingly, consider a rigid object with
charged lumped masses attached to its surface. These lumped
masses (particles) could be attached to the rigid body through
contact with strong friction (Fig. 10). We consider the body
to have an angular velocity ω, a center of mass velocity vcm ,
and we assume that the lumped masses are not sliding. As
before, the rigid body is not electromagnetically sensitive.
The velocity of any point on the body is

vi = vcm + ω × rcm→i . (6.1)

If the pushes the lumped masses into a uniform electro-
magnetic field (EE XT , BE XT ), the external electromagnetic
forces acting on each particle are

ψ E XT
i = qi (EE XT + vi × BE XT ). (6.2)

The total external force on the body is

�E XT =
N

∑

i=1

ψ E XT
i = qi (EE XT + vi × BE XT ), (6.3)

and the total external moment about the center of mass of the
lumped masses is

M E XT
cm =

N
∑

i=1

rcm→i × ψ E XT
i =

N
∑

i=1

rcm→i

× qi (EE XT + vi × BE XT ), (6.4)

and the external force can be decomposed into

�E XT =
N

∑

i=1

qi (EE XT )

︸ ︷︷ ︸

electrical contribution

+
N

∑

i=1

qi (vcm × BE XT )

︸ ︷︷ ︸

linear velocity contribution

+
N

∑

i=1

qi ((ω × rcm→i )× BE XT )

︸ ︷︷ ︸

angular velocity contribution

= EE XT

(

N
∑

i=1

qi

)

+ vcm × BE XT

(

N
∑

i=1

qi

)

+ ω

×
(

N
∑

i=1

qi × rcm→i

)

× BE XT (6.5)

12 This is done to stabilize its flight.
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Fig. 8 Top to bottom and left to right: sequence of impact for an elec-
tromagnetically-sensitive fabric. Red indicates an undamaged material
(α = 1), while blue indicates a highly damaged material (α = 0). The

arrows serve as markers to easily view the projectile orientation. The
important feature to notice is the breaking of symmetry in the deforma-
tion, relative the case with no magnetic field
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Fig. 9 The induced angular change and spin for an electromagneti-
cally-sensitive fabric. Notice that the sphere “rocks back and forth”
(Fig. 8), which is reflected in this plot by passing through a zero tilt
value

and the total external moment about the center of mass is

M E XT
cm =

N
∑

i=1

rcm→i ×
⎛

⎜

⎝ qi (E
E XT )

︸ ︷︷ ︸

electrical contribution

+ qi (vcm × BE XT )
︸ ︷︷ ︸

linear velocity contribution

+qi ((ω×rcm→i )× BE XT )
︸ ︷︷ ︸

angular velocity contribution

⎞

⎟

⎠

=
⎛

⎝

N
∑

i=1

qi rcm→i

⎞

⎠ × EE XT +
⎛

⎝

N
∑

i=1

qi rcm→i

⎞

⎠

× vcm × BE XT +
⎛

⎝

N
∑

i=1

qi rcm→i × ω × rcm→i

⎞

⎠

× BE XT

= rq × EE XT + rq ×vcm × BE XT + Hq × BE XT ,

(6.6)

where we define the following

FABRIC

CHARGED
LUMPED
MASSES

NO ELECTROMAGNETIC 
FIELD

ELECTROMAGNETIC 
FIELD

RIGID
BODY

Fig. 10 Lumped masses attached to the surface of a contacting rigid
body

y

z

ELECTROMAGNETIC
FIELD

V ωo o

y

x
1

2

3

4

Fig. 11 A set of rigidly fastened charged particles, encountering an
electromagnetic field

• rq
def= ∑N

i=1 qi rcm→i is the center of charge with respect
to the center of mass and

• Hq
def= ∑N

i=1 qi
H i/o

mi
is the charged angular momentum

per unit mass with respect to the center of mass.

These observations provide a “snapshot” of the electromag-
netic forces and moments that would produced by the charged
masses.

To illustrate the forces that induce the rotation, now let
us consider the specific case of an object comprised of four
charged particles rigidly fastened together (Fig. 11).13 Also
consider the initial spin of the object about its longitudinal
axis, ω = ωok, and center of mass velocity of vcm = vok as
depicted in Fig. 11. The locations of the particles are

r1 = R i, r2 = R j , r3 = −R i and r4 = −R j , (6.7)

13 It may help the reader to imagine that they are fastened together with
rigid, massless, rods.
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with corresponding total velocities given by

vi = vok + ωok × rcm→i . (6.8)

Let us “itemize” the contributions to the forces and moments
from this initial encounter:

• Induced force due to the electric field:

�E XT,E =
Nc
∑

i=1

ψ
E XT,E
i =

(

EE XT
x i + EE XT

y j + EE XT
z k

)

( Nc
∑

i=1

qi

)

(6.9)

• Induced force due to the linear motion and the magnetic
field:

ψ
E XT,B,lin
i =

Nc
∑

i=1

ψ
E XT,B,lin
i

=
(

−BE XT
y vo i + BE XT

x vo j
)

( Nc
∑

i=1

qi

)

(6.10)

• Induced force due to the rotational motion and the mag-
netic field:

�E XT,B,rot =
Nc
∑

i=1

ψ
E XT,B,rot
i

= (q1 − q3)
(

BE XT
z ωo R i − BE XT

x ωo Rk
)

+ (q2−q4)
(

BE XT
z ωo R j − BE XT

y ωo Rk
)

(6.11)

• Induced moment due to the electric field:

M E XT,E =
Nc
∑

i=1

M E XT,E
i

= R EE XT
z ((q2 − q4)i + (q3 − q1) j)

+R
(

EE XT
y (q1−q3)+ EE XT

x (q4−q2)
)

k.

(6.12)

• Induced moment due to linear motion and the magnetic
field:

M E XT,B,lin =
Nc
∑

i=1

M E XT,B,lin
i

= vo R
(

(q3−q1)BE XT
y i+(q2−q4)BE XT

x j
)

(6.13)

• Induced moment due to rotational motion and the mag-
netic field:

M E XT,E,rot =
Nc
∑

i=1

M E XT,B,rot
i

= ωo R2
(

−(q2 + q4)BE XT
y i

+ (q1 + q3)BE XT
x j

)

(6.14)

We have the following observations:

1. If
∑4

i=1 qi = 0, then the magnetic contribution due to
the linear velocity is zero.

2. If
∑4

i=1 qi = 0, then the electric contribution is zero.
3. If q1 = q3 and q4 = q2, then the electric field contributes

no moment.
4. If q1 = q3 and q4 = q2, then the magnetic contribution

due to the linear velocity is zero.
5. If q2 = −q4 and q1 = −q3, then the magnetic contribu-

tion due to the angular velocity is zero.
6. Most importantly, Eq. 6.14 asserts that, if q2 = q4 and

q1 = q3, then the magnetic contribution due to the rota-
tional velocity will tend to rotate the body, provided that
B E XT

y and/or B E XT
x are nonzero.

These observations only hold for the initial force and
moments generated when the object just encounters the elec-
tromagnetic field. Thereafter, the dynamics must be treated
numerically, for example using the techniques discussed in
this paper. Accordingly, Fig. 12 illustrates the results for
ω0z = 10000 rad/s. Notice the increase in the angular veloc-
ity in the y-direction, which reached a final value of approx-
imately 147 rad/s, as opposed to nearly zero (Fig. 9) for the
case when the initial angular velocity was ω0z = 0. Fur-
ther numerical investigation of this effect, as well as exper-
iments are currently under way at the author’s laboratory at
UC Berkeley http://www.me.berkeley.edu/compmat. As we
have mentioned earlier in the paper, the sensitivity of the fab-
ric to electromagnetic fields can be induced by seeding small-
scale (nano) particles within the weave. Such approaches are
currently being explored by the author to produce durable
electromagnetically sensitive fabric.

Finally, a variety of extensions to the model are possible,
in particular, involving the sensing and actuation of electro-
magnetically sensitive networks of biological materials. For
example, instead of a Kirchhoff St. Venant type model used
earlier, one can consider a one-dimensional Fung material
model for the yarn (Fung [12]).14 The stored energy of a

14 The well-known difficulties and ambiguities with the three-dimen-
sional Fung model are irrelevant for this one-dimensional analysis.
Fibrous material represents the load bearing component of many types
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Fig. 12 The induced angular change and spin for an electromagneti-
cally-sensitive fabric with initial angular velocity ofω0z = 10000 rad/s.
Notice the increase in the angular velocity in the y-direction, which
reached a final value of approximately 147 rad/s, as opposed to nearly
zero for the case when the initial angular velocity was ω0z = 0

single Fung fiber is given by W = c(eQ − 1), where Q =
1
2 H E2, H and c are material constants, E

def= 1
2 (U

2 − 1) is
the Green-Lagrange strain. The exponential term phenome-
nologically describes a stiffening effect, due to a progressive
reduction in fibrous microscale “slack”, which is prevalent
in many types biological tissue. The second Piola–Kirchhoff

stress is given by S = ∂W
∂E = c ∂Q

∂E eQ = cH Ee
H E2

2 . There-
after, the approach is identical to what has been presented in
the body of this work. Experiments on electromagnetically
induced actuation of biological tissue, and the actual con-
struction of such materials, is also an area of current study
by the author.

Appendix 1: time-stepping

In order motivate the time-stepping scheme, we first start
with the dynamics of a single lumped mass. The equation of
motion is given by

mi v̇i = ψ tot
i , (A1)

where ψ tot
i is the total force provided from interactions with

the external environment (yarn, contact, electromagnetics,
etc). Expanding the velocity in a Taylor series about t +φ�t

Footnote14 continued
of soft biological tissue. For overviews of a wide variety of soft tissue
continuum models, see the review found in Humphrey [17]. Models
which explicitly account for the presence of fibers in biological tissue
date back, at least, to Lanir [21], who formulated continuum models
based on the existence of fiber families. For a review of Lanir-type
models, as well as other classes of biological constitutive models, see
the review of Sacks and Sun [32]. Also see the work of Costa et al. [8]
and Zohdi [51], among numerous others.

we obtain

vi (t +�t) = vi (t + φ�t)+ dvi

dt
|t+φ�t (1 − φ)�t

+ 1

2

d2vi

dt2 |t+φ�t (1−φ)2(�t)2+O(�t)3 (A2)

and

vi (t) = vi (t + φ�t)− dvi

dt
|t+φ�tφ�t

+ 1

2

d2vi

dt2 |t+φ�tφ
2(�t)2+O(�t)3 (A3)

Subtracting the two expressions yields

dvi

dt
|t+φ�t = vi (t +�t)− vi (t)

�t
+ Ô(�t), (A4)

where Ô(�t) = O(�t)2, when φ = 1
2 . Thus, inserting this

into the equations of equilibrium yields

vi (t +�t) = vi (t)+ �t

mi
ψ tot

i (t + φ�t)+ Ô(�t)2. (A5)

Note that adding a weighted sum of Eqs. A2 and A3 yields

vi (t+φ�t)=φvi (t+�t)+(1−φ)vi (t)+O(�t)2, (A6)

which will be useful shortly. Now expanding the position of
the center of mass in a Taylor series about t +φ�t we obtain

r i (t +�t) = r i (t + φ�t)+ d r i

dt
|t+φ�t (1 − φ)�t

+ 1

2

d2r i

dt2 |t+φ�t (1−φ)2(�t)2+O(�t)3 (A7)

and

r i (t) = r i (t + φ�t)− d r i

dt
|t+φ�tφ�t

+ 1

2

d2r i

dt2 |t+φ�tφ
2(�t)2+O(�t)3. (A8)

Subtracting the two expressions yields

r i (t +�t)− r i (t)

�t
= vi (t + φ�t)+ Ô(�t). (A9)

Inserting Eq. A6 yields

r i (t +�t) = r i (t)+ (φvi (t +�t)+ (1 − φ)vi (t))�t

+ Ô(�t)2. (A10)

and thus using Eq. A5 yields

r i (t +�t) = r i (t)+ vi (t)�t + φ(�t)2

mi
ψ tot

i (t + φ�t)

+ Ô(�t)2. (A11)

The term ψ tot
i (t + φ�t) can be approximated by ψ tot

i (t +
φ�t) ≈ φψ tot

i (r i (t +�t))+ (1 − φ)ψ tot
i (r i (t)). Thus, we
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have the following for the velocity15

vi (t +�t) = vi (t)+ �t

mi

(

φψ tot
i (t +�t)

+ (1 − φ)ψ tot
i (t)

)

(A12)

and for the position

r i (t +�t) = r i (t)+ vi (t + φ�t)�t

= r i (t)+ (φvi (t +�t)+ (1 − φ)vi (t))�t,

(A13)

or, explicitly combining the expressions,

r i (t +�t) = r i (t)+ vi (t)�t + φ(�t)2

mi

(

φψ tot
i (t +�t)

+ (1 − φ)ψ tot
i (t)

)

. (A14)

Appendix 2: numerical methods for the dynamics
of a rigid body

Since the translational motion of the rigid body has been
already considered in the main part of the paper, we now
turn to the rotational contribution. There are two, more or
less, equivalent approaches to compute the rotations using
a (1) Inertially-fixed frame and (2) Body-fixed frame. We
employ an inertially-fixed approach for the duration of the
presentation.16 This approach entails, at each (implicit) time
step, decomposing an increment of motion into an incremen-
tal rigid body translational contribution and an incremental
rigid body rotational contribution (rotation about the center of
mass). The rotational contribution is determined by solving
a set of coupled nonlinear equations governing the angular
velocity and the incremental rotation of the body around the
axis of rotation (which also changes as a function of time,
and must also be determined). The equation for the angular
momentum can be written using fixed inertial coordinates

Ḣcm = d(I · ω)
dt

= M E XT
cm . (B1)

Because the body rotates, the moment of inertia about the
center of mass, I , is implicitly dependent on ω (and hence
time), which leads to a coupled system of nonlinear ODE’s,
which will be solved with an iterative scheme. Equation B1
is discretized by a trapezoidal scheme

d(I · ω)
dt

|t+φ�t = (I · ω)|t+�t − (I · ω)|t
�t

. (B2)

thus leading to

(I · ω)|t+�t = (I · ω)|t +�t M E XT
cm (t + φ�t). (B3)

15 In order to streamline the notation, we drop the cumbersome
O(�t)-type terms.
16 For a body-fixed formulation, see Powell and Zohdi [29].

Solving for ω(t +�t) yields

ω(t +�t) = (

I(t +�t)
)−1

·
(

(I · ω)|t +�t M E XT
cm (t + φ�t)

)

, (B4)

where

M E XT
cm (t + φ�t) ≈ φM E XT

cm (t +�t)

+ (1 − φ)M E XT
cm (t) (B5)

which yields an implicit nonlinear equation, of the formω(t+
�t) = F(ω(t +�t)), since I(t +�t), due to the body’s rota-
tion. An iterative, implicit, solution scheme may be written
as follows for K = 1, 2 . . .

ωK+1(t +�t) =
(

I
K
(t +�t)

)−1

·
(

(I · ω)|t +�t M E XT,K
cm (t + φ�t)

)

,

(B6)

where I
K
(t +�t) can be computed by a similarity transform

(described shortly).17 After the update for ωK+1(t +�t) has

been computed (utilizing the I
K
(t +�t) from the previous

iteration), the rotation of the body about the center of mass
can be determined. The incremental angular rotation around
the instantaneous rotation axis aK+1(t + φ�t) (which will
also have to be updated) is obtained by

dθK+1

dt
(t + φ�t) = ωK+1(t + φ�t)

≈ �θK+1(t + φ�t)

�t
(B7)

where ωK+1(t + φ�t) = ωK+1(t + φ�t)aK+1(t + φ�t),
ωK+1(t + φ�t) being a scalar rotation about the instanta-
neous axis,

aK+1(t + φ�t)
def= ωK+1(t + φ�t)

||ωK+1(t + φ�t)||
≈ φωK+1(t+�t)+(1 − φ)ω(t)

||φωK+1(t+�t)+(1 − φ)ω(t)|| ,
(B8)

and thus

�θK+1(t + φ�t) = ωK+1(t + φ�t)�t, (B9)

whereωK+1(t +�t) = ||φωK+1(t +�t)+(1−φ)ω(t)||. To
determine the movement of the individual points on the rigid
body, we need to perform a rigid body translation and rota-
tion (described in the next section). For example, consider a

17 One may view the overall process as a fixed-point calculation of the
form ωK+1(t +�t) = F(ωK (t +�t)).
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Fig. 13 Aligning the primed coordinate system with the instantaneous
axis of rotation (for a general body)

point r i on the body. The update would be

r i (t +�t) = r i (t)+ ucm
︸︷︷︸

due to cm translation

+ ui,rot
︸ ︷︷ ︸

due to rotation wr t cm

(B10)

where ucm = rcm(t+�t)−rcm(t) and where ui,rot is contri-
bution due to an incremental rotation of the relative position
vector

τ (i)
def= r i (t)− rcm(t) (B11)

by �θ about the cm (Fig. 13).

Transformation matrices for updates and incremental
rotation

In order to rotate any point i associated with the rigid body,
with position vector τ (i) we require some standard trans-
formations. The same transformation are needed to rotate
the body’s moment of inertia, I . It is a relatively standard
exercise in linear algebra to show that any vector, τ , which
can be expressed in either the unprimed or primed basis,
τ = (τ · ei )ei = (τ · e′

j )e
′
j where summation index notation

is employed. These two representations are explicitly related
by

⎡

⎣

τ1

τ2

τ3

⎤

⎦

′

=
⎡

⎣

e1 · e′
1 e2 · e′

1 e3 · e′
1

e1 · e′
2 e2 · e′

2 e3 · e′
2

e1 · e′
3 e2 · e′

3 e3 · e′
3

⎤

⎦

︸ ︷︷ ︸

[A]

⎡

⎣

τ1

τ2

τ3

⎤

⎦ . (B12)

Note that A−1 = AT , thus τ ′ = A · τ and τ = AT · τ ′. This
basic result can be used to perform rotation of a vector about
an axis, as well as the rotation of the inertia tensor. Without
any loss of generality, we align the e′

3 axis to instantaneous
rotation axis a. The total transformation (rotation) of a vector

τ (i) representing a point i on the body, can be represented by

[τ (i)]rot = [A]T [R(�θ)] [A][τ i ]
︸ ︷︷ ︸

[τ (i)]′
︸ ︷︷ ︸

[τ (i)]rot,′
︸ ︷︷ ︸

[τ (i)]rot

(B13)

where

[R(�θ)] =
⎡

⎣

cos(�θ) − sin(�θ) 0
sin(�θ) cos(�θ) 0

0 0 1

⎤

⎦ (B14)

Similarly, for the rotation inertia tensor

[I]rot = [A] [R(�θ)]T [A]T [I][A]
︸ ︷︷ ︸

[I ]′
[R(�θ)]

︸ ︷︷ ︸

[I ]rot,′

[A]T

︸ ︷︷ ︸

[I ]rot

, (B15)

where, during the iterative calculations, [I] = [I(t)] and
[I]rot = [I(t +�t))].

Algorithmic procedure

The overall procedure is as follows, at time t :

1. Compute the new position of the center of mass.
2. Compute (iteratively) the incremental angular rotation of

the body with respect to the center of mass until system
convergence:

||ωK+1(t+�t)−ωK (t+�t)||≤T O L||ωK+1(t+�t)||.
(B16)

This requires a rotation of the body within the iterations:

(a) Given that ωK+1(t +�t) has been computed

ωK+1(t +�t) =
(

I
K
(t +�t)

)−1

·
(

(I · ω)|t +�t M E XT,K
cm (t+φ�t)

)

(B17)

(b) Compute the (updated) axis of rotation:

aK+1(t + φ�t)
def= ωK+1(t + φ�t)

||ωK+1(t + φ�t)||
≈ φωK+1(t +�t)+ (1 − φ)ω(t)

||φωK+1(t +�t)+ (1 − φ)ω(t)|| . (B18)

(c) Compute the basis e′
3-aligned instantaneous axis of

rotation:
(i) e′

3, is aligned with aK+1(t +�t)
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(ii) e′
1 = e′

3 × e3/||e′
3 × e3|| and

(iii) e′
2 = e′

3 × e′
1/||e′

3 × e′
1||

(d) Compute the composite transformation for the iner-

tia tensor in Eq. B15 and obtain the update I
K+1

(t+
�t).

(e) Repeat steps (a)–(d) until Eq. B17 is satisfied.

3. Compute the total new position of the points on the body
(i) with Eq. B13, increment time forward and repeat the
procedure.
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