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Abstract
This work develops a flexible and modular Discrete Element Method paradigm for rapid quadcopter drone analysis and
simulation. The main components are (1) modular assembly of structural components and (2) flexible feature addition and
deletion and dynamic drone flight performance evaluation. As a model problem, we illustrate the concepts above for the
design and analysis of a quadcopter and its subsequent dynamic flight performance in an extreme environment. The outline
of the work is (a) modular generation of voxel-based discrete elements, (b) preflight stress testing using voxel-based discrete
elements, (c) structural materials for drones, (d) voxel-based discrete elements for dynamic drone flight evaluation and (e)
extensions to fully finite-deformation structural flight dynamics. Numerical examples are provided to illustrate the overall
approach and its straightforward implementation.
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1 Introduction: drones in an evolving society

Over the last 20 years, societal interest in drones has grown
dramatically and they have become important industry tools.
In particular, quadcopters, which are ideal for detailed and
precise “stop and go” operations, have become a main-
stay of many drone-based systems. Quadcopter drones are
advantageous due to their simplicity, excellent stability, ease
of control, maneuverability, and relatively low cost. Their
design with four rotors makes them easier to manufacture,
maintain, and repair compared to traditional helicopters,
which contributes to their affordability. Furthermore, their
stability makes them ideal for applications like aerial pho-
tography and videography. Specifically, the advantages that
quadcopters offer are:

• Maintenance and transportation: Quadcopters have
fewer moving parts than helicopters, making them eas-
ier to understand, repair, and maintain. Quadcopters are
lightweight and often foldable, making them easy to
transport and deploy.

• Stability and ease of control: Quadcopters that utilize
advancements in electric motors and power semicon-
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ductors are easier to control, especially with the aid of
electronic stabilization systems. The four-rotor design
provides excellent hovering capabilities, crucial for tasks
like aerial photography and videography.

• Vertical Takeoff and Landing (VTOL): Quadcopters
can take off and land verticallywithout needing a runway,
making themversatile in various environments. They also
allow for rapid changes in rotor speed allow for agile
movements, enabling them to navigate tight spaces and
perform acrobatic maneuvers.

• Cost-effectiveness: Quadcopters are more affordable
than other drone configurations, such as helicopters,mak-
ing them accessible to a wide range of users.

For the most recent developments in quadcopter dynamics
and control, we refer the readers to Mueller [1], to [2–27] for
a wide cross-section of popular and technical literature and
Zohdi [28] for an analysis of multi-drone systems.

A key feature of quadcopters is the ability to easily add
cameras, sensors, etc. to the chassis. For example many
drones now carry a variety of multispectral and LiDAR
(Light Detection And Ranging) type cameras, acoustical
sensors and associated signal processing tools. In particu-
lar, LiDAR has become quite popular and typically uses
light in the high-frequency ultraviolet, visible and near
infrared spectrum (Ring [29], Cracknell and Hayes [30],
Goyer and Watson [31], Medina et al [32] and Trickey et
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al [33]). LiDAR is classified as a “time-of-flight” type tech-
nology, utilizing a pulse of light and the time of travel to
determine the relative distance of an object. Over the last
20 years, these devices have steadily improved and have
become quite lightweight [34–40]. Furthermore, due to the
steady increase in inexpensive drones and camera technol-
ogy, there are a wide variety of applications for drones,
such as infrastructural mapping, wildlife monitoring, fire-
fighting, military engagement, aerial photography, remote
exploration, archaeology, surveillance, search and rescue
operations, agriculture, construction, etc. The number of
uses is constantly growing and is already rather immense.
These applications may demand (a) complete remote control
by humans, (b) autopilot assistance or (c) completely inde-
pendent autonomy, which include features such as (1) GPS
waypoint navigation (2) pre-programmed routes (3) prepro-
grammed delivery (4) automated take-off and landing (5)
failsafe landing and (6) return to home. Furthermore, depend-
ing on their intended use, flight duration, altitude, range,
etc., their power sources could be any of the following (1)
fuel-power sources, which are suitable for high-altitudes and
long range operations, for example for military operations,
(2) battery-power sources, which are for quiet applications
in complex environments, with limited flight times, which
make them ideal for agricultural facilities, industrial facili-
ties and cities, (3) hybrid electric-fuel power sources, which
are suitable for dual use operations where fuel and battery
powered operations are needed and (4) solar-power sources,
for extremely long duration and high-altitude operations that
involve monitoring large areas. Thus, in order to tailor a
quadcopter for is specific intended use, there is a need for
simulation based design and analysis, before one gets to
a prototype building stage. According, the objective of the
present work is to develop a flexible modular Discrete Ele-
ment Method (DEM) paradigm for rapid quadcopter drone
analysis and simulation. Themain components are (1)modu-
lar assembly of structural components and (2) flexible feature
addition and deletion and dynamic drone flight performance
evaluation. As a model problem, we illustrate the concepts
above for the design of a quadcopter and its subsequent
dynamic flight performance in an extreme environment. The
outline is:

• Modular generation of voxel-based discrete elements
• Preflight stress testing using voxel-based discrete ele-
ments

• Structural materials for drones
• Voxel-based discrete elements for dynamic drone flight
evaluation

• Extensions to fully finite-deformation structural flight
dynamics

2 Modular generation for voxel-based
discrete elements

To generate a DEM representation of a quadcopter body,
we insert a design envelope within a grid (with resolution
specified by the analyst) and determine the intersection in
order to generate the active voxel grid units (Figures 1-4).
For example, an easy to parametrize, modular, envelope is
given by a generalized ellipsoidal equation (Zohdi [28])

| x1 − x1o
R1

|p1 + | x2 − x2o
R3

|p2 + | x3 − x3o
R3

|p3 ≤ 1 (2.1)

where (x1, x2, x3) are the coordinates throughout the domain,
(x1o, x2o, x3o) are the coordinates of center of the chas-
sis envelope and (R1, R2, R3) are the generalized radii and
(p1, p2, p3) are exponents of the generalized ellipsoid. This
generates a set of active voxels within the domain (Figures
1-4). Where there is an intersection, a voxel is considered
"active". For exponent values of (p1, p2, p3) equal to two,
we generate an ellipsoid, for values less than one we generate
involute (nonconvex shapes, Figures 1-4), and for exponent
values of (p1, p2, p3) greater than two, we generate a box-
like shapes. By computing the union of the active voxel grid
sets of multiple intersecting objects, we can created numer-
ous drone designs (Figures 1-4):

�overall =
N⋃

i=1

�i = �1 ∪ �2 ∪ �3 ∪ ...�N , (2.2)

and well as subtraction of domains, shown in Figure 3. Any
voxel that is in the union is considered "active". The active
voxels will be the initial locations of the Discrete Elements.
Figures 1-4 illustrate the generation of discrete elements,
front and back shown. For illustration purposes, the back has
a plate added for a possible camera mount. Also shown are
various chassis envelopes: (a) (p1, p2, p3) = (0.5, 0.5, 0.5)
and (b) (p1, p2, p3) = (1.0, 1.0, 1.0) with "lightweight-
ing" holes punched out for weight reduction. Additional
lightweighting of the structure is extremely easy to analyze
by simply deleting voxels.

Remark 1 Such an analysis has great utility for preflight
stress analysis, which is discussed next. It is important to
make the connection between voxels and discrete elements
in the upcoming framework. The voxels are used for on-flight
stress analysis only, and the discrete elements (constructed
over the voxels’ grid in a bonded-DEM approach, allow-
ing the representation of arbitrary shapes, such as drone
shapes through a particle cluster) for dynamic flight simu-
lation only. In the upcoming analysis, discrete elements will
be spheres, using a bonded DEMmodel (bonded neighbors).
Please provide more details at this stage of the manuscript
(see upcoming Figure 8).
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Fig. 1 Chassis building blocks
that are generated by combining
the basic F(x1, x2, x3) = 0
Equation 2.1 with the union of
overlapping
�overall = �1∪�2∪�3∪ ...�N
subdomains

Fig. 2 A sequence of steps that lead to a voxel-DEM representation of a structure

3 Preflight stress testing using voxel-based
discrete elements

Although our main objective is to perform a rapid flight anal-
ysis, it is important to perform a preflight stress analysis.
Because the discrete elements are already in place in a grid-
like form (Figures 1-4), it makes little sense to employ the
usual Finite Element machinery: topologically conforming
meshing, mapping, volume integration, stiffness matrix gen-
eration, etc. The voxel-based DEM can then be used to do an

initial stress analysis of for a drone. We consider a balance
of linear momentum governed by

∇x · σ + f = ρ
∂v

∂t
= ρ

∂2u
∂t2

, (3.1)

in (design) regimes where infinitesimal deformations are
appropriate, where σ is the Cauchy stress, f are body forces,
ρ is thematerial density and u is the displacement. Consistent
with the infinitesimal deformation approximation we write
∇x ≈ ∇X and d()

dt ≈ ∂()
∂t |X , where X are the referential coor-
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Fig. 3 Generating a component of the drone chassis (the centerpiece)
with discrete elements. This achieved by checking for the intersection
of the interior of the hull envelope equation above with a box of vox-
els (±R1,±R2,±R3), Figs. 1 and 2). As an example, a generalized
ellipsoidal equation (Equation 2.1) is used, where for exponent values
of (p1, p2, p3) equal to two, we generate an ellipsoid, for values less
than one we generate involute (nonconvex shapes), and for exponent

values of (p1, p2, p3) greater than two, we generate box-like shapes.
Shown are chassis envelopes ((p1, p2, p3) = (0.5, 0.5, 0.5) and bot-
tom right: (p1, p2, p3) = (1.0, 1.0, 1.0) with "lightweighting" holes
punched out for weight reduction. Additional lightweighting of the
structure is extremely easy to analyze by simply deleting voxels (based
on Zohdi [28])

Fig. 4 Generation of active voxels: front and back shown. For illustration purposes, the back has a plate (feature) added for a possible camera
mount

dinates, x are the current coordinates (X ≈ x). We consider
a linearly-elastic constitutive law given by

σ = IE : ε, (3.2)

which under infinitesimal deformation framework the bal-
ance of linear momentum becomes (ρ ≈ ρo)

∇x · (IE : ε) + f = ρo
∂v

∂t
= ρo

∂2u
∂t2

(3.3)

with infinitesimal strains given by ε = 1
2 (∇xu + (∇xu)T ).

In many methods that analyze structures, for example 3D
printed, the computation of the response of multiple pro-
totype prints are required. The 3D print domain is usually
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taken to be a parallel-pipped, but contains a complex sub-
structure, for example a drone. Themost frequent application
where this occurs is in structural design optimization, where
the prototype structures are constantly being changed dur-
ing the search process. Usually, the Finite Element Method
(FEM) is the default method used for such an analysis. The
fundamental problem is that the FEM is computationally
expensive for structural problems with a regular domain, due
to the “ingredients” involved in the usual Finite Element pro-
cess: meshing, mapping, volume integration, stiffness matrix
generation and matrix-based solution methods. This compu-
tational expense is even more unwarranted when there is an
interest in time-dependent regimes. An alternative family of
techniques that is naturally suited for these types of prob-
lems are so-called “Digital/Voxel-Image” methods, which
convert the material microstructure into voxels (3D “volume
pixels”; see Figures 1-4). The problem then becomes “dig-
ital” on a regular “voxel-grid”, directly manipulating voxel
values. Extremely fast methods can then be used to construct
derivatives and the solve the system.

The present section develops a flexible and robust solution
strategy to resolve the system of equations for themechanical
fields. There are two main components to the computational
approach:

• Spatio-temporal discretization of the continuum model,
• Iterative staggering to solve the coupled system, whereby
the time-steps are adaptively adjusted to control the error
associated with the incomplete resolution of the solution
fields.

3.1 Temporal discretization

For the velocity field (infinitesimal deformation formulation)
we write

dv

dt
= ∂v

∂t
= 1

ρ
(∇x · σ + f )

def= �. (3.4)

We discretize for time=t+φ�t , and using a trapezoidal “φ−
scheme” (0 ≤ φ ≤ 1) at a point x ≈ X

v(x, t + �t) − v(x, t)

�t
≈ �(x, t + φ�t)

≈ φ�(x, t + �t) + (1 − φ)�(x, t). (3.5)

Rearranging, yields

v(x, t + �t) ≈ v(x, t) + �t (φ�(x, t + �t)

+(1 − φ)�(x, t)) (3.6)

where the previously introduced spatial discretization is
applied to the terms in �(x, t). Since this is a second-order

system, the procedure is then repeated to determine the dis-
placement field u

u(x, t + �t) = u(x, t) + v(x, t + φ�t)�t

= u(x, t) + (φv(x, t + �t)

+(1 − φ)v(x, t))�t, (3.7)

or more explicitly

u(x, t+�t) = u(x, t)+v(x, t)�t+φ(�t)2�(x, t+φ�t).

(3.8)

The term �(x, t + φ�t) can be handled by the following
approximation

�(x, t + φ�t) ≈ φ�(x, t + �t) + (1 − φ)�(x, t). (3.9)

Therefore,

u(x, t + �t) = u(x, t) + v(x, t)�t + φ(�t)2 (φ�(x, t

+�t) + (1 − φ)�(x, t)) . (3.10)

When φ = 1, then this approach can be considered to be a
(implicit) Backward Euler scheme, which is very stable (very
dissipative) and O((�t)2) locally in time, while if φ = 0,
the scheme can be considered as a (explicit) Forward Euler
scheme, which is conditionally stable and O((�t)2) locally
in time. If φ = 0.5, then the scheme can be considered as a
(implicit) Midpoint scheme, which is marginally stable and
O((�t)3) locally in time.

3.2 Spatial discretization of the fields

Numerically, the components of the gradient of an arbitrary
field variablew are approximated by central finite difference
stencils of the basic form, for example ∂

∂x1

∂w
∂x1

|(x1,x2,x3) ≈ w(x1+�x1,x2,x3)−w(x1−�x1,x2,x3)
2�x1

(3.11)

for each of the (x1, x2, x3)-directions, in order to form the
terms needed. This is a second-order accurate stencil. In order
to illustrate the approximation, for a generic second-order
scheme, the spatial derivatives for a flux-type term, F , the
components Fi , i = 1, 2, 3 are initially approximated with
half-step stencils. For example, for F1 component in the x1
direction one has
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∂F1

∂x1
|(x1,x2,x3)

≈ F1(x1 + �x1
2 , x2, x3) − F1(x1 − �x1

2 , x2, x3)

�x1
,

(3.12)

where generically, for example, with an arbitrary material
coefficient A(x)

⎛

⎜⎜⎜⎝A
∂w

∂x1︸ ︷︷ ︸
F1

⎞

⎟⎟⎟⎠ |
(x1+ �x1

2 ,x2,x3)

≈ A(x1 + �x1
2

, x2, x3)
w(x1 + �x1, x2, x3) − w(x1, x2, x3)

�x1︸ ︷︷ ︸
∂w
∂x1

|
(x1+ �x1

2 ,x2,x3)

(3.13)

and

⎛

⎜⎜⎜⎝A
∂w

∂x1︸ ︷︷ ︸
F1

⎞

⎟⎟⎟⎠ |
(x1− �x1

2 ,x2,x3)

≈ A(x1 − �x1
2

, x2, x3)
w(x1, x2, x3) − w(x1 − �x1, x2, x3)

�x1︸ ︷︷ ︸
∂w
∂x1

|
(x1− �x1

2 ,x2,x3)

(3.14)

where

A(x1 + �x1
2

, x2, x3)

≈ 1

2
(A(x1 + �x1, x2, x3) + A(x1, x2, x3)), (3.15)

and

A(x1 − �x1
2

, x2, x3)

≈ 1

2
(A(x1, x2, x3) + A(x1 − �x1, x2, x3)). (3.16)

These approximations are made for all components and
combinations in A ∂w

∂x j
appearing in the field equations,

specifically, for all components and combinations in ∇x · σ

appearing in the field equations:

ρ
∂v1

∂t
= ∂σ11

∂x1
+ ∂σ12

∂x2
+ ∂σ13

∂x3
+ f1

ρ
∂v2

∂t
= ∂σ21

∂x1
+ ∂σ22

∂x2
+ ∂σ23

∂x3
+ f2

ρ
∂v3

∂t
= ∂σ31

∂x1
+ ∂σ32

∂x2
+ ∂σ33

∂x3
+ f3. (3.17)

The mixed derivatives are derived in a similar manner. The
mathematical representation of the derivatives can be sum-
marized in the following manner ∂

∂x j
, j = 1, 2, 3, for

example for j = 1:

1. VOXEL-GRADIENT: A ∂w
∂x1

≈ A(x1, x2, x3)
w(x1+�x1,x2,x3)−w(x1−�x1,x2,x3)

2�x1
2. VOXEL-LAPLACIAN:

∂

∂x1

(
A

∂w

∂x1

)

≈
(
A ∂w

∂x1

)
|
(x1+ �x1

2 ,x2,x3)
−
(
A ∂w

∂x1

)
|
(x1− �x1

2 ,x2,x3)

�x1

= 1

�x1

[
A(x1 + �x1

2
, x2, x3)

×
(

w(x1 + �x1, x2, x3) − w(x1, x2, x3)

�x1

)]

− 1

�x1

[
A(x1 − �x1

2
, x2, x3)

×
(

w(x1, x2, x3) − w(x1 − �x1, x2, x3)

�x1

)]

3. VOXEL-CROSS DERIVATIVE:

∂

∂x2

(
A

∂w

∂x1

)

≈ ∂

∂x2
(A(x1, x2, x3)

×
(

w(x1 + �x1, x2, x3) − w(x1 − �x1, x2, x3)

2�x1

))

≈ 1

4�x1�x2
× (A(x1, x2 + �x2, x3)

[w(x1 + �x1, x2 + �x2, x3)

−w(x1 − �x1, x2 + �x2, x3)]

−A(x1, x2 − �x2, x3) [w(x1 + �x1, x2 − �x2, x3)

−w(x1 − �x1, x2 − �x2, x3)])

4. VOXEL-INTERFACE: A(x1 ± �x1
2 , x2, x3) ≈ 1

2
(A(x1 ± �x1, x2, x3) + A(x1, x2, x3))

3.3 Remarks on spatial derivatives

We have the following remarks:
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Remark 2 To illustrate second-order accuracy, consider a
Taylor series expansion for an arbitrary function w

w(x1 + �x1, x2, x3) = w(x1, x2, x3) + ∂w

∂x1
|(x1,x2,x3)�x1 +

1

2

∂2w

∂x21
|(x1,x2,x3)(�x1)

2x1

+ 1

6

∂3w

∂x31
|(x1,x2,x3)(�x1)

3 + O((�x1)
4)

(3.18)

and

w(x1 − �x1, x2, x3) = w(x1, x2, x3) − ∂w

∂x1
|(x1,x2,x3)�x1 +

1

2

∂2w

∂x21
|(x1,x2,x3)(�x1)

2x1

− 1

6

∂3w

∂x31
|(x1,x2,x3)(�x1)

3 + O((�x1)
4).

(3.19)

Subtracting the two expressions yields

∂w

∂x1
|(x1,x2,x3)

= w(x1 + �x1, x2, x3) − w(x1 − �x1, x2, x3)

2�x1
+ O((�x1)

2). (3.20)

All other derivatives follow from this basic process, which is
relatively standard in the all stencil-based discretizations.

Remark 3 At the length-scales of interest, when using vox-
els, it is questionable whether the ideas of a sharp material
interface are justified. Accordingly, later, we simulated the
system with and without Laplacian smoothing, whereby one
smooths the material data by post-processing the original
material data, voxel by voxel, to produce a smoother mate-
rial representation, for example, for Â (using the previous
voxel approximations and nodal subscript notation):

∇2A = 1

(�xi )2
(
Ai+1, j,k − 2Ai, j,k + Ai−1, j,k

)

+ 1

(�x j )2
(
Ai, j+1,k − 2Ai, j,k + Ai, j−1,k

)

+ 1

(�xk)2
(
Ai, j,k+1 − 2Ai, j,k + Ai, j,k−1

) = 0

(3.21)

which yields a smoother value of Ai, j,k , denoted Âi, j,k , given
by

∇2A = 0 ⇒ Âi, j,k = 1

6

(
Ai+1, j,k + Ai−1, j,k

+Ai, j+1,k + Ai, j−1,k + Ai, j,k+1 + Ai, j,k−1
)
.

(3.22)

The same process was applied to the other parameters, gener-
ically denoted, A(x), by enforcing ∇2

x A = 0, as well as for
any other material data. The results of the simulations, with
and without data smoothing, were negligibly different for
sufficiently fine voxel-meshes.

Remark 4 Solution fields for voxels that that fall outside of
the domain are not computed, and are assigned no material
values, which effectively enforces (correctly) a zero flux at a
free surface, for example, ( IE︸︷︷︸

=0

: ∇u) · n = 0.

3.4 Iterative (implicit) solutionmethod

3.4.1 Recursion formula for second-order temporal
discretization

Discretization of temporally second-order equations can be
illustrated by considering

Ü = V̇ = L(t). (3.23)

whereU is the (N-tuple) vector of all voxel displacement val-
ues and V is the vector of all voxel velocity values. Explicitly,
U

U
def=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

U1

U2

U3

...

UN

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(3.24)

and

V
def=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

V1
V2
V3
...

VN

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(3.25)

and

L
def=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

L1

L2

L3

...

LN

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(3.26)
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where L represents all of the nodal values of � found in
Equation 3.4. Trapezoidal time-stepping discretization yields
(detailed in Appendix 1)

V (t + �t) ≈ V (t) + �tL(t + φ�t) + Ô((�t)2) (3.27)

where

L(t+φ�t) ≈ φL(t+�t)+(1−φ)L(t)+Ô((�t)2) (3.28)

and

U(t + �t) ≈ U(t) + �tV (t + φ�t) + Ô((�t)2) (3.29)

where

V (t+φ�t) ≈ (φV (t+�t)+(1−φ)V (t))�t+Ô((�t)2),

(3.30)

which yields

U(t + �t) ≈ U(t) + V (t)�t + φ(�t)2 (φL(t + �t)

+(1 − φ)L(t)) + Ô((�t)2). (3.31)

In iterative (recursion) form

U L+1,K ≈ (φ�t)2LL+1,K−1
︸ ︷︷ ︸

G(U L+1,K−1
)

+U L + V L�t + (�t)2φ(1 − φ)LL
︸ ︷︷ ︸

R
. (3.32)

Implicit time-stepping methods, with time-step size adaptiv-
ity, built on approaches found in Zohdi [41–43], will be used
throughout the upcoming analysis.

3.4.2 Error control and convergence

It is convenient to write Equation 3.32 in the following form

G(U L+1) − U L+1 + R = 0, (3.33)

where U L+1 is the vector value of all voxel values at time
step t + �t and U L is the vector value of all voxel values at
time step t and where R is a remainder term that does not
depend on the solution, i.e. R �= R(U L+1). A straightfor-
ward iterative scheme can be written as

U L+1,K = G(U L+1,K−1) + R, (3.34)

where K = 1, 2, 3, ... is the index of iteration within time-
step L + 1. The convergence of such a scheme is dependent

on the behavior of G. Namely, a sufficient condition for con-
vergence is that G is a contraction mapping for all U L+1,K ,
K = 1, 2, 3... In order to investigate this further, we define
the iteration error as

εL+1,K def= U L+1,K − U L+1. (3.35)

A necessary restriction for convergence is iterative self
consistency, i.e. the “exact” (discretized) solution must be
represented by the scheme

G(U L+1) + R = U L+1. (3.36)

Enforcing this restriction, a sufficient condition for conver-
gence is the existence of a contraction mapping

εL+1,K = ||U L+1,K − U L+1||
= ||G(U L+1,K−1) − G(U L+1)||
≤ ηL+1,K ||U L+1,K−1 − U L+1||, (3.37)

where, if 0 ≤ ηL+1,K < 1 for each iteration K , then
εL+1,K → 0 for any arbitrary starting value U L+1,K=0,
as K → ∞. This type of contraction condition is suffi-
cient, but not necessary, for convergence. Recall, inserting
the spatio-temporal approximations into Equation 3.23 leads
to Equation 3.32, whose contraction constant is scaled by
η ∝ (�t)p. Therefore, if convergence is slow within a time-
step, the time-step size, which is adjustable, can be reduced
by an appropriate amount to increase the rate of convergence.
Decreasing the time-step size improves the convergence,
however, we want to simultaneously maximize the time-step
sizes to decrease overall computing time, while still meeting
an error tolerance on the numerical solution’s accuracy. In
order to achieve this goal, we follow an approach found in
Zohdi [41–43] originally developed for continuum thermo-
chemicalmultifield problems inwhich onefirst approximates

ηL+1,K ≈ S(�t)p (3.38)

(S is a constant) and secondly one assumes the error within
an iteration to behave according to

(S(�t)p)K εL+1,0 = εL+1,K , (3.39)

where εL+1,0 is the initial norm of the iterative error and
S is intrinsic to the system.1 Our goal is to meet an error
tolerance in exactly a preset number of iterations. To this
end, one writes

(S(�ttol)
p)Kd εL+1,0 = Ctol , (3.40)

1 For the class of problems under consideration, due to the quadratic
dependency on �t , p ≈ 2.
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where Ctol is a (coupling) tolerance and where Kd is the
number of desired iterations.2 If the error tolerance is not met
in the desired number of iterations, the contraction constant
ηL+1,K is too large. Accordingly, one can solve for a new
smaller step size, under the assumption that S is constant,

�ttol = �t

⎛

⎝ (
Ctol

εL+1,0 )
1

pKd

( εL+1,K

εL+1,0 )
1
pK

⎞

⎠ . (3.41)

The assumption that S is constant is not critical, since
the time-steps are to be recursively refined and unrefined
throughout the simulation. Clearly, the expression in Equa-
tion 3.41 can also be used for time-step enlargement, if
convergence is met in less than Kd iterations.3 Specifically,
the solution steps are, within a time-step (Figure 5):

• STEP 1: Start a global fixed iteration (set i = 1, ..., Nn (voxel
counter) and K = 0 (iteration counter))• STEP 2: If i > Nn then go to (4)• STEP 3: If i ≤ Nn then:

(a)Compute the field UL+1,K
i

(b)Go to STEP 2 for the next voxel (i = i + 1)• STEP 4: Measure error (normalized)

(a) εL+1,K def=
∑Nn

i=1 ||UL+1,K
i −UL+1,K−1

i ||
∑Nn

i=1 ||UL+1,K
i ||

(b) EK
def= εL+1,K

T OL
where T OL is an error tolerance.

(c) 
K
def=
⎛

⎝ ( T OL
εL+1,0 )

1
pKd

( εL+1,K

εL+1,0 )
1
pK

⎞

⎠.

• STEP 5: If the tolerance is met: EK ≤ 1 and K < Kd then
(a) Increment time: t = t + �t
(b) Construct the next time-step: (�t)new = 
K (�t)old ,
(c) Select the minimum size: �t = MI N ((�t)lim , (�t)new)

and go to STEP 1• STEP 6: If the tolerance is not met: EK > 1 and K < Kd then
(a) Update the iteration counter: K = K + 1
(b) Reset the voxel counter: i = 1
(c) Go to STEP 2• STEP 7: If the tolerance is not met (EK > 1) and K = Kd then
(a) Construct a new time-step: (�t)new = 
K (�t)old

(b) Restart at time t and go to STEP 1

A schematic of the overall solution scheme is shown inFigure
5.

3.5 A stress test example

As an example, consider a biaxial stress test shown in Figure
6, where each arm is pulled radially outwards. For illustration
purposes, the deformations are magnified by a factor of 100.
The normalized color coding indicates the level of which the
L2 norm of the deviatoric stress exceeds a threshold value.
The cost of constructing an array for a temporal update using
a voxel calculation is:

2 Typically, Kd is chosen to be between five to ten iterations, although
this is problem and analyst dependent.
3 At the implementation level, since the exact solution is unknown, the

following relative error term is used, εL+1,K def= U L+1,K −U L+1,K−1.

• M×V , where V is the number of voxels andM = O(10)
is associated with summing up the terms needed to con-
struct the terms in ∇ · σ . Specifically, there are nine
derivatives of the components of σ , needed in ρ ∂v

∂t =
∇ · σ + f (Equation 3.17). To construct each compo-
nent of σ one must perform four operations. Thus, M=36
operations in total.

• Thus, K × M × V ≈ 36KV , is the total count per time-
step, where K is the number of iterations in a time step.

The cost of constructing an array for temporal update using
an FEM calculation is associated with (1) meshing structure
(2) numerically integrating the weak form (3) generating a
stiffnessmatrix and (4) solving a systemof equations. Specif-
ically (Zohdi [44]):

• Construction of the stiffness matrix: P × E , where E is
the number of elements and P = O(3000) stems from
mapping and integrating the terms needed to construct
the stiffness matrix associated with the weak form of
∇ · σ (of order O(10)), of which there are 300 entries in
a (symmetric) linear elasticity element stiffness matrix
(linear hexahedra), yielding P = 300 × 10 = 3000.

• Iterative solution: I × Q, where I is the number of itera-
tions associated with, for example, a Conjugate-Gradient
solver and Q is the cost of a matrix-vector multiplica-
tion. Q is on the order of Nq , where Nq is the number
of nodes in the system and 1 < q ≤ 2. For exam-
ple, for linearized elasticity, using an element-by-element
multiplier (not counting preconditioning), for linearized
elasticity and using linear hexahedra, Q = 300N . Thus,
I × Q ≈ 300I N .

• Thus, a comparison of the total operation counts between
the Voxel method and FEM is roughly

Voxel

FEM
≈ 36KV

3000E + 300I N
. (3.42)

Equation 3.42 clearly shows the favorable ratio of oper-
ation counts of the voxel approach relative to FEM. In
more complex (nonlinear) problems, where the stiffness
matrix would have to be reformed after each iteration,
the term 3000E would need to be multiplied by I .

3.5.1 Remarks on iterative schemes

We have the following remarks:

Remark 5 Applying this scheme to the balance of lin-
ear momentum continuum formulation, under infinitesimal
deformations, ∇x · σ + f = ρ ∂2u

∂t2
we use �(u(t)) =

∇x ·σ+ f
ρ

, and must apply the (iterative) process introduced
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VOXELS

ITERATE

UPDATE

VALUES ALREADY
COMPUTED

COMPUTED(UNKNOWN)
VALUES TO BE

(KNOWN)

Fig. 5 The overall iterative (left) solution and the matrix-free approach
using a moving front through the voxels (right). During the iterative
solution process, the most current value of a voxel is used in any calcu-

lation, for example a construction of the Laplacian, or any other term
in the governing differential equations

earlier to all voxels in the system. Time-step size adaptiv-
ity is critical, since the system’s dynamics can dramatically
change over the course of time, possibly requiring quite dif-
ferent time-step sizes to control the iterative error. However,
to maintain the accuracy of the time-stepping scheme, one
must respect an upper bound dictated by the discretization
error, i.e.,�t ≤ �t lim . Note that in step (5),
K may enlarge
the time-step if the error is lower than the preset tolerance. At
a given time, once the process is complete, the time is incre-
mented forward and the process is repeated. The overall goal
is to deliver solutions where the iterative error is controlled
and the temporal discretization accuracy dictates the upper
limit on the time-step size (�t lim). Clearly, there are vari-
ous combinations of solution methods that one can choose
from. For example, one may choose implicit (0 < φ ≤ 1) or
explicit time-stepping (φ = 0), and, in the case of implicit
time-stepping, iterative or direct solvers. Furthermore, one
could employ internal iterations for each field equation, then
update, more sophisticated metrics for certain components
of the error, etc. For example, we utilized an error measure
that used the fields at the voxels of the Finite Difference grid,
but other metrics are certainly possible. For details see Zohdi
[41–43].

Remark 6 Because the internal system solvers within the
staggering scheme are also iterative and use the previously
converged solution as their starting value to solve the system
of equations, a field that is relatively insensitive at given stage
of the simulation will converge in very few internal iterations
(perhaps even one). Staggering schemes are widely used in
the computational mechanics literature, dating back, at least,
to Zienkiewicz [45] and Zienkiewicz et al. [46]. For in depth
overviews, see the works of Lewis and Schrefler (Lewis et
al. [47] and Lewis and Schrefler [48]) and a series of works

by Schrefler and collaborators: Schrefler [49], Turska and
Schrefler [50], Bianco et al [72] and Wang and Schrefler
[52].

Remark 7 During the iterative solution process, themost cur-
rent value of a voxel is used in any calculation, for example
a construction of the Laplacian, or any other term in the gov-
erning differential equations.

4 Tailored structural material mixtures for
drones

In drone applications, there is growing industrial interest in
using new microscale particle-enhanced composite materi-
als (Figure 7). Typically, and easy to form thermoplastic
(such as lexan, ABS, nylon, etc.) with added metallic or
ceramic particles to stiffen (functionalize) the overall mate-
rial. During the design development of such structures, such
as the chassis, it is advantageous to ascertain the stress
load-sharing between the added particles and the bind-
ing matrix, in order to make estimates of the structure’s
useful life and the material performance. Accordingly, a
relatively straightforward approach is correlate the phase-
averaged microstructural stress levels carried by the particles
and matrix to the macrostructural loading. This is done by
taking macroscale stresses, determined by using a structural-
scale model with homogenized properties, with a microscale
stresses determined from microstress concentration func-
tions. This provides analysts with an easy to use design
framework that clearly identifies the stress contributions from
themicroscale and themacroscale, in order to reduce product
development time and costs.
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Fig. 6 An example: a dynamic biaxial pull test where each arm is pulled radially outwards. For illustration purposes, the deformations are magnified
by a factor of 100. The normalized color coding indicates the level of which the L2 norm of the deviatoric stress exceeds a threshold value

Due to a wide-range of technological advancements,
in particular in advanced manufacturing, analysts are now
afforded with many particle-matrix choices for structural
materials. However, due to the nature of such applications,
experiments to determine the appropriate combinations of
particle andmatrix materials are time-consuming and expen-
sive, and it is advantageous to characterize such materials
analytically and computationally, in order to reduce product
development time and costs.

In order to characterize the effective macroscale (struc-
tural) material response of such materials, a relation between
averages,

〈σ 〉� = IE∗ : 〈ε〉�, (4.1)

is sought, where

〈·〉� def= 1

|�|
∫

�

· d�, (4.2)

and where, throughout the structure, the mechanical proper-
ties of microheterogeneous materials are characterized by a
spatially variable elasticity tensor IE = IE(x) and σ and ε

are the stress and strain tensor fields within a Representative
Volume Element (RVE) of volume |�|. The quantity IE∗ is
known as the effective property. It is the elasticity tensor used
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WITHIN A DEM-VOXEL
MATERIAL MICROSTRUCTURE

Fig. 7 An example: a microstructure comprised of a matrix binder and
functionalizing particulate additives

in usual structural (macroscale) analyses. The internal fields,
which are to be volumetrically averaged, can be computed by
solving a series of boundary value problems with test load-
ings over anRVEusing the Finite ElementMethod.However,
this is extremely computationally intensive (Zohdi andWrig-
gers [53]) and oftentimes, faster approximate methods are
sought.Rapid approximations are important as a design tool.
Accordingly, we correlate the phase-averaged microstruc-
tural stress levels carried by the particles and matrix to the
macrostructural loading. The objective is to provide analysts
with an easy to use design framework that clearly identi-
fies the stress load-sharing contributions at the microscale,
in order to reduce product development time and costs.

Remark 8 We will concentrate on isotropic materials in this
work. In the case of isotropic overall responses, wemaywrite

〈 trσ
3

〉� = 3κ∗〈 trε
3

〉� (4.3)

and

〈σ ′〉� = 2μ∗〈ε′〉�, (4.4)

where κ∗ andμ∗ are the effective bulk and shear moduli, trσ3
is the dilatational stress, trε

3 is the dilatational strain, σ ′ is
the deviatoric stress and ε′ is the deviatoric strain.

Remark 9 For an authoritative review of the general theory of
random heterogeneous media see, for example, see Torquato
[54] for general interdisciplinary discussions, Jikov et. al.
[55] for more mathematical aspects, Hashin [56], Mura [57]

or Markov [58] for solid-mechanics inclined accounts of the
subject, for analyses of defect-laden, porous and cracked
media, see Kachanov [59], Kachanov, Tsukrov and Shafiro
[60], Kachanov and Sevostianov [61], Sevostianov, Gor-
batikh and Kachanov [62], Sevostianov and Kachanov [63],
and for computational aspects see Ghosh [64], Ghosh and
Dimiduk [65], Zohdi [66], Zohdi and Wriggers [53].

Remark 10 There exist several modern techniques manu-
facturing composite materials for deployment in complex
structural shapes, such as sacrificial patterning (Singh and
Singh [68]), reinforcementwith carbon nanotubes (Isaza et al
[69]), multiphase extrusion (Khalifa et al [70]), microcutting
arrays (Pacella et al [71]), interlaminar glass reinforcement
(Bian et al [72]), electric field assistance (Decker and Gan
[73], Zohdi [74]) and selective laser sintering (Gu et al [75]),
where integration of the upcoming approach developed in
this work could be useful.

4.0.2 Effective property estimates

The literature on methods to estimate the overall macro-
scopic properties of heterogeneous materials dates back at
least to the 1800’s by the pioneering works of Maxwell [76,
77] and Lord Rayleigh [78], with an extremely important
contribution being the Hashin-Shtrikman bounds during the
1960’s (Hashin and Shtrikman [79, 80], Hashin [56]). The
Hashin-Shtrikman bounds are the tightest possible bounds
on isotropic effective responses, generated from isotropic
microstructures, where the volumetric data and phase con-
trasts of the constituents are the only data known. They are
as follows, for the bulk modulus:

κ∗,− def= κ1 + v2
1

κ2−κ1
+ 3(1−v2)

3κ1+4μ1

≤ κ∗ ≤ κ2

+ 1−v2
1

κ1−κ2
+ 3v2

3κ2+4μ2

def= κ∗,+,
(4.5)

and for the shear modulus

μ∗,− def= μ1 + v2
1

μ2−μ1
+ 6(1−v2)(κ1+2μ1)

5μ1(3κ1+4μ1)

≤ μ∗ ≤ μ2

+ (1−v2)
1

μ1−μ2
+ 6v2(κ2+2μ2)

5μ2(3κ2+4μ2)

def= μ∗,+,
(4.6)

where κ2 and κ1 are the bulk moduli and μ2 and μ1 are the
shearmoduli of the respective phases (κ2 ≥ κ1 andμ2 ≥ μ1),
and where v2 is the second phase volume fraction. Phase 2 is
the stiffer of the two constituents (which usually corresponds
to the particles)4. One can form estimates for the effective
properties by forming a convex combination of them, such
as

4 Note that no geometric or statistical information is required for the
bounds.
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κ∗ ≈ φκ∗,+ + (1 − φ)κ∗,− (4.7)

and

μ∗ ≈ φμ∗,+ + (1 − φ)μ∗,−, (4.8)

where 0 ≤ φ ≤ 1 is a parameter such that:

• If φ = 0 we have the lower bound,
• If φ = 1 we have the upper bound and
• If φ = 1/2 we have the average of the bounds.

Although the usual approach is to select φ = 0.5, a more
detailed discussion on the sharper selection of φ is provided
in Appendices 1 and 2.

Remark 11 If needed, one can post-process the effective bulk
and shear modulus to obtain the effective Poisson ratio ν∗ =
3κ∗−2μ∗
2(3κ∗+μ∗) and the effective Young’s modulus E∗ = 2μ∗(1+
ν∗) = 3κ∗(1 − 2ν∗).

4.0.3 Load-sharing between the particles and the matrix

The determination of the load-sharing between phases at the
microstructral scale can be obtained by post-processing the
overall effective mechanical properties of the microhetero-
geneous material. Specifically, one can decompose average
of the stress over � into averages over each of the phases in
the following manner:

〈σ 〉� = 1

|�|
(∫

�1

σ d� +
∫

�2

σ d�

)
= v1〈σ 〉�1 + v2〈σ 〉�2 ,

(4.9)

where �1 is the domain of phase 1 (usually the matrix) and
�2 is the domain of phase 2 (usually the particles). If we
make use of this decomposition for the stresses, we have

〈σ 〉� = v1〈σ 〉�1 + v2〈σ 〉�2

= v1 IE1 : 〈ε〉�1 + v2 IE2 : 〈ε〉�2

= IE1 : (〈ε〉� − v2〈ε〉�2 ) + v2 IE2 : 〈ε〉�2

=
(
IE1 + v2(IE2 − IE1) : Cε,2

)
: 〈ε〉�, (4.10)

where

Cε,2 def=
(

1

v2
(IE2 − IE1)

−1 : (IE∗ − IE1)

)
(4.11)

is called the strain concentration function,withCε,2 : 〈ε〉� =
〈ε〉�2 . The strain concentration tensor Cε,2 relates the aver-
age strain over the particle phase (2) to the average strain
over all phases. Similarly, for the variation in the stress we
have Cε,2 : IE∗−1 : 〈σ 〉� = IE−1

2 : 〈σ 〉�2 , which reduces

to IE2 : Cε,2 : IE∗−1 : 〈σ 〉� def= Cσ,2 : 〈σ 〉� = 〈σ 〉�2 . C
σ,2

is known as the stress concentration tensor and it relates the
average stress in the particle phase to that in the whole RVE.
Note that once either Cε,2 or IE∗ are known, the other can
be determined. In the case of isotropy we may write (directly
from Equation 4.11)

Cσ,2
κ

def= 1

v2

κ2

κ∗
κ∗ − κ1

κ2 − κ1
and Cσ,2

μ
def= 1

v2

μ2

μ∗
μ∗ − μ1

μ2 − μ1

(4.12)

where Cσ,2
κ 〈 trσ3 〉� = 〈 trσ3 〉�2 and where Cσ,2

μ 〈σ ′〉� =
〈σ ′〉�2 . Clearly, themicrostress fields areminimally distorted
whenCσ,2

κ = Cσ,2
μ = 1 (for example, there are no stress con-

centrations in a homogeneous material). For the matrix, we
write

〈σ 〉�1 = 〈σ 〉�−v2〈σ 〉�2
v1

= 〈σ 〉�−v2C
σ,2:〈σ 〉�

v1

= (1−v2C
σ,2

):〈σ 〉�
v1

def= Cσ,1 : 〈σ 〉�.
(4.13)

In the case of isotropy,

Cσ,1
κ

def= 1

v1
(1 − v2C

σ,2
κ ) and Cσ,1

μ
def= 1

v1
(1 − v2C

σ,2
μ ).

(4.14)

The portion of the total stress carried by each phase can be
then determined by multiplying the concentration factors by
the corresponding volume fractions (using Equation 4.9)

〈σ 〉� = v1〈σ 〉�1 + v2〈σ 〉�2 = v1Cσ,1 : 〈σ 〉� + v2Cσ,2 :
〈σ 〉� = (v1Cσ,1 + v2Cσ,2) : 〈σ 〉�. (4.15)

In the case of isotropy

〈σ 〉� = (v1C
σ,1 + v2C

σ,2)〈σ 〉� ⇒ v1C
σ,1 + v2C

σ,2 = 1. (4.16)

4.0.4 Example

Consider the following parameters, for a hypothetical drone
material mixture of ABS (plastic, phase 1) and steel particles
(phase 2):

• The volume fraction of particles: v2 = 0.5,
• The bound averaging parameter: φ = 0.5,
• The shear moduli, ABS, μ1 = 2 GPa and steel, μ2 = 79
GPa and

• The bulk moduli, ABS, κ1 = 3.8 GPa and steel κ2 = 160
GPa.

• The density, ABS ρ1 = 1005 kg/m3 and steel, ρ2 = 7850
kg/m3,
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The following quantities result from this parameter selection:

• The predicted overall shear modulus: μ∗ = 17.252 Gpa
• The predicted overall bulk modulus: κ∗ = 29.547 Gpa
• The predicted overall density: ρ∗ = 4427 kg/m3

• The deviatoric stress concentration in phase 1: Cσ,1
μ =

0.1859
• The deviatoric stress concentration in phase 2: Cσ,2

μ =
1.8140

• The dilatational stress concentration in phase 1: Cσ,1
κ =

0.2148
• The dilatational stress concentration in phase 2: Cσ,2

κ =
1.7851

• The fraction of the deviatoric stress carried by phase 1:
v1Cσ,1

μ =0.0929
• The fraction of the deviatoric stress carried by phase 2:

v2Cσ,2
μ =0.9070

• The fraction of the dilatational stress carried by phase
1:v1Cσ,1

κ =0.1074
• The fraction of the dilatational stress carried by phase 2:

v2Cσ,1
κ =0.8925.

The previous analysis is motivated by the increasing use
of tailored particle-enhanced materials in drone chassis
applications. This analysis correlated the phase-averaged
microstructural stresses experienced by material to the
macrostructural loading. This provides a framework for an
easy to use design tool that clearly identifies the stress load
share contributions, which aids in reducing product develop-
ment time and cost. Of course, one can resort to a multiscale
FEM analysis (Zohdi and Wriggers [53]), but the computa-
tional costs are prohibitive. More on these estimates can be
found in Appendices 1 and 2.

Remark 12 The next-stage in the overall work flow is to
deploy the drone "into the field" for flight tests. In this vein,
we follow a process found in Zohdi [28], which utilizes
the Discrete Element Method (DEM) for detailed rigid-body
drone dynamics.

5 Voxel-based discrete elements for
dynamic drone flight evaluation

To assess the dynamic performance of a voxel-generated
quadcopter,we connect the previousmethods to a rapid struc-
tural dynamics simulator, following Zohdi [28], based on the
Discrete Element Method (DEM). In Figure 8, we show the
conversion from raw voxels for stress analysis to discrete
elements for dynamic flight analysis. For (p1, p2, p3) =
(0.5, 0.5, 0.5), a DEM generated drone frame is shown with
a zoom on the locations of the DEM particles. The particles
are bound by themathematical dynamics-constraints tomove

collectively as a rigid body (group translation and rotation),
unless a particle is dislodged by excessive force. If dis-
lodged, the fragment moves according to its own dynamics.
As an example of how this is used in conjunction with rapid
structural design, we illustrate the deployment and dynamic
performance evaluation of tactical quadcopter drones under
attack, specifically by being subjected to series of launched
explosions. In that vein, the DEM is used to ascertain the
response of a drone to a hostile environment, in order to ascer-
tain its deployed performance in the field. The method also
allows one to potentially describe damage to the quadcopter
drone, its loss of functionality (thrust), etc. Furthermore, the
use of the DEM can also allow for fragmentation of the quad-
copter and can also ascertain the resulting debris field (Zohdi
[28]). The procedure to convert voxels into discrete elements
is straightforward (Figure 8):

• Assign a spherical mass and moment of inertia to the
center of each voxel

• The mass is proportional to the mass in the voxel
• The mass moment of inertia is proportional to mass and
size of the DEM sphere

• The masses move according to the dynamics of a rigid
body, which is subject to Newton’s laws

5.1 Group dynamics of a rigidly bound collection of
drone particles/elements

in order to make the analysis general, we consider rigid
clusters of DEM particles. Later we will tailor the cluster
to specific drone designs. We consider the DEM cluster to
be already formed, with particles rigidly bonded together.
Later, we will allow particles to become dislodged from
the cluster. Consider a collection of rigidly-bonded parti-
cles, i = 1, 2, ..., Nc, in a cluster. The individual particle
dynamics are described by (which leads to a coupled system
of ODE’s)

mi r̈ i = mi v̇i = � tot
i︸︷︷︸

total forces

= � int
i︸︷︷︸

internal

+ �ext
i︸︷︷︸

external

,
(5.1)

where mi is the mass of the i th particle, r i is the position
vector, vi is the particle velocity, �ext

i is an external force
field and � int

i is the sum of the internal (equal in magnitude
and opposite in direction) forces acting on the i th particle,
due to other particles in the system (“internal” particle-to-
particle bonding forces, contact forces etc.Whenwe consider
a collection of particles that are bound together as a rigid
body, because internal forces between particles within in the
system are opposite in direction and equal in magnitude, the
specific character of the internal particle-to-particle bonding
forces is not relevant to the overall system dynamics,
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BOND

Fig. 8 Conversion from raw voxels for stress analysis to discrete elements for dynamic flight analysis. The particles are bound by the mathematical
dynamics-constraints to move collectively as a rigid body (group translation and rotation)

Nc∑

i=1

(
�ext

i + � int
i

)
=

Nc∑

i=1

�ext
i +

Nc∑

i=1

� int
i

︸ ︷︷ ︸
=0

=
Nc∑

i=1

�ext
i

def= �EXT , (5.2)

where�EXT is the overall external force acting on the cluster
and Nc are the number of particles in the DEM cluster. The
position vector of the center of mass of the system is given
by

rcm
def=
∑Nc

i=1 mi r i
∑Nc

i=1 mi

= 1

M
Nc∑

i=1

mi r i , (5.3)

where M is the total system mass. A decomposition of the
position vector for particle i , of the form r i = rcm + rcm→i ,
allows the linear momentum of the system of particles (G)
to be written as

Nc∑

i=1

mi ṙ i︸︷︷︸
Gi

=
Nc∑

i=1

mi (ṙcm + ṙcm→i ) =
Nc∑

i=1

mi ṙcm

= ṙcm

Nc∑

i=1

mi = Mṙcm
def= Gcm, (5.4)

since
∑Nc

i=1 mi ṙcm→i = 0. Furthermore, Ġcm = Mr̈cm ,
thus

Ġcm = Mr̈cm =
Nc∑

i=1

ψext
i

def= �EXT . (5.5)

The angular momentum relative to the center of mass can be
written as (utilizing ṙ i = vi = vcm + vcm→i )

Nc∑

i=1

Hcm→i =
Nc∑

i=1

(rcm→i × mivcm→i )

=
Nc∑

i=1

(rcm→i × mi (vi − vcm)) (5.6)

=
Nc∑

i=1

(mi rcm→i × vi ) −
⎛

⎜⎜⎜⎜⎝

Nc∑

i=1

mi rcm→i

︸ ︷︷ ︸
=0

⎞

⎟⎟⎟⎟⎠
× vcm = Hcm, (5.7)

for a rigid body. Since vcm→i = ω × rcm→i

Hcm =
Nc∑

i=1

Hcm→i =
Nc∑

i=1

mi (rcm→i × vcm→i )

=
Nc∑

i=1

mi (rcm→i × (ω × rcm→i )). (5.8)

Decomposing the relative position vector into its components

rcm→i = r i − rcm = x̂i1e1 + x̂i2e2 + x̂i3e3, (5.9)

where x̂i1, x̂i2 and x̂i3 are the coordinates of the mass points
measured relative to the center of mass, and expanding the
angular momentum expression, yields

H1 = ω1

Nc∑

i=1

(x̂2i2+ x̂2i3)mi −ω2

Nc∑

i=1

x̂i1 x̂i2 mi −ω3

Nc∑

i=1

x̂i1 x̂i3 mi

(5.10)
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and

H2 = −ω1

Nc∑

i=1

x̂i1 x̂i2 mi+ω2

Nc∑

i=1

(x̂2i1+x̂2i3)mi−ω3

Nc∑

i=1

x̂i2 x̂i3 mi

(5.11)

and

H3 = −ω1

Nc∑

i=1

x̂i1 x̂i3 mi − ω2

Nc∑

i=1

x̂i2 x̂i3 mi + ω3

Nc∑

i=1

(x̂2i1 + x̂2i2)mi , (5.12)

which can be concisely written as

Hcm = I · ω, (5.13)

where we define the moments of inertia with respect to the
center of mass

I11 =
Nc∑

i=1

(x̂2i2 + x̂2i3)mi , I22 =
Nc∑

i=1

(x̂2i1 + x̂2i3)mi ,

I33 =
Nc∑

i=1

(x̂2i1 + x̂2i2)mi , (5.14)

I12 = I21 = −
Nc∑

i=1

x̂i1 x̂i2 mi , I23 = I32 = −
Nc∑

i=1

x̂i2 x̂i3 mi ,

I13 = I31 = −
Nc∑

i=1

x̂i1 x̂i3 mi , (5.15)

or explicitly

I =
⎡

⎣
I11 I12 I13

I21 I22 I23

I31 I32 I33

⎤

⎦ . (5.16)

The particles’ own inertia contribution about their respective
mass-centers to the overall moment of inertia of the agglom-
erated body can be described by the Huygens-Steiner (gen-
eralized “parallel axis” theorem) formula (p, s = 1, 2, 3)

Īps =
Nc∑

i=1

(
Ī i
ps + mi (||r i − rcm ||2δps − x̂i p x̂is)

)
. (5.17)

For a spherical particle, Ī i
pp = 2

5mi R2
i , and for p �= s,

Ī i
ps = 0 (noproducts of inertia), Ri being the particle radius.5

Finally, for the derivative of the angular momentum, utilizing
r̈ i = ai = acm + acm→i , we obtain

Ḣ
rel
cm =

Nc∑

i=1

(rcm→i × mi acm→i ) =
Nc∑

i=1

(rcm→i × mi (ai − acm))

(5.18)

=
Nc∑

i=1

(mi rcm→i × ai ) −(

Nc∑

i=1

mi rcm→i )

︸ ︷︷ ︸
=0

×acm = Ḣcm ,

(5.19)

and consequently

Ḣcm = d(I · ω)

dt
=

Nc∑

i=1

rcm→i × ψext
i

def= MEXT
cm , (5.20)

where MEXT
cm is the total external moment about the center

of mass.

5.2 Numerical methods for the dynamics of a DEM
cluster

We now treat the dynamics of a cluster numerically. We first
focus on the translational motion of the center of mass, and
then turn to the rotational contribution.

5.2.1 DEM particle cluster translational contribution

The translational component of the center of mass can be
written as

Mr̈cm = Mv̇cm = �EXT . (5.21)

A trapezoidal time-stepping rule is used, whereby at some
intermediate moment in time t ≤ t + φ�t ≤ t + �t (0 ≤
φ ≤ 1)

v̇cm(t + φ�t) ≈ vcm(t + �t) − vcm(t)

�t
(5.22)

= 1

M(t + φ�t)
�EXT (t + φ�t) (5.23)

≈ 1

M(t + φ�t)

(
φ�EXT (t + �t) + (1 − φ)�EXT (t)

)
,

(5.24)

5 If the particles are sufficiently small, each particle’s own moment
inertia (about its own center) is insignificant, leading to Īps =∑Nc

i=1 mi (||r i − rcm ||2δps − x̂i p x̂is).

123



Computational Mechanics

whereM(t +φ�t) ≈ φM(t +�t)+ (1−φ)M(t), leading
to

vcm(t + �t) = vcm(t) + �t

M(t + φ�t)(
φ�EXT (t + �t) + (1 − φ)�EXT (t)

)
. (5.25)

For the position, we have

ṙcm(t + φ�t) ≈ rcm(t + �t) − rcm(t)

�t
≈ vcm(t + φ�t)

≈ (φvcm(t + �t) + (1 − φ)vcm(t)) , (5.26)

leading to

rcm(t + �t) = rcm(t) + �t (φvcm(t + �t) + (1 − φ)vcm(t)) .

(5.27)

5.2.2 DEM particle cluster rotational contribution

The quadcopter’s angular velocity and rotation are deter-
mined in a similar manner by integrating the equations for
an angular momentum balance

Ḣcm = d(I · ω)

dt
= MEXT

cm , (5.28)

where I is the mass moment of the quadcopter, ω is the
angular velocity and MEXT

cm is the sum of all moment contri-
butions external to the quadcopter, around its center of mass.
We remark that there are essentially two possible approaches
to compute the rotational dynamics; either (1) an inertially-
fixed frame or (2) a body-fixed frame. For the DEM, it is
advantageous to use a inertially-fixed frame.6 The procedure
is, within a time step, to decompose an increment of motion
into a rigid body translation and rotation about the center of
mass. The rotation is determined by solving for the angular
velocity and the subsequent incremental rotation of the body
around the axis of rotation, which is aligned with the angu-
lar velocity vector direction. This leads to a coupled set of
nonlinear equations which are solved iteratively.

In a fixed frame of reference the angular momentum can
be written as

Ḣcm = d(I · ω)

dt
= MEXT

cm . (5.29)

I is implicitly dependent on ω(t), leading to a coupled sys-
tem of nonlinear ODE’s. These will be solved iteratively.

6 For a body-fixed formulation, see Powell and Zohdi [81].

Equation 5.29 is discretized by a trapezoidal scheme

d(I · ω)

dt
|t+φ�t = (I · ω)|t+�t − (I · ω)|t

�t
. (5.30)

thus leading to

(I · ω)|t+�t = (I · ω)|t + �tMEXT
cm (t + φ�t). (5.31)

Solving for ω(t + �t) yields

ω(t +�t) = (I(t + �t)
)−1 ·

(
(I · ω)|t + �tMEXT

cm (t + φ�t)
)

,

(5.32)

where

MEXT
cm (t + φ�t) ≈ φMEXT

cm (t + �t) + (1 − φ)MEXT
cm (t)

(5.33)

which yields an implicit nonlinear equation, of the form
ω(t + �t) = F(ω(t + �t)), since I(t + �t), due to the
body’s rotation. An iterative, implicit, solution scheme may
be written as follows for K = 1, 2...

ωK+1(t + �t) =
(
IK

(t + �t)
)−1 ·

(
(I · ω)|t + �tMEXT ,K

cm (t + φ�t)
)

,

(5.34)

where IK
(t + �t) can be re-computed from the previous

formulas. 7. After the update for ωK+1(t + �t) has been

computed (utilizing the IK
(t + �t) from the previous iter-

ation), the rotation of the body about the center of mass can
be determined.

Remark 13 -Propellor thrustA propeller’s thrust is directly
proportional to its speed of rotation. This relationship is non-
linear, with airspeed, propellor design etc. controlling the
overall thrust produced. In the analysis at hand, we simply
assign a thrust to eachmotor. In the case of a hovering action,
each carrying 1/4th the gravitation load. Two of the motors
spin with rotation vectors pointing upwards and two point-
ing downwards, although the thrust is upwards for all 4 are
by having the propellors flipped on two downward spinning
propellors. For more details see Mueller [1].

7 One may view the overall process as a fixed-point calculation of the
form ωK+1(t + �t) = F(ωK (t + �t)).
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5.2.3 Iterative superposition scheme

The total velocity of any particle can be decomposed into
the velocity of the center of mass of the entire object and the
rotation of the particle relative to the center of mass:

vi = vcm + (vi − vcm) = vcm + vcm→i

= vcm + ω × (rcm − r i ) = vcm + ω × rcm→i (5.35)

Explicitly, the overall motion for the bonded particles is
computed by r i = rcm + ω × (r i − rcm), sequentially by
computing:

• Velocity: C1 = φvcm(t + �t) + (1 − φ)vcm(t),
• Angular velocity: C2 = φω(t + �t) + (1 − φ)ω(t),
• Center of mass position: C3 = φrcm(t + �t) + (1 −

φ)rcm(t),
• Particle positions: r i (t + �t) = r i + �t(C1 + C5),
• C4 = φr i (t+�t)+(1−φ)r i (t)−C3 andC5 = C2×C4.

5.3 Algorithmic procedure

The overall procedure is as follows, at time t :

1. Generate the quadcopter body by inserting particles
within the voxel envelope/grid. Also place extra masses
in the locations for the motors.

2. Set initial conditions, if t = 0.
3. Compute the thrust of themotors (orthogonal to the quad-

copter body).
4. Compute the new position of the center of mass.
5. Compute (iteratively) the positions of the particles in the

body rKi (t + �t), K = 1, 2, ....:

||rK+1
i (t +�t)− rKi (t +�t)|| ≤ T OL||rK+1

i (t +�t)||.
(5.36)

This requires computation of the position of the center of
mass, the rotation of the body, and the calculation of the
positions of the particles within the iterations:
(a) Compute/update vK+1

cm (t + �t) = vcm(t) + �t
M(t+φ�t)(

φ�K+1,EXT (t + �t) + (1 − φ)�EXT (t)
)
.

(b) Compute/update rK+1
cm (t +�t) = rcm(t)+�t (φvcm(t + �t)

+(1 − φ)vcm(t)).
(c) Compute/update MEXT

cm (t + φ�t) ≈ φMEXT
cm (t + �t) + (1−

φ)MEXT
cm (t),

(d) Compute/update: ωK+1(t + �t) =
(
IK

(t + �t)
)−1 ·

(
(I · ω)|t + �tMEXT ,K

cm (t + φ�t)
)
,

(e) Compute/update:vi = vcm + ω × rcm→i
(f) Compute/update:r i (t + �t) = r i + �t(C1 + C5),
(g) Repeat steps (a)-(f) until Equation 5.36 is satisfied.

6. Increment time forward and repeat the procedure.

5.3.1 Implicit adaptive time stepping

In order to control convergence of the implicit scheme, we
adopt the following algorithm:

1. Large iteration error control: At a time step, if after
j = 1, 2, ..., I upper−limit internal iterations:

N∑

i=1

||r j+1
i − r ji || > T OL ⇒ �tnew = α�told , (5.37)

where 0 < α < 1 and reset j = 0 and repeat for the
time-step.

2. Small iteration error control: At a time step, if after
j = 1, 2, ..., I lower−limit internal iterations:

N∑

i=1

||r j+1
i − r ji || < T OL ⇒ �tnew = β�told , (5.38)

where 1 < β < ∞ and goto next time-step.
3. Explicit time-stepping option: For very small time-

steps, at a time-step, after one iteration, proceed to the
next time step.

Remark 14 In the current work, since there is no dislodging
or breaking off of bonds, the interparticle bonds are not nec-
essary, in the present model. Having the particles’ motion
constrained by the rigid body motion of the cluster keeps the
particles bonded. In other words, no bonding laws (in the
DEM sense) are required.

Remark 15 -dislodged particles: Although it is outside of
the scope of the present work, to incorporate the possibility
for particles to break off, a unilateral fragmentation threshold
must be met for a particle to be deemed “dislodged”, which
subsequently moves according to its own dynamics.We refer
the reader to Zohdi [82, 83] and [84] for details. This is
discussed further in the summary and conclusions.

6 Flight-simulation of a quadcopter

(a) Basic flight modes
Starting from a basic hovering state (Figures 9 and 10),

the thrusts read as

F1 + F2 + F3 + F4 + M g = 0 (6.1)

and the motor torques

M1 + M2 + M3 + M4 = 0 (6.2)
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TOP VIEW

ROTOR
ROTOR

ROTOR

ROTOR

ROTATION ROTATION

ROTATION

ROTATION

Fig. 9 A (skeletal) drone schematic with propellor thrusts. The entire
body is governed by rigid body kinematics with two primary variables:
the angular velocity of the body ω and the velocity of the mass center
vc. The velocities and positions of all other points on the body can be

determined by rigid body kinematics. Generally, two rotors spin one
way, while two of them spin the other way so that the main body of
the quadcopter does not rapidly spin as it flies (conservation of angular
momentum).

Fig. 10 A (skeletal) drone schematic with basic pitch, roll and yaw shown.

we consider three cases (1) pitch, (2) roll and (3) yaw. See
the book of Mueller [1] for an in depth analysis of control
paradigms.

(b) Pitch
To pitch around the np axis shown, one needs:

• ||F3|| > ||F1||, which induces ||M3|| > ||M1||,
• To suppress any unintended yaw: M4 and M2 must com-

pensate to induce M1 + M2 + M3 + M4 = 0,
• To suppress any unintended drop: (F1+F2+F3+F4) ·

ny − Mg = 0.

(c) Roll
To roll around the nr axis shown, one needs:

• ||F4|| > ||F2||, which induces ||M4|| > ||M2||,

• To suppress any unintended yaw: M3 and M1 must com-
pensate to induce M1 + M2 + M3 + M4 = 0,

• To suppress any unintended drop: (F1+F2+F3+F4) ·
ny − Mg = 0.

(d) Yaw
To yaw around the axis ny shown, one needs:

• (M1 + M2 + M3 + M4) · ny > 0,
• To suppress any unintended drop: (F1+F2+F3+F4) ·

ny − Mg = 0.
• To suppress any unintended pitch (MF

1 + MF
2 + MF

3 +
MF

4 ) ·np = 0, where MF
i = rcm→i × Fi , is the moment

induced by the thrust forces from the motors about the
center of mass,

• To suppress any unintended roll (MF
1 + MF

2 + MF
3 +

MF
4 ) · nr = 0,
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SYSTEMSMALL EXPLOSIVE 
PROJECTILES

PRESSURE
PULSE

RESULTANT

DRONE

ANTIDRONE

Fig. 11 Left: A drone under (destabilization) attack producing a pressure field. Right: A voxel-DEM representation

(e) Performance example: attempted destabilization of a
drone

As an example, consider an antiaircraft system that
explodes pressure waves at a hovering drone that is initially
in yaw-mode (Figure 11) in an attempt to destabilize the it. In
the example given, the equations for yaw are applied, i.e. two
opposite-end motors are given larger thrusts than the other
two. This induces a yaw-like motion initially. The sum of
the forces are also equal and opposite to the forces of grav-
ity (M g). The forces are kept at this level for the entirety of
the simulation. Specifically, we defined the thrust for each
motors as

||Fi || = ai (M
C/4 + Mm)g, (6.3)

where

• MC is the mass of the chassis,
• Mm is the mass of each motor,
• a1 = 1.25,
• a2 = 0.75,
• a3 = 1.25,
• a4 = 0.75,
• The proportionality constant between the motor torque
and thrust: ||M|| = α||F||, α = 0.1.

Both the F’s and M’s are projected along the normal axis of
rotation of each motor.We the scenario of the drone being hit
repeatedly with a set of pulses, where the maximum intensity
is slightly off center (see Figures 12 and 13), with a decay
that is scaled by the distance from the targeting centerline,
according to:

P(x) = Poe
−ad(x) (6.4)

where P(x) is the pressure at x, Po is the pressure the center,
d(x) is the distance from the center to x and a is a decay
coefficient. The following simulation parameters were cho-
sen:

• Generation grid for DEM:100×100×100, yielding 1651
intersecting sites and hence 1651 particles,

• Total time duration:T = 35 seconds,
• Time step size:�t = 0.00005 seconds,
• Starting position of center of mass: rcm(t = 0) = 0
(Figures 12 and 13),

• Time stepping parameter: φ = 0.5 (midpoint rule),
• Drone shape exponents: (p1, p2, p3) = (0.5, 0.5, 0.5),
• Size of drone: (R1, R2, R3) = (0.25, 0.25, 0.05),
• Mass of the drone chassis: M = 1 kg,
• Starting angular velocity: ω(t = 0) = 0 rad/sec,
• Motor masses: Mm = 0.25 kg each,
• Thrust force per motor:4.55 N (this allows for perfect
hovering (propellor thrust balancing gravity) if there is
no external impulse),

• Density of the chassis material: ρ = 1000 kg/m3,
• Blast frequency: one every second.

As seen in Figures 12 and 13, the repeated impulses are strong
enough to overturn the drone, and to destabilize it. Each entire
simulation takes under a second on a standard Macbook pro.
The DEM method clearly has quite a number of advantages
for such an analysis, such as easy design changes, extremely
fast preflight stress analysis and very fast fight analysis. How-
ever, such an analysis can also be taken a step further by
formulating in-situ stress analysis in a dynamic environment.
This can be achieved in two straightforward ways, namely:
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Fig. 12 Top left to right: zoom-out on initial hover and yaw then destabilization of a quadcopter by repeated explosive blasts. Orange indicates full
structural integrity, while blue indicates potentially high localized structural damage (see Figure 13 for a close up view)
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Fig. 13 Top left to right: zoom-in on initial hover and yaw then destabilization of a quadcopter by repeated explosive blasts at equal 0.1 T time
intervals, where T is the total time. Orange indicates full structural integrity, while blue indicates potentially high localized structural damage (high
loading)

• Method1:CombinedDEM-basedRigid-BodyDynamics
with super-posed Infinitesimal deformations

• Method 2: Finite deformation DEM-based formulations

Accordingly, we discuss each method of extension.
(f) Extension method 1: post-processing rigid-motion for

dynamic stress in a drone
There are a variety of methods that build upon the basic

idea of computation of a rigid-motion, then the augmenta-
tion with an infinitesimal deformation analysis. There are a
variety of such somewhat ad hoc approaches, which attempt
to circumvent a computationally costly finite deformation
analysis. One straightforward approach follows the follow-
ing steps:

• Step 1: Compute the rigid motion (for example using the
approach in the previous section):

Mtotal dvrigid

dt
=

N∑

i=1

�ext
i (6.5)

and

Icm
dωrigid

dt
=

N∑

i=1

Mcm,ext
i (6.6)

• Step 2: At each time step, compute the relative infinites-
imal deformation with respect to the new rotated and
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translated frame (x′(t)); specifically, solve (with the
decomposition of v = vrigid + vrel )

∇x ′(t) · σ + f = ρo
dvrigid

dt
+ ρo

∂vrel

∂t
, (6.7)

where we define

ψ(x′(t), t) def= 1

ρo(x′(t), t)
(∇x ′(t) · σ + f (x′, t)

)
(6.8)

where we note that

dvrel

dt
= ∂vrel

∂t
+ ∇x ′vrel · dx

′

dt︸︷︷︸
=0

= ∂vrel

∂t
, (6.9)

since it is relative to the rigid frame.
• Step 3: Compute the relative velocity

vrel(x′, t + �t) ≈ vrel(x′, t)
+ �t

(
φψ(x′, t + �t) + (1 − φ)ψ(x′, t)

)
(6.10)

• Step 4: Compute the position of each voxel, relative to
the moving frame:

xrel(x′, t + �t) ≈ xrel(x′, t) + �t
(
φvrel(x′, t + �t) + (1 − φ)vrel(x′, t)

)
. (6.11)

Such approaches are rather popular in flight dynamics, how-
ever, the most rigorous approach is to formulate a fully
finite-deformation structural dynamics problem. This is dis-
cussed next.

(g) Extensionmethod 2: fully finite-deformation structural
dynamics

The extension of the preceding procedures to finite defor-
mation problems (finite strains and large displacements and
rotations) is rather straightforward and can be achieved by
performing the presented calculations for the field equations
specifically in the reference configuration (x �= X)

∇X · P+ f J = ρ0
dv

dt
or ∇X ·(F ·S)+ f J = ρ0

dv

dt
,

(6.12)

where F = ∇X x is the Deformation Gradient, J = detF is
the Jacobian, P = σ ·F−T (detF) is the First Piola-Kirchhoff
stress and S = J F−1 ·σ · F−T is the Second Piola-Kichhoff
stress. Specifically, the algorithm is, using the voxel-stencils
in the reference configuration (with referential X ′s replacing
x ′s in the voxel approximations for derivatives, gradients,
etc.):

• Step 1: Define

�(X, t)
def= 1

ρo(X, t)

(∇X · (F(X, t) · S(X, t)) + f (X, t)J (X, t)) (6.13)

where we note that

dv

dt
= ∂v

∂t
+ ∇Xv · dX

dt︸︷︷︸
=0

= ∂v

∂t
(6.14)

• Step 2: Compute the velocity

v(X, t + �t) ≈ v(X, t) + �t

(φ�(X, t + �t) + (1 − φ)�(X, t)) (6.15)

• Step 3: Compute the position of each voxel (originally in
the reference configuration X)

x(X, t + �t) ≈ x(X, t) + �t

(φv(X, t + �t) + (1 − φ)v(X, t)) . (6.16)

There can be a variety of reason that may motivate this,
such as, for example, large-scale damage and fragmentation,
which we briefly discuss next.

(h) Extensions to include fragmentation
Importantly, although we have not discussed the evolu-

tion of damage (see Zohdi [28] for coarse ad-hoc heuristics),
these approaches are important for ascertaining whether a
discrete element will become dislodged by checking a uni-
lateral integrity bonding criteria between particles:

• Remains bonded/intact: ||�(x)|| ≤ �∗ ⇒ γ̇ (x) = 0.
• Debonding evolution: ||�(x)|| ≥ �∗ ⇒ γ̇ (x) = α(1 −

||� ||
�∗ ),

where α is a rate parameter and γ is a integrity parameter,
where initially γ (x, t = 1) = 1; i.e. no damage/full integrity.
When γ ≤ T OL then the particle is allowed to debond and
mass is lost.We define γ as the integrity and 1−γ as damage.
If the part of the body separates then it is released with the
position and velocity of the body at that point. The contact
mechanics of dislodged particles with other dislodged mate-
rial, the remainder of the drone hull, etc., is outside the scope
of the present work. As an example, consider a debonding
relation that is dependent on the intensity of the external blast
force applied:
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• Remains bonded/intact: ||�ext (x)|| ≤ �∗ ⇒ γ̇ (x) = 0,
• Progressive damage/debonding: ||�ext (x)|| ≥ �∗ ⇒

γ̇ (x) = α(1 − ||�ext ||
�∗ )

One important feature of the DEM methods is that one
can incorporate the dislodging of the particles, for exam-
ple when the following criteria is met, γ (x) ≤ T OL , then
the fragment is released. Clearly, the interaction of clus-
ters of fragments, with a full contact analysis, is a logical
extension of the analysis presented. This would require a
direct numerical simulation-type formulation for dynamics
of a multi-particulate system (i = 1, 2...N bonded and frag-
mented particles)

mi r̈ i = �tot
i (r1, r2, ..., rNp , contact forces, bonding forces)

(6.17)

where r i is the position vector of the i th particle, � tot
i rep-

resents all forces acting on particle i , with contact detection
and contact force computation. In Zohdi [28], simplified ver-
sions of this fragmentation extension were implemented, and
we refer the reader to that work. The simulation of related
flowing particulate/fragmented systems has been extensively
investigated for the last decade by Zohdi [82, 83], employ-
ing numerical schemes based on high-performance iterative
solvers, sorting-binning for fast inter-particle calculations,
Verlet lists, domain decomposition, parallel processing, etc.
These types of formulations are able to characterize the inter-
action ofmultiple fragments frombreakup/disintegration and
blasts where the application of purely continuum approaches
would be virtually impossible. The dynamics of fragments of
clusters that evolve and interactwith the quadcopter and other
fragments is complex, and algorithmically aligns closely to
the study of “granular” or “particulate” media, for exam-
ple see Duran [85], Pöschel and Schwager [86], Onate et al.
[87, 88], Rojek et al. [89], Carbonell et al. [90], Labra and
Onate [91] and Zohdi [82, 83]. The application of extension
method 1 (small deformations super posed on large displace-
ments), extension method 2 (finite deformation formulation)
and fragmentation is under investigation by the author.

7 Summary and extensions

The presented work is geared towards accelerating the devel-
opment of drones for a wide-range of applications. The main
components are (1) modular assembly of structural com-
ponents and (2) flexible feature addition and deletion and
dynamic drone flight performance evaluation. As a model
problem, we illustrated the concepts above for the preflight
stress testing of a quadcopter and its subsequent dynamic
flight performance in an extreme environment. Numerical

examples were provided to illustrate the overall approach
and its straightforward implementation. The further develop-
ment of such tools, such as finite deformation formulations
and fragmentation, are currently under investigation by the
author. It is important to realize the role of drones in our
rapidly evolving world. The overall worldwide rise of AI
and machine-learning have spurred on large-scale invest-
ments focussed on the development of multi-drone-swarm
technologies. A central goal is the development of machine-
learning enabled digital-twins to rapidly ascertain optimal
programming for desired tactical multi-drone swarm like
behavior. Swarm modeling has origins in the description of
biological groups (flocks of birds, schools of fish, crowds
of human beings, etc.), as. well as predator-prey relation-
ships (Breder [92], 1952). Early approaches that rely on
decentralized organization can be found in Beni [93], Brooks
[94], Dude et al [95], Cao et al [96], Liu and Passino [97]
and Turpin et al [98]. Usual models incorporate a tradeoff
between long-range interaction and short-range repulsion
between individuals, dependent on the relative distance
between individuals. The most basic model is to treat each
individual as a point mass and to allow the overall multi-body
system to dynamically move in response to its environment,
based on Newtonian mechanics (Gazi and Passino [99], Ben-
der and Fenton [100], Kennedy andEberhart [101], Goodrich
et al. [105] and Zohdi [28, 102–104]).8 For some creatures,
the “visual field” of individuals may play a significant role,
while if the agents are robots or drones, the communication
can be electronic.9

In order to achieve this type of high-performance, typ-
ically, such drones require a variety of sensors on board,
ranging from6DOF3-axis gyroscopes, a array of accelerom-
eters, Inertial Measurement Units (IMU’s), barometers and
GPS receivers. They also have a number of actuators, such
as digital electronic speed controllers that are connected
to engine, motors, servomotors and propellors. There are
numerous emerging technologies that have been enabled by
drones, driven primarily by defense systems. As a result,
there are consequential geopolitical issues associated with
quasi-commericial drones, in particular related to security
issues. While small-scale commercial drones were initially
considered of little concern, recent wars, such as the Ukraine

8 There are other modeling paradigms, for example mimicing ant
colonies (Bonabeau et al., [106]), which exhibit foraging-type behav-
ior and trail-laying-trail-followingmechanisms for finding food sources
(see Kennedy and Eberhart [101] and Bonabeau et. al [106], Dorigo et.
al, [107], Bonabeau et. al [106], Bonabeau andMeyer [108] and Fiorelli
et al [109]).
9 However, in some systems, agents interact with a specific set of other
agents, regardless of whether they are far away (Feder [110]). This
appears to be the case for Starlings (Sturnus vulgaris), where Ballerini
et al [111] concluded, that such birds communicate with a certain num-
ber of birds surrounding it and that that interactions are governed by
topological distance and not metric distance.
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conflict, have starkly altered that view. In particular, First-
Person Viewer (FPV) drones, which stream a video to a
ground-based controller, have become centrally important.
Asmentioned at the beginning of this work, several key com-
ponents common to most drones: (1) Lightweight airframes,
(2) Brushless DC motors, (3) Power transmission, (4) Flight
controls, (5) Batteries and power supply, (6) Cameras, (7)
Sensors, (8) Navigation, (9) Onboard computing, processing
and memory and (10) Wireless communication. Addition-
ally, there are highly specialized materials involved, such as
sintered permanent neodymium (NdFeB) for brushless DC
motors and lithium polymers (LiPo) for lightweight batteries
are critical components. In particular, over the last 30 years,
battery technology utilize gel polymers and solid-state elec-
trolytes to deliver extremely high energy per unit of weight
that have led to approximately a 300 % increase in energy
density and nearly a 100 % reduction in cost of lithium-ion
batteries. As of 2025, companies based inChina dominate the
commercial dronemarket, with overall estimates of nearly 85
% market share (see popular press articles [112–132]), pro-
ducing drones that are easy to use, simple to maintain and
relatively inexpensive, backed by a skilled workforce who
is able to supply and innovate products at unmatched rapid
speeds. However, as mentioned previously, over that last two
years, there has been huge worldwide investments, in par-
ticular by the US, Taiwan, Europe in drone technologies, in
parallel with the rise of AI and machine-learning, which has
spurred on research focussing on collaborative multi-drone
swarm technologies. In this regard, asmentioned, advances in
camera technologies have become critical for drone-swarm
technologies to develop further, which is a current focus of
the author.

8 Appendix 1: more on property estimates

There are a number of improvements and extensions possible
for effective property estimates. For example, a critical obser-
vation is that the lower Hashin-Shtrikman bound is more
accurate when the material is composed of stiff particles that
are surrounded by a softmatrix (denoted case 1) and the upper
bound ismore accurate for a stiffmatrix surrounding soft par-
ticles (denoted case 2). For example, this can be explained
by considering two cases of material combinations, one with
with 50 % soft material and 50 % stiff material. A material
with a continuous soft binder (50 %) will isolate the stiff par-
ticles (50 %), and the overall system will not be stiff (this is
case 1 and the lower bound is more accurate), while a mate-
rial formed by a continuous stiff binder (50 %) surrounding
soft particles (50 %, case 2) has an overall stiffness higher
than case 1. Thus, case 2 is more closely approximated by
the upper bound and case 1 is closer to the lower bound. φ

is function of the microstructure, and must be calibrated. As

mentioned, for stiff spherical particles, at low volume frac-
tions, for example under 15 %, where the particles are not in
contact, the lower bound is more accurate. Thus, one would
pick φ ≤ 0.5 to bias the estimate to the lower bound. How-
ever, if we take the same volume fraction of particles, but
use flat flakes or chopped fibers, they will certainly touch,
and produce stiff pathways (Figure 14). Their overall stiff-
ness will certainly be higher than those of sphere at the same
volume fraction. Thus, one would pick φ ≥ 0.5. One can
calibrate φ by comparing it to different experiments (see,
for example, Zohdi et al [67]). Essentially, the more the par-
ticles interact, for example physically touch, the more the
upper bound becomes relevant. The general trends are (a)
for cases where the upper bound is more accurate, φ ≥ 0.5
and (b) for cases when the lower bound is more accurate,
φ ≤ 0.5. φ reflects the degree of interaction of the partic-
ulate constituents. Also, in order to make estimates of the
load-sharing for a mixture of more than two materials, one
can first use a multiphase extension of the Hashin-Shtrikman
bounds (Hashin andShtrikman [80]) and then followa similar
procedure as that found in this work to construct multiphase
concentration functions. This is done in Appendix 2.

Remark 16 Although not directly needed in the upcoming
analysis, for the strain, we have for the matrix,

〈ε〉�1 = 〈ε〉�−v2〈ε〉�2
v1

= 〈ε〉�−v2C
ε,2:〈ε〉�

v1

= (1−v2C
ε,2

):〈ε〉�
v1

def= Cε,1 : 〈ε〉�.
(8.1)

Therefore, in the case of isotropy,

Cε,1
κ

def= 1

v1
(1 − v2C

ε,2
κ ) and Cε,1

μ
def= 1

v1
(1 − v2C

ε,2
μ ).

(8.2)

As for the stress, the portion of the total strain carried by each
phase can be determined by multiplying the concentration
factors by the corresponding volume fractions

〈ε〉� = v1〈ε〉�1 + v2〈ε〉�2 = v1Cε,1 : 〈ε〉� + v2Cε,2 :
〈ε〉� = (v1Cε,1 + v2Cε,2) : 〈ε〉�. (8.3)

In the case of isotropy

〈ε〉� = (v1C
ε,1 + v2C

ε,2)〈ε〉� ⇒ v1C
ε,1 + v2C

ε,2 = 1. (8.4)

9 Appendix 2: multi-component material
systems

In order to make estimates of the load-share levels for mul-
tiphase materials of a mixture of more than two materials,
we again employmulticomponentHashin-Shtrikman bounds
(Hashin and Shtrikman [80]).
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Fig. 14 "Comparing microstructures with the same volume fractions.
Nonspherical touch more, and thus need a higher value of φ

9.1 Bulk modulus

Consider a material with N different phases, κ1, κ2...κN ,
where κN has the highest bulk modulus and κ1, has the low-
est. The corresponding volume fractions are v1, v2...vN . The
Hashin-Shtrikman bounds are

κ∗,− = κ1+ A1

1 − α1A1
≤ κ∗ ≤ κN+ AN

1 − αN AN
κ∗,+, (9.1)

where

α1 = 3

3κ1 + 4μ1
, (9.2)

and

αN = 3

3κN + 4μN
, (9.3)

and

A1 =
N∑

i=2

vi

(κi − κ1)−1 + α1
(9.4)

and

AN =
N−1∑

i=1

vi

(κi − κN )−1 + αN
(9.5)

For a two phase microstructure, this collapses to the classical
bounds

κ1 + v2
1

κ2−κ1
+ 3(1−v2)

3κ1+4μ1︸ ︷︷ ︸
bulk modulus H−S lower bound

def=κ∗,−

≤ κ∗

≤ κ2 + 1 − v2
1

κ1−κ2
+ 3v2

3κ2+4μ2︸ ︷︷ ︸
bulk modulus H−S upper bound

def=κ∗,+

, (9.6)

where κ1, μ1 and κ2, μ2 are the bulk and shear moduli for
the phases, while v2 is the phase 2 volume fraction.

9.2 Shear modulus

Consider a material with N different phases, μ1, μ2...μN ,
where μN has the highest shear modulus and μ1, has the
lowest. The corresponding volume fractions are v1, v2...vN .
The Hashin-Shtrikman bounds are

μ∗,− = μ1 + B1

1 − γ1B1
≤ μ∗ ≤ μN + BN

1 − γN BN
μ∗,+,

(9.7)

where

γ1 = 3(κ1 + μ1)

5μ1(3κ1 + 4μ1)
, (9.8)

and

γN = 3(κN + μN )

5μN (3κN + 4μN )
, (9.9)

and

B1 =
N∑

i=2

vi

(μi − μ1)−1 + γ1
(9.10)

and

BN =
N−1∑

i=1

vi

(μi − μN )−1 + γN
(9.11)

For a two phase microstructure, this collapses to

μ1 + v2
1

μ2−μ1
+ 6(1−v2)(κ1+2μ1)

5μ1(3κ1+4μ1)︸ ︷︷ ︸
shear modulus H−S lower bound

def=μ∗,−

≤ μ∗

≤ μ2 + (1 − v2)

1
μ1−μ2

+ 6v2(κ2+2μ2)
5μ2(3κ2+4μ2)︸ ︷︷ ︸

shear modulus H−S upper bound
def=μ∗,+

. (9.12)
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9.3 Concentration tensors for multiphasematerials

As for a two-phase material, the load carried by each phase
in the microstructure is characterized via stress and strain
concentration tensors. One can decompose the stress average
� into averages over the each of the phases in the following
manner, recall:

〈σ 〉� = 1

|�|
(∫

�1

σ d� +
∫

�2

σ d� + ... +
∫

�N

σ d�

)

= v1〈σ 〉�1 + v2〈σ 〉�2 + ... =
N∑

i=1

vi 〈σ 〉�i .

(9.13)

If we make use of this decomposition, we have

〈σ 〉� =
N∑

i=1

vi 〈σ 〉�i =
N∑

i=1

vi IEi : 〈ε〉�i

= IE1 : (〈ε〉� −
N∑

j=2

v2〈ε〉� j ) +
N∑

j=2

v j IE j : 〈ε〉� j

=
⎛

⎝IE1 +
N∑

j=2

v2(IE j − IE1) : Cε, j

⎞

⎠ : 〈ε〉�

(9.14)

where Cε, j def=
(

1
v j

(IE j − IE1)
−1 : (IE∗ − IE j )

)
with

Cε, j : 〈ε〉� = 〈ε〉� j . The strain concentration tensor Cε, j

relates the average strain over the phase (j) to the average
strain over all phases. Similarly, for the variation in the stress
we have Cε, j : IE∗−1 : 〈σ 〉� = IE−1

j : 〈σ 〉� j , which

reduces to IE j : Cε, j : IE∗−1 : 〈σ 〉� def= Cσ, j : 〈σ 〉� =
〈σ 〉� j . C

σ, j is known as the stress concentration tensor;
it relates the average stress in the particle phase to that in
the whole RVE. Note that once either the Cσ, j ’s or IE∗ are
known, the other can be determined. In the case of isotropy
we may write ( j �= 1)

Cσ, j
κ

def= 1

v2

κ j

κ∗
κ∗ − κ1

κ j − κ1
and Cσ, j

μ
def= 1

v j

μ j

μ∗
μ∗ − μ1

μ j − μ1

(9.15)

where Cσ, j
κ 〈 trσ3 〉� = 〈 trσ3 〉� j and where Cσ, j

μ 〈σ ′〉� =
〈σ ′〉� j . Clearly, themicrostress fields areminimally distorted

when Cσ, j
κ = Cσ,2

j,μ = 1; there are no stress concentrations
in a homogeneous material. For the matrix,

〈σ 〉�1 = 〈σ 〉� −∑N
j=2 v j 〈σ 〉� j

v1

= 〈σ 〉� −∑N
j=2 v jCσ, j : 〈σ 〉�

v1

= (1 −∑N
j=2 v jCσ, j ) : 〈σ 〉�

v1

def= Cσ,1 : 〈σ 〉�. (9.16)

Therefore, in the case of isotropy,

Cσ,1
κ

def= 1

v1
(1 −

N∑

j=2

v jC
σ, j
κ ) and

Cσ,1
μ

def= 1

v1
(1 −

N∑

j=2

v jC
σ, j
μ ).

(9.17)

The portion of the total stress carried by each phase can be
determined by multiplying the concentration factors by the
corresponding volume fractions

〈σ 〉� = v1〈σ 〉�1 +
N∑

j=2

v j 〈σ 〉� j = v1C
σ,1 : 〈σ 〉�

+
N∑

j=2

v jC
σ, j : 〈σ 〉�.

(9.18)

10 Appendix 3: Recursion formula for
second-order temporal discretization

Discretization of temporally second-order equations can be
illustrated by considering

Ü = V̇ = L(t). (10.1)

where U is the vector of all voxel displacement values and
V is the vector of all voxel velocity values. Explicitly, U is
the vector of all voxel values in the system

U
def=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

U1

U2

U3

...

UN

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(10.2)
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and

V
def=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

V1
V2
V3
...

VN

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(10.3)

and

L
def=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

L1

L2

L3

...

LN

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(10.4)

where L represents all of the nodal values of � found in
Equation 3.4. Expanding the field V in a Taylor series about
t + φ�t we obtain

V (t + �t) ≈ V (t + φ�t) + dV
dt

|t+φ�t (1 − φ)�t

+1

2

d2V
dt2

|t+φ�t (1 − φ)2(�t)2 + O((�t)3) (10.5)

and

V (t) ≈ V (t + φ�t) − dV
dt

|t+φ�tφ�t

+1

2

d2V
dt2

|t+φ�tφ
2(�t)2 + O((�t)3) (10.6)

Subtracting the two expressions yields

dV
dt

|t+φ�t ≈ V (t + �t) − V (t)

�t
+ Ô(�t), (10.7)

where Ô(�t) = O((�t)2), when φ = 1
2 . Thus, inserting

this into the governing equation yields

V (t + �t) ≈ V (t) + �tL(t + φ�t) + Ô((�t)2). (10.8)

Note that adding a weighted sum of Equations 10.5 and 10.6
yields

V (t+φ�t) ≈ φV (t+�t)+(1−φ)V (t)+O((�t)2), (10.9)

which will be useful shortly. Now expanding the field U in
a Taylor series about t + φ�t we obtain

U(t + �t) ≈ U(t + φ�t) + dU
dt

|t+φ�t (1 − φ)�t

+1

2

d2U
dt2

|t+φ�t (1 − φ)2(�t)2 + O((�t)3) (10.10)

and

U(t) ≈ U(t + φ�t) − dU
dt

|t+φ�tφ�t

+ 1

2

d2U
dt2

|t+φ�tφ
2(�t)2 + O((�t)3). (10.11)

Subtracting the two expressions yields

U(t + �t) − U(t)

�t
≈ V (t + φ�t) + Ô(�t). (10.12)

Inserting Equation 10.9 yields

U(t + �t) ≈ U(t) + (φV (t + �t) + (1 − φ)V (t))

�t + Ô((�t)2). (10.13)

and thus using Equation 10.8 yields

U(t + �t) ≈ U(t) + V (t)�t + φ(�t)2L(t + φ�t) + Ô((�t)2).

(10.14)

The term L(t+φ�t) can be handled in the followingmanner

L(t + φ�t) ≈ φL(t + �t) + (1 − φ)L(t). (10.15)

In summary, we have the following:

U(t + �t) ≈ U(t) + V (t)�t + φ(�t)2

(φL(t + �t) + (1 − φ)L(t)) + Ô((�t)2).
(10.16)

We note that

• When φ = 1, then this is the (implicit) Backward
Euler scheme, which is very stable (very dissipative) and
O((�t)2) locally in time,

• When φ = 0, then this is the (explicit) Forward Euler
scheme, which is conditionally stable and O((�t)2)
locally in time,

• When φ = 0.5, then this is the (implicit) “Midpoint”
scheme, which is stable and Ô((�t)2) = O((�t)3)
locally in time.

In summary, we have for the velocity10

V (t + �t) ≈ V (t) + �t (φL(t + �t) + (1 − φ)L(t))

(10.17)

10 In order to streamline the notation, we drop the cumbersomeO(�t)-
type terms.
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and for the position

U(t + �t) ≈ U(t) + V (t + φ�t)�t

≈ U(t) + (φV (t + �t) + (1 − φ)V (t))�t,

(10.18)

or more explicitly

U(t + �t) ≈ U(t) + V (t)�t + φ(�t)2

(φL(t + �t) + (1 − φ)L(t)) . (10.19)

In iterative (recursion) form

U L+1,K = (φ�t)2LL+1,K−1
︸ ︷︷ ︸

G(U L+1,K−1
)

+U L + V L�t + (�t)2φ(1 − φ)LL
︸ ︷︷ ︸

R
(10.20)

Implicit time-stepping methods, with time-step size adaptiv-
ity, built on approaches found in Zohdi [41–43], will be used
throughout the upcoming analysis.
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