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Abstract This work develops a model for thermally indu-
ced damage from high current flow through biological tissue.
Using the first law of thermodynamics, the balance of energy
produced by the current and the energy absorbed by the tis-
sue are investigated. The tissue damage is correlated with an
evolution law that is activated upon exceeding a temperature
threshold. As an example, the Fung material model is used.
For certain parameter choices, the Fung material law has the
ability to absorb relatively significant amounts of energy, due
to its inherent exponential response character, thus, to some
extent, mitigating possible tissue damage. Numerical exam-
ples are provided to illustrate the model’s behavior.
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1 Introduction

There are between one and two thousand accidental deaths
per year in the Europe and United States from electrical
shock, as well as countless accidents involving electrically
induced tissue damage. There are a variety of detrimental
effects depending on the type of affected tissue, the loading
duration, and the intensity of the current and electrical fields.
The primary focus of this paper is on third and fourth degree
burning of tissue that arises due to the absorption of electri-
cal energy and its conversion into heat (Joule heating). For
example, with respect to layers of dermal tissue, third degree
burns extend through the entire dermis, resulting in a loss of
elasticity (stiffening) and tissue dryness. Fourth degree burns
extend through the subcutaneous skin tissue to the muscle
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and bone leading to a charred, dry, stiff material. The result
is that the tissue must usually be excised and limbs must
be amputated, due to risk of gangrene. Fourth degree burns
from electrical sources are usually fatal, primarily because
they penetrate deep into the subsurface of the body. For more
observations, we refer readers to Cushing (2011), Lederer
and Kroesen (2005), Fontanarosa (1993), Adukauskiene et
al. (2007), Cooper (1995), and Xu et al. (1999). In this paper,
we will focus on electrically induced burning. Because of the
complexity of associated experiments, models are needed to
investigate this phenomena in a systematic manner. There
has been very little analysis, from a thermo-mechanics point
of view, on this topic. The objective of this paper is to utilize
the first law of thermodynamics to ascertain the detrimental
effects of Joule heating and subsequent temperature-induced
damage, arising from high current flow through inherently
resistive biological tissue.

Remark Although outside the scope of the present paper, in
many cases, low intensity electrical damage does not induce
significant burning of the tissue but manifests itself through
organ and neurological malfunction, primarily in heart (car-
diac disrhythmia) and brain tissue. For example, current as
low as 30 mA at 60 Hz can case cardiac arrest, due to organ
disruption, as well as secondary effects, such as respiratory
failure. This is of concern due to the fact electrically based
medical treatments are widespread, such as cardiac defribu-
lation, neurological simulation, and electroconvulsive ther-
apy for mental illness, which is a somewhat controversial
practice.

2 Electrical energy absorption

The flow of current through materials usually leads to the
phenomena of Joule heating (Fig. 1). The interconversions
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Fig. 1 Electrical flow through bio-tissue

of various forms of energy (electromagnetic, thermal, etc) in
a system are governed by the first law of thermodynamics,
for example, in the reference configuration

ρoẇ − S : Ė + ∇X · qo − J Z = 0, (2.1)

where ρo is the mass density in the reference configuration,
w is the stored energy per unit mass, S is Second Piola Kirch-
hoff stress1, E is the Green-Lagrange strain, qo is heat flux
in the reference configuration, J is the Jacobian of the defor-
mation gradient, J = detF where F = ∇X x, X and x are
the reference and current coordinates respectively. The Joule
heating term Z = a (J · E) is the product of the current, J ,
the electric field, E , and an absorption constant 0 ≤ a ≤ 1. It
represents the rate of electromagnetic energy absorbed due to
Joule heating (a source term scaled by the Jacobian for the ref-
erence configuration). Through Ohm’s law, J = σ ·E , where
σ is the material conductivity, thus Z = a

(J · σ−1 · J )
. We

consider the current J to be given. More comments on Joule
heating are provided in the “Appendix”.

3 Simplifying assumptions

We adopt the following assumptions:

• We ignore thermal conduction and heat flux, hence ∇X ·
qo = 0,

• All thermal and inelastic strains are negligible relative to
other effects under consideration and

• Thermal damage of the tissue is characterized by a loss
of tissue compliance (stiffening).

In order to isolate the effects of material changes, we consider
a material point undergoing a fixed homogeneous deforma-
tion of the form x = G · X ⇒ F = G, where G is a con-
stant second-order tensor. We consider a decomposition of
the thermo-mechanical stored energy per unit mass:

w = C(θ − θo) + W

ρo
, (3.1)

1 The Second Piola-Kirchhoff stress is related to the Cauchy stress (T)
via T = 1

J F ·S ·FT . Although we will employ referential formulations
in the analysis to follow, we note that in the current configuration we
have ρẇ − T : ∇x v̇ + ∇x · q − Z = 0, where T is the Cauchy stress, v
is the material velocity, ρ is the density, and q is the heat flux.

where C is the heat capacity, θ is the temperature, θo is the
reference temperature, and W is the elastic stored energy.
Inserting this into the first law yields:

ρoC θ̇ = S : Ė − Ẇ − ∇X · qo + J Z . (3.2)

The residual from the difference between the stress-power
and the temporal derivative of W is attributed to material
changes is denoted Ẇ MC . Explicitly, it is

Ẇ MC def= S : Ė − Ẇ . (3.3)

Thus, the first law of thermodynamics reads as

ρoC θ̇ = Ẇ MC + J Z . (3.4)

Ẇ MC represents a power absorption term by the material
as it loses compliance (materially stiffens). As an example,
in order to characterize Ẇ MC , we consider a form of the
well-known Fung material model [isotropic stiffening “soft”
tissue, (Fung 1967, 1973, 1983)]:

W = 1

2
E : IH : E + ID

(
eQ − 1

)
, (3.5)

where Q = E:IB:E
2 , IH, ID and IB are material parameters

and E is the Green-Lagrange strain, E = 1
2

(
FT · F − 1

)
.

This yields:

Ẇ MC =−
(

1

2
E : ˙IH : E+ ˙ID

(
eQ −1

)
+ 1

2
IDeQE : İB : E

)
.

(3.6)

Remark For the material point analysis with fixed F, we
note that since the material is losing compliance (becoming
stiffer), then Ẇ MC < 0. Clearly, the role of Ẇ MC is as a
Joule heating energy absorber.

3.1 Material parameter choices

A finite deformation material law must match, when per-
turbed around the undeformed configuration, the infinitesi-
mal deformation response, Hooke’s Law, σ = IE : ε, where
σ is the Cauchy stress, IE is the linear elasticity tensor, and
ε is the infinitesimal strain tensor.2 In order to match the
Fung material law to the linearized response at infinitesimal
strains, we compute the Second Piola–Kirchhoff stress

S= ∂W

∂E
=IH : E+ IDeQ ∂ Q

∂E
=IH : E+ IDeQIB : E (3.7)

and

IEtan = ∂2W

∂E2 = IH+ IDeQ
(

∂ Q

∂E
⊗ ∂ Q

∂E
+ ∂2 Q

∂E2

)

= IH+ IDeQ ((IB : E) ⊗ (IB : E)+IB) . (3.8)

2 In the case of isotropy, Hooke’s law can be written in terms of the
bulk κ and shear moduli μ as σ = IE : ε = 3κ

tr(ε)
3 1 + 2με′, where

ε′ = ε − tr(ε)
3 1.
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As E → 0, we must have IH + IDIB → IE, in order to match
linearized response at infinitesimal strains (by matching the
tangent moduli), we enforce IHo + IDoIBo = IEo, where the
undamaged material parameters are IH = IHo, ID = IDo,
IB = IBo and IE = IEo.

Remark 1 In the analysis to follow, we make the following
specific choice IH = IHo = 0, thus

Ẇ MC = −
(

İD
(

eQ − 1
)

+ 1

2
IDeQE : İB : E

)
(3.9)

The choice of IH = IHo = 0 forces us to choose IDoIBo =
IEo.

Remark 2 For overviews of a wide variety of soft tissue mod-
els, see the extensive works of Holzapfel (2001), Holzapfel
and Ogden (2009), or Humphrey (2002, 2003). The material
constants used in the present analysis are effective parame-
ters. Generally, these types of materials will contain a large
number of microscale inhomogeneities. A detailed analysis
of the response of the microstructure to electrical loading is
beyond the scope of this paper (it is discussed in the conclu-
sions).

Remark 3 There are a number of methods to estimate the
overall effective (macroscopic) properties of materials con-
sisting of a matrix, containing a distribution of inhomo-
geneities, pores, or cracks, in terms of microstructural
parameters. The literature on this topic is quite extensive,
dating back to the early works of Maxwell (1867, 1873) and
Rayleigh (1892). For an wide-ranging overview of random
heterogeneous media, see Torquato (2002) for more math-
ematical homogenization aspects, see Jikov et al. (1994),
for solid mechanics issues, see Hashin (1983), Markov
(2000), Mura (1993), Nemat-Nasser and Hori (1999), Huet
(1982, 1984), for analyses of defect-laden, porous, and
cracked media, see Kachanov (1993), Kachanov et al. (1994),
Kachanov and Sevostianov (2005), Sevostianov et al. (2001),
Sevostianov and Kachanov (2008) and for computational
aspects, see Zohdi and Wriggers (2008).

4 Thermal damage and material changes

As a model problem, we consider a simple characterization
of stiffening, motivated by observations associated with third
and fourth degree charring/burning of tissue by electrical
power absorption. We describe this classical scalar damage

formulations of the form IE(t) = α(t)IE(t = 0)
def= α(t)IEo,

where IE(t) is the elasticity tensor and α is a scalar stiffening
parameter (1 ≤ α ≤ ∞) governed by3:

3 For further details on these types of phenomenological (damage)
formulations, the interested reader is referred to the seminal work of
Kachanov (1986).

• For θ(t) > θ∗:

α̇ = Cα

(
θ

θ∗ − 1

)
, (4.1)

• For θ(t) ≤ θ∗: α̇ = 0.

In the case of a structural mechanics applications, for exam-
ple using a Hookean or Kirchhoff-St.Venant material, dam-
age is usually applied in the form αIEo (although usually
with 0 ≤ α ≤ 1), which, in the case of isotropy, implies
ακo and αμo, where κo and μo are the undamaged bulk and
shear moduli respectively. With this type of evolution law
as a motivation for the Fung material model, and in order to
illustrate the mathematical model clearly, we will consider
two separate stiffening damage modes, namely (I) stiffen-
ing damage occurring on ID only and (II) stiffening damage
occurring on IB only.

4.1 Case I: İD 
= 0 and İB = 0

For the case of stiffening damage occurring only on ID, we
have İB = 0 (IB = IBo), thus

Ẇ MC = −1

2
İD

(
e

E:IBo :E
2 − 1

)
. (4.2)

If we assume ID = α IDo, where α is governed by Eq. 4.1,
we obtain

Ẇ MC = −1

2
α̇ IDo

(
e

E:IBo :E
2 − 1

)
. (4.3)

4.2 Case II: ˙ID = 0 and İB 
= 0

For the case of stiffening damage occurring only on IB, we
have İD = 0 (ID = IDo), thus

Ẇ MC = −1

2
ID

(
e

E:IB:E
2 E : İB : E

)
. (4.4)

If we assume IB = αIBo, where α is governed by Eq. 4.1,
we obtain

Ẇ MC = −1

2
IDo

(
e

E:(αIBo):E
2 E : (α̇IBo) : E

)
. (4.5)

Remark Of course, there are many possible choices for para-
meter combinations (for example mixing the stiffening dam-
age modes), and this would depend on the specific tissue
type.

5 Temperature evolution-examples

Our material point model problem (with F fixed and no heat
flux) yields the following evolution equation for the temper-
ature
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θ̇ = 1

ρoC

(
a JJ · σ−1 · J + Ẇ MC

)
def= �(θ), (5.1)

where we note that since the material is losing compliance
(becoming stiffer), then Ẇ MC ≤ 0. Clearly, when �(θ) > 0,
then the temperature will grow, and for �(θ) < 0 the tem-
perature will decrease. In theory, the last case (�(θ) < 0)
can occur, provided the material absorbs all of the Joule heat-
ing energy and continues to stiffen, essentially leading to
an endothermic response. The governing equation is stepped
forward in time with a simple explicit time-marching scheme

θ(t + �t) = θ(t) + �t�(θ(t)). (5.2)

The parameters used in the model were

• The thermal threshold parameter: θ∗ = 400 K,
• The starting (human body) temperature: θo = 310 K,
• The current: ||J || = 50, 000 A,
• The bulk modulus: κo = 1.0 GPa,
• The shear modulus: μo = 0.5 GPa,
• The Joule heating absorption coefficient: a = 1,
• The mass density: ρo = 1, 000 kg/m3,
• The heat capacity: C = 102 J/(kg−K),
• The stiffening damage rate: Cα = 1 and
• The isotropic conductivity (σ = σ1) : σ = 100 S/m.

We remark that the parameters chosen are to exercise the
model and are not correlated to any particular experiment. In
order to determine the approximate time scales involved for
this process to occur, we considered constant Joule heating,
with no stiffening damage, given by

θ̇ = a JJ · σ−1 · J
ρoC

, (5.3)

to attain a critical temperature, θ∗

θ∗ = θ(t∗) = θ(t = 0)︸ ︷︷ ︸
def= θo

+ (t∗ − to)||J ||2
ρoCσ

, (5.4)

yielding (with to = 0)

t∗ = (θ∗ − θo)ρoCσ

||J ||2 . (5.5)

With the chosen material parameters, t∗ ≈ 1.6 seconds. We
ran the simulations to approximately 5 × t∗ = 8 seconds, in
order to observe the full response of the model. Of course,
temperatures of the levels computed for this longer time scale
would bring in other effects, such as tissue ablation, which is
currently not in the model. The plots in Figs. 2, 3 and 4 illus-
trate the temperature and stiffening evolution versus time for
various fixed deformations, characterized by the following
load (displacement) parameters:

• Figure 2: u = 0.1 × 1 · X ⇒ F = 1.1 × 1,

• Figure 3: u = 0.5 × 1 · X ⇒ F = 1.5 × 1 and
• Figure 4: u = 1.0 × 1 · X ⇒ F = 2.0 × 1.

For Case II, the Fung law has the ability to absorb much more
electrical energy, relative to Case I, due to the increase (due
to α) in exponential behavior inherent in the Case II formu-

lation, characterized by the term e
E:(αIBo):E

2 in Eq. 4.5. In the
most extreme loading case, u = 1 · X, the temperature even-
tually decreases, since �(θ) eventually becomes negative (as
α increases mildly), which is consistent with the comments
made at the beginning of this section.

6 Summary and extensions

This note provided a straightforward description of elec-
trically induced thermal tissue damage. Relatively sim-
ple numerical examples were provided to give qualitative
information. However, to truly probe beyond the some-
what qualitative material point analysis presented here, for
example, resolving the generation of fine-scale thermal gra-
dients, transient electromagnetic fields, stress fields, and
chemical/damage fields, one must numerically solve the cou-
pled system of PDE’s associated with (1) Maxwell’s equa-
tions, (2) the first law of thermodynamics, (3) the balance
of linear momentum, and (4) reaction–diffusion laws.4 To
accurately capture the coupled (transient) electromagnetic,
thermal, mechanical, and chemical behavior of complex
micro-electronic materials, Zohdi (2010) addressed the mod-
eling and simulation of such strongly coupled systems using
a staggered temporally adaptive FDTD (Finite Difference
Time Domain) method, which is ideal for solving time-
transient Maxwell’s Equations. The mentioned staggered
temporally adaptive FDTD framework provided a straight-
forward modular approach to resolving thermal effects, aris-
ing from Joule heating, which alter the pointwise mater-
ial properties employing a staggered, temporally adaptive
scheme. The general methodology is as follows (at a given
time increment): (1) each field equation is solved individ-
ually, “freezing” the other (coupled) fields in the system,
allowing only the primary field to be active, and (2) after
the solution of each field equation, the primary field variable
is updated, and the next field equation is treated in a sim-
ilar manner. As the physics changes, the field that is most
sensitive (exhibits the largest amount of relative nondimen-
sional change) dictates the time-step size. For more details,
see Zohdi (2010). We remark that while the most widely used
technique is the FDTD, there are other methods, such as (a)
the Multi Resolution Time Domain Method, which is based on

4 For an in depth mathematical analysis of coupled thermal, diffusive
and chemical effects in solids, in particular instabilities, we refer the
reader to Markenscoff (2001a,b, 2003).
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Fig. 2 Temperature evolution
for Case I and Case II Fung
material laws. Left: temperature
and Right: stiffening (damage)
parameter, α. The load
(displacement) parameter used:
u = 0.1 × 1 · X ⇒ F = 1.1 × 1
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Fig. 3 Temperature evolution
for Case I and Case II Fung
material laws. Left: temperature
and Right: stiffening (damage)
parameter, α. The load
(displacement) parameter used:
u = 0.5 × 1 · X ⇒ F = 1.5 × 1
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Fig. 4 Temperature evolution
for Case I and Case II Fung
material laws. Left: temperature
and Right: stiffening (damage)
parameter, α. The load
(displacement) parameter used:
u = 1 · X ⇒ F = 2 × 1
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wavelet-based discretization, (b) the Finite Element Method,
which is based on discretization of variational formulations
and which are ideal for irregular geometries (see Demkow-
icz (2006); Demkowicz et al. (2007) for the state of the art in
adaptive Finite Element Methods for Maxwell’s equations),
(c) the Pseudo Spectral Time Domain Method, which is based

on Fourier and Chebyshev transforms, followed by a lat-
tice or grid discretization of the transformed domain, (d) the
Discrete Dipole Approximation, which is based on an array
of dipoles solved iteratively with the Conjugate Gradient
method and a Fast Fourier Transform to multiply matrices,
(e) the Method of Moments, which is based on integral formu-
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lations employing Boundary Element Method discretization,
often accompanied by the Fast Multipole Method to accel-
erate summations needed during the calculations, and (f) the
Partial Element Equivalent Circuit Method, which is based
on integral equations that are interpreted as circuits in dis-
cretization cells. We remark that extensions to damage that
occurs in induced electromechanics tissue, in particular that
of the heart, is one possible avenue to apply this type of
analysis. For recent work in this area, see the works of Kuhl
and co-workers (Hurtado and Kuhl 2012; Chen et al. 2011;
Dal et al. 2012, 2013; Wong et al. 2011; Kotikanyadanam
et al. 2010; Göktepe and Kuhl 2010). The development of
numerical methods for electrically induced tissue damage,
drawing upon FDTD and harnessing features of methods
(a)–(f), is under further investigation by the author. These
more detailed techniques may also shed light on low intensity
electrical damage, which can lead to organ and neurological
malfunction.

7 Appendix: Joule heating

Joule heating can be explicitly identified by considering Fara-
day’s Law

∇ × E = −∂B
∂t

(7.1)

and Ampere’s Law

∇ × H = ∂D
∂t

+ J (7.2)

where we recall that E is the electric field, D is the electric
field flux, J is the electric current, H is the magnetic field,
and B is the magnetic field flux. Joule heating can be moti-
vated by forming the inner product of the magnetic field with
Faraday’s law and the inner product of the electric field with
Ampere’s law and forming the difference to yield

E · (∇ × H) − H · (∇ × E)︸ ︷︷ ︸
−∇·(E×H)=−∇·S

=E · J +E · ∂D
∂t

+H · ∂B
∂t︸ ︷︷ ︸

= ∂W
∂t

,

(7.3)

where W = 1
2 (E ·D +H ·B) is the electromagnetic energy

and where S = E × H is the Poynting vector. Thus,

∂W
∂t

+ ∇ · S = −J · E (7.4)

Equation 7.4 is usually referred to as Poynting’s theorem and
can be interpreted as stating that the rate of change of elec-
tromagnetic energy within a volume, plus the energy flowing
out through the material, is equal to the negative of the total
work done by the fields on the sources and electrical con-
duction. We consider the absorbed energy that is available

for heating to be proportional to the energy associated with
current flow (J · E) in Eq. 7.4.
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